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TIGHTNESS FOR MAXIMA OF GENERALIZED
BRANCHING RANDOM WALKS

MING FANG,* University of Minnesota

Abstract

We study generalized branching random walks on the real line R that allow time
dependence and local dependence between siblings. Specifically, starting from one
particle at time 0, the system evolves such that each particle lives for one unit amount
of time, gives birth independently to a random number of offspring according to some
branching law, and dies. The offspring from a single particle are assumed to move to
new locations on R according to some joint displacement distribution; the branching
laws and displacement distributions depend on time. At time n, F,(-) is used to
denote the distribution function of the position of the rightmost particle in generation 7.
Under appropriate tail assumptions on the branching laws and offspring displacement
distributions, we prove that F;, (- — Med(F},)) is tight in n, where Med(F},) is the median
of F,,. The main part of the argument is to demonstrate the exponential decay of the right
tail 1 — F, (- — Med(Fy)).
Keywords: Branching random walk; recursion; tightness
2010 Mathematics Subject Classification: Primary 60G50

Secondary 60J80

1. Introduction

We study the maximal displacement of generalized branching random walks (GBRWs),
which are governed by a family of branching rules {p, «}n>0.k>1 and displacement laws
{Gn.k}n>0 k>1. For this class, we assume that the p, ; are nonnegative real numbers such
that Y 2, pux = 1 and Y 2, kpn i < oo for each n > 0; the G, x are distribution functions
on R¥ for each n and k. The GBRW is defined recursively as follows. At time 0, a particle o = 1
is located at 0. Suppose that, at time n, v = log - -- o, (o; € N) is a particle at location S,,.
At time n + 1, v dies and gives birth to K, > 1 (random) offspring. (We do not consider the
case K, = 0 because if the system dies out then the distribution of its maximum is trivial.)

We denote the offspring of v at generation n 4 1 by {ﬁ, ..., vK,} (for labels u# and v, uv
denotes the concatenation of # and v) and their locations by {S, + Xy 1, ..., S, + Xy k, ). Let
D be the collection of all the particles at any time and let D, be those alive at time n. We
consider the case where the random vectors {(Ky, Xy,1, - .., Xy, k,)}ven indexed by particles
are independent and have distributions
P(Ky, =k | veD,, ?'n)zpn,k (1)
and
P(Xv,l <Xlye.., XU,KU < Xk, |ve D,, Ky, =k, Fu)
=Gpi(x1,...,xx) forn=0,1,...andk =1,2,..., 2)

where ¥, = o{S, | u € Di, k =0, 1, ..., n}isthe o-field generated by the GBRW by time n.
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We are interested in the maximal displacement of particles at time n, i.e. M, = max,ep, Sy.
Let F,,(x) = P(M,, < x) be the distribution function of M,,, and set F},(x) = 1 — F,,(x). Under
some assumptions, we want to prove the tightness of the sequence of recentered distributions
F,(- — Med(F,)), where Med(F),) is the median of F;. See Section 2 and Section 5 for two
different sets of assumptions under which tightness can be proved.

From the previous description, our GBRW allows time dependence (through the n parameter)
and some local dependence (through the joint distribution G, ). We will review some of the
existing literature on tightness and make some comparisons with this paper. Dekking and Host
[5] gave a short proof for tightness of F,, (- —Med(F},)) when the offspring displacements are all
bounded above by a uniform constant. Using moment arguments, Addario-Berry and Reed [1]
proved that M,, —E M, is exponentially tight when the offspring displacements are independent
and identically distributed (i.i.d.) and satisfy appropriate large deviation assumptions. Bramson
and Zeitouni [4] proved the tightness of maxima of modified branching random walks derived
from a Gaussian free field by modifying the arguments in [1], [2], and [5].

Using a different approach, Bramson and Zeitouni [3] provided an analytic method to prove
tightness of the maximal displacement when the offspring displacement distributions depend on
time and satisfy certain tail conditions; they assumed that the offspring displacements are i.i.d.
and used a recursion to derive their results. When the joint distribution is locally dependent,
this recursion (see (3) below) loses some of its nice properties; we will therefore not be able to
apply this approach directly. Rather, it needs to be modified to take advantage of some recursion
bounds; see (5) below.

In order to find a recursion, we need to look at GBRWs starting from particles at some
intermediate time. For any integer m and v = log - - - o0, € Dy, the process

(Su— Sy | u=Tar - oupi-Bj €Dpij. Bj €N, j=12....)

is a GBRW governed by the branching rules {p;}j>0 k=1 and the displacement laws
{Gm+jk}j=0,k=1. For n > m, the maximal displacement from S, at time n — m is denoted
by M, . The {M}}yen, arei.i.d. random variables whose distribution is denoted by F,(-).
Again, set F"(-) = 1 — F/"(-). Note that F,,(-) = FO(-), F(-) = FO(-),and F"(-) = 1z 0} (-).

We obtain a recursion for F"*(-) by looking at the first generation of GBRWs starting from
particles at time m. Forn > m,

00 k
OED :pm,kfk [TF =) d i1 300,
RE S
k=1 i=1

Following [3], we consider a recursion for the tail distribution F,:”(-). For n > m, the above
equation is equivalent to

oo k
M) =1=Y" pux / [Ja = Er 6=y d Gurtn, .., yo). 3)
k=1

i=1

Without loss of generality, for any n,k > 0, we assume that G, ; has the same marginal
distributions, i.e.

&n,k(X) =/k 1 Gy ks ooy Yiet, X, Yigts oo yk) forany 1 <i <k.
Ri—
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Otherwise, we can replace G, x by Gn,k defined by
- 1
Gui(x1,...,x) = o Z Gnk(Xz(1)s - Xn k)
nEﬂ’k

where 5 denotes all the permutations on {1, ..., k}. Then Gn x has the same marginal
distributions and we can easily check that recursion (3) is the same for G, x and G, .
To apply an approach similar to [3], we introduce two functions:

Q1) =1—(1—u* and Qoxu)=ku for0<u<1. )

We will work with the following recursion inequalities derived from (3), instead of (3) itself.

Lemma 1. Assume that I:",f" (x) satisfies recursion (3); then the following recursion bounds
hold forn > m:

o e.¢]
D Pmkgmi x QLa(Fy () < BN <) pmkgmi x Qi(FPHx).  (9)
k=1 k=1

Here “x’is the convolution defined by g x f(x) = ffooo f(x —y)dg(y) for any two functions
f(x) and g(x) whenever the integral makes sense.

Proof. We begin by proving the upper bound in (5). Rewrite (3) as

oo k
E ) =) pmk /k (1 -[Ta-Fr'e - yi») k(31,0 30)-
R .
k=1 i=1
Using the inequality
k k
I-JJa-x) <> x foro<x <1
i=1 i=1

and the fact that G, ¢ (-, ..., -) has the same marginal distributions g, «(-), we find that the
above quantity is at most

oo k
> b [ 3 FI G = 30 A G130 =
-

k=1

o0
> o [ KEF = 3) g ).

k=1

Together with the definition of Q> k, cf. (4), we obtain the upper bound in (5).
We next prove the lower bound in (5). Applying a generalized Holder’s inequality to (3), we
obtain

_ 00 k _ 1/k
E'x)=1=)" pmi ]"[(/Rk(l — F e = y)) d G (31 yk>) :

k=1 i=1

Again, since G, (-, ..., ) possesses the same marginal distributions g, «(-), the right-hand
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side above equals

0o k _ 1/k
1= pmk H( /R (A= F -yt dgm,k<y>)
i=1

k=1

=1-) pmi </R(1 — F (e — ) dgm,k(y)>

o
= me,k( (A== Frle - y))k)dgm,km).
R
Together with the definition of Q1 x, see (4), we obtain the lower bound in (5).

2. Assumptions and statement of the result for bounded branching

In this section we discuss the tightness property in the case where the offspring number is
uniformly bounded. To state our result, we need some assumptions on both the branching and
displacement laws. We first introduce assumptions concerning the branching mechanism.

B1) {pn.k}n>0 possess a uniformly bounded support, i.e. there exists an integer ky > 1 such
that p, x =0 forallnand k ¢ {1, ..., ko}.

(B2) The mean offspring number is uniformly greater than 1 by some fixed constant. That is,
there exists a real number mo > 1 such that infn{Zf):1 kpn.x} > mo.

We introduce the following assumptions on the displacement laws G, x for those n and k such
that p, x # 0.

(MT1) For some fixed &g < é—lt logmg A 1, there exists an xg such that g, x(xo) > 1 — g for all
n and k, where g, x(x) = 1 — g, (x). By shifting, we may and will assume that xo = 0,
that is, g, x(0) > 1 — &o.

(MT2) There exista > 0 and My > O such that g, x(x + M) < e_“Mgn’k(x) for all n, k and
M > My, x > 0.

(GT) For any n; > O, there exists a B > 0 such that G, x(B,...,B) > 1 —n; and
G, x([-B, 00y >1— n for all n and k. (With an abuse of notation, G, i is also used
here as a function on measurable sets defined by G, x(A) := fA den,k (x1,...,xg) for
A C Rk, See (2) for the definition of G n.k as a distribution function on R)

Assumptions (MT1) and (MT?2) concern the marginal distributions. Assumption (MT1) prevents
too much mass drifting to —oo, while (MT2) guarantees that the right tails of the marginals
decay at least exponentially. Assumption (GT) concerns the tightness of the joint distribution
of the increments and prevents any step from being too negative or too positive to dominate the
walk. Note that without the assumption xg = 0, (MT1) is implied by (GT). Now we are ready
to state our main theorem.

Theorem 1. Under assumptions (Bl), (B2), (MT2), and (GT), the family of the recentered
maxima distributions {F,,(- — Med(F,))}s>0 is tight.

Theorem 1 is proved in Section 3, with the proofs of some propositions deferred to
Section 4. With an analysis of a Lyapunov function, we control the right tails of distributions
F,(- —Med(F},)). Then we use assumption (GT) together with the right tail property to control
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the behavior of the left tails of the distributions. Using a similar approach, we also prove a
variation of Theorem 1 under slightly different assumptions in Section 5.
3. A Lyapunov function, main induction, and proof of Theorem 1

This section follows [3], with some minor revisions, in introducing a Lyapunov function.
Namely, for choices of €1, b, M > 0 (to be determined later), we define the Lyapunov function

L(-) as
L(u) = sup I(u; x), (6)
{x: u(x)e(,1/21}
where
1 ulx — M)
l(u; x) =log| — ) +logy| 1 +61 — — | . 7
u(x) u(x) I
Here (x)+ = x Vv 0, and we use the convention that log0 = —oo.

As in [3], the heart of the proof is contained in the following proposition.

Proposition 1. Under assumptions (B1), (B2), (MT1), and (MT2), there are choices of €1, b,
and M such that supy,, ,. <y L(F,") < C for some finite number C > 0.

The proof of Proposition 1 will occupy the bulk of the paper, and is detailed in Section 4.
Before proving it, we discuss its consequences. As in [3, Corollary 2.8], Proposition 1 implies
the following result.

Corollary 1. Suppose that assumptions (Bl), (B2), (MT1), and (MT2) hold. Then there exists
81 > 0 such that, for all n and m < n, and all x,

Fl'x) <8 = F'ax-M)=> (1 + %)F,T(x). (8)

Proof. Let Cy = SUPy nim<n L(I:“,:”). Assumptions (B1), (B2), (MT1), and (MT2) hold, so
Cp < oo by Proposition 1. By definition (6), for all n and m such that m < n and x such that

0< F,’l"(x) <1
1 F'(x — M)
log| = +log{1+6 — =———=) =<Cp.
F(x) F'(x) +

22
This is equivalent to

Fy'(x = M)
F(x)
The lemma follows immediately.

o ey - pOHoR ),

This corollary gives the desired control over the behavior of the right tail of F(-). We next
control the left tail. First, we obtain the following pointwise bounds for the integral in (3).

Lemma 2. Assumption (GT) implies that, for any n1 > 0, there exists a B such that
Ou(F™ (e + B) —m < F' () < Qu(Fy ) (x = B) +m1, ©)
where Qu(u) = 3001 pmk(1 — (1 — u)*).
Proof. The upper bound is obtained by considering only the integral over (—oo, B]¥ in (3):

00 k
R =1=Y pnc [ TT0 = F =50 Gaon )
k=1 (=00, B jj
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By the monotonicity of F,f”“ (+), the right-hand side is less than
o0
1= pmal = B (x = B) Gui(B,.... B).
k=1

For any 1 > 0, choose B as in assumption (GT). Then G, x(B, ..., B) > 1 — 5y, and the
above quantity is less than or equal to
o
1= pmi(l = BN x = BYRA =)
k=1

o0

= Qn(E (= BY+m1 ) pni(1— F (x — B
k=1

< Qu(FyHx = B) + 1,
proving the upper bound in (9). To obtain the lower bound, first rewrite (3) as
0 k
7 Fm+1 k
F' () =" pmk /R(l - ]"[(1 — B - y»)) d“Grr(1, -0 W)
k=1 i=1
By restricting the above integral to [— B, 00)¥, we obtain a lower bound on F,:”:
00 k
E(x) = me,kf k<1 -TJa-E o - y»)) Gk (31, -0 30
— [—B,00) P
k=1 i=1

Since 1’7",’1"+1 (x) is decreasing in x and G, «([— B, 00)k) > 1— n1 as in assumption (GT), we
have

Er ) =Y pma(l = (1= F (x4 B)) Gk ([- B, 00)%)
k=1

(L= (1 — EM x4+ B)SA — 1)

M2

=

>-
I
_

= Qu(E ™+ B) = mi Y pma(1 = (1 = F' (x + B)Y)
k=1

> Qu(FM" ™Y (x + B) — 1,

proving the lower bound in (9) and completing the proof of Lemma 2.

Lemma 2 almost verifies [3, Assumption 2.4], except that Q,, depends on m. However, with
assumption (B1), Q,, satisfies [3, Properties (T1) and (T2) in Definition 2.3] uniformly in m.
Namely, the family of strictly increasing functions Q,,: [0, 1] — [0, 1], with Q,,(0) = 0 and
O (1) = 1, satisfies the following properties.

(T1) kox > Qm(x) > x forall x € (0,1). For any § > 0, we can choose ¢s = 1 + (mg —
1)8/ko > 1 such that Q,,(x) > csx for all x € (0, §] and all m.
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(T2") Foreaché € (0, 1), there exists a nonnegative function gs(¢) — Oase — 0 (forexample,
choose gs(e) = (1 — 3)_k0+18) such that, for any m, if x > 6 and Q,, ((1 + gs(&))x) <
1 — 4, then Oy ((1 + gs5(£))x) = (1 + &) QO (x).

To check the above two properties, we use the strict convexity of 1 —(1—x)* and its monotonicity
in k. Details are omitted here. From (T1’) and (T2'), we can deduce the following lemma in
exactly the same way as in [3, Lemma 2.10].

Lemma 3. Suppose that (8) holds for all m and n such that m < n under some choices of
81, M, g1 > 0. Also, suppose that (Bl), (B2), and (9) hold. For fixed ng € (0, 1), there exists
a constant y = y(no) < 1 and a continuous function f(t) = fu,(): [0, 1] — [0, 1], with
f@) — 0ast — 0 such that, for any ¢ € (0, (1 — no)/no), n € [81, nol (note that we can,
without loss of generality, choose §1 as small as we like; in particular, we may suppose that
81 < no), and large enough Ni = N (¢), the following statement holds. If M' > M and, for
any m and n such thatm < n, I:",;" (x) > 81,

F"(x = M) < (1+&)F™(x), and F"(x —M') <n, (10)
then . _
F'xc+ Ny = M) < (0 + fe)FM T (x — Ny) (11)
and B
Frl(x + Ny — M) < yn. (12)

Proof. Assuming that (10) holds, we first prove (11). For any n; > 0 (to be determined
later), by Lemma 2, there exists a B = B(n1) (N1 = B(n1) for some appropriate 1) such that

F'(x = M) > Qu(F"™™Y(x — M+ B) — (13)

and B B
E"(x) < Qu(F™ ™Y (x — B) + 1. (14)

Since F,;” (x) = &1, (14) implies that
O (F'" Y (x — B) > F"(x) —m > (1 — %)F,i"(x);
1
(10) and (13) imply that
(I+e)F'(x) = F'(x = M)

> Qu(F" ™Y (x =M+ B) —n

> Qu(F™Y(x — M’ + B) — %F,:"(x).
1

It follows from the above two inequalities that, for n; < &1,
1 +e+4n1/6)
I —n1/81

Let 1 (which will be chosen even smaller later) be small enough so that (1+¢&+n;/81)/(1—
n1/81) <14 2e. Then

Om(F™ ™Y (x — B) > Qu(F" ™) (x — M’ + B).

(1428)Qu(FM™ Y (x — B) > Qu(F™™Y(x — M’ + B). (15)
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Choose N| = B corresponding to 1. We will use property (T2') to prove (11). Since F,;” (x) >
81, (14) implies that
- 81
On(F (= B) = 81 = m = =,
if we let 1 < §1/2. From (10) and (13),

_ 1
Om(E"™ Y (x = M'+ B) <n+m <1—T’7

if weletn; < (1 —n)/2. Define 8’ = 81 /2ko A (1 —n)/2 > 0. Then
F'"tlx —B)>¢8 and Qu(F"™hx-M +B)<1-5¢.

Choose f(¢) := gs'(26) — 0as & — 0, where gz (-) is defined in (T2').
Now suppose that (11) is violated, i.e.

(14 g5 2e)F" 1 (x — B) < F" ' (x + B — M).
By the monotonicity of Q,,,
O ((1+ g5 QN E (x — B) < Qu(F (x + B— M) <14,
Then, by the monotonicity of Q,, and (T2'),
OQu(El (x + B = M) > Qu((1 4 g5 Q) FH (x — B)) = (1+26) Qn(F' ) (x — B).

This contradicts (15), and (11) is proved.
To prove (12), we first obtain, by (10) and (13),

On(F"™Y(x —M' + B) < F'"(x — M)+ 1 < n+m1,

which indicates that

-1
F'tl(x — M’ + B) < Mﬂ-

Owing to assumption (B2), we can choose 11 small enough so that

_ Q' (n+m)
y:=sup sup ——— < 1.
m neldrnol n

Therefore, (12) holds and the lemma is proved.

By iterating, the above lemma gives a connection between the left and right tail behaviors.
That is, by applying Corollary 1 and Lemma 3 several times as in [3, Proof of Proposition 2.9],
the same contrapositive argument proves that, for fixed no € (0, 1), there exists an 50 =
g0(no) > 0, an ng, and an M such that, if n > ng and Fo(x — M) < 1o, then FO(x — M) >
a1+ 80)F,? (x). This will yield the following tightness proposition by recalling that F, (-) =
F().

Proposition 2. Suppose that (8) holds for allm < n under some choices of 61, M, 1 > 0. Also,
suppose that assumption (B1) and (9) hold. Then the family of recentered maxima distributions
{Fu (- — Med(F,))}n>o0 is tight.

This completes the proof of Theorem 1, under the assumption that Proposition 1 holds. Thus,
it remains to prove Proposition 1, which we do in the next section.
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4. Analysis of the Lyapunov function and proof of Proposition 1

In this section we focus on proving Proposition 1, which is an analog of [3, Theorem 2.7].
The same idea works here, i.e. the exponential decay of g, x will not bring much mass from far
away during the recursion. However, the exact approach does not quite apply here. Bramson
and Zeitouni [3] dealt with the nonlinearity and convolution in a recursion equality separately.
In our case, recursion (3) does not possess such a nice form. Fortunately, we have the recursion
inequalities (5). These bounds require one to analyze the nonlinearity and convolution together.
Throughout this section, all the sums about k are from 1 to kg since we suppose that assumption
(B1) holds. We begin with some properties of the two functions in (4). The function Q2 x (u) =
ku is simple, and the following straightforward facts about Q1 x(«#) will be used later on.

Lemma 4. There exists a c1 = c1(ko) > 1 such that, forall 1 <k <kpand) <u <1,

Ork(u) > u (16)

and
ku —cu® < Q1) < ku = Qa4 (u). (17)

Inequality (16) follows from the fact that Q; x(u) is increasing in k for 0 < u < 1. The
inequalities in (17) can be easily checked by noting that Q1 x(u) = ku + higher order terms.

Next, we state the choices of €1, b, and M in the Lyapunov function under which Proposi-
tion 1 holds. Throughout, we fix kg, mg, &9, Mo, and a as in assumptions (B1), (B2), (MT1),
and (MT2). Next, we choose small ¢; < ﬁ, b > 1 close to 1, large M > 100, and an
auxiliary small variable ¥ < ﬁ (used later to control the flatness change) such that the
following restrictions hold:

M >4My and e M2 < (4kg)tem MM < | (18)
8(2k0)5/28]1/210gb—3/2 |
< —, (19)
(1 — g)3/2 2cy
ko
1
clﬂgl/logb < kan r —mg foralln, (20)
1 —¢go Pyt ’
logm 6k
S0 > 261 + £0) + — @1
log b
aM logk
> log(4ko)) — , 22
T61ogh = (81 + &0 + log(4ko)) log b (22)
2 log(4k
a > og( 0). 23)
16logb M

The above conditions are compatible. In fact, thinking of « as B log b, we can choose ¢ and
small enough so that (21) holds due to the choice of &¢ in assumption (MT1), then we can choose
b close enough to 1 so that (19), (20), and (23) hold due to the choice of mg in assumption (B2),
and, finally, we can choose M large enough so that (18) and (22) hold.

With the above choices of €1, b, M, and «, we can now prove Proposition 1.

Proof of Proposition 1. Choose C = log 2. The conclusion supy,, ,,. ,<u) L(F™) < C will
follow from the claim that

L(F")>C = L(F"")>C foranym <n. (24)
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Suppose that the conclusion _is violated; then L(F,;”) >C for some m < n. Iterating the claim
n — m times, we obtain L(F,') > C. However, L(F)') = —oo because F, (x) = 1y} (x).
This contradiction proves Proposition 1, assuming that claim (24) holds.

Claim (24) follows from the proposition below because of (5).

Proposition 3. Suppose that two nonincreasing cadlag functions u, v: R — [0, 1] satisfy

ko ko
D pegex Qua) (@) < v() <Y pege * Q2 (w)(x), (25)
k=1 k=1

where the pyp are nonnegative integers such that Z],zozl pr = 1 and the gy are distribution
functions that satisfy the same assumptions as p, x and g, k in Section 2, and Q1 y and Q2
are defined as in (4). Then

Lw)>C =— Lu)>C. (26)

In order to prove Proposition 3, a few observations, notation, and lemmas are needed.
Starting from L(v) > C, we obtain, by the definition of the Lyapunov function given in (6),
that there exists an x; € R such that

v(x)) < % and I(v;xp) > max{C, L(v) — %logmo}. 27
By the definition of /(v; x) given in (7), we see that v is small and flat at x| in the sense that

L IC) R (28)
v(x1)

and
for=v(x1) < (g1 — &)/ 108beC < 1 (29)

where x; := x; — M. Using bounds (25) and (28), we obtain

ko ko
Y prgix Qi) (x2) < (14+8) ) prgi * Qax(w)(x1), (30)

k=1 k=1

from which we will search for a flat piece in u(x) where u(x) is also small.

To control the value of u(x), we derive here some preliminary estimates of u(x) at x; and
x7, which will be used later to control the value of u(x) at other places. Fori = 1, 2, using the
fact that Q1 i (u)(x; — y) is positive and increasing in y and then applying (25) and the fact that
8k(0) > 1 — go from assumption (MT1), we obtain

ko ko 1 00
Dm0 @) =Y. pes [ Qi — ) da) <
k=1 k=1

1
i). 31
2(0) e G

1

This, together with the lower bound on Q; x given in (16), the definition of fj given in (29),
and the definition of ¢ given in (28), implies that

Jo

_80

u(xy) <
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and L+
£
—Jo- (32)
— 8()

A finer estimate of u(x;) can be obtained and will be needed. First, using (31) and the lower
bound on Q1 4 given in (17), we obtain

ko 1+e¢
(E kpr — ClM(X2)>M(X2) < 1 Jfo.
P

k=1

u(xz) <

By combining the first estimate of u(x;) given in (32), bound (29) on fy, and the restriction
(20), the coefficient multiplying u(x2) on the left-hand side of the above inequality is at least

1+¢
Jo
P

ko ko
kpr — > kpr —
; Dk — c1u(x2) > /; Pe— 1y

ko
1+
> E kpk—ql_
k=1

&1 _
(e1 — 8)1/1°gbe ¢
€0

ko

L+e1 1/10gb
> kpr — &
= Z Pk —C1 1—¢o 1
k=1
> my.
Therefore, we conclude that
1+¢ 14+¢

u(xz) < = v(xp). (33)

mo(I—0)”" ~ mo(1 — o)

To control the flatness of u(x), we define some more auxiliary variables and then state some
lemmas. The constants § = x(g] — &), &' =&+ 6, 8" = & + 26, and ¢® = ¢ + 35 are defined
to monitor the flatness change. Note that ¢, &', &”, @ < g because k < ﬁ. We somewhat
simplify the argument in [3]. Set

1 2ko
Yo=— log 5
g =inf{y = 3M: u(xy —y) > (4ko)’u(x1 = n)},
and
r =y A Z iw ;ft}l:;:;is_e?) > (4ko)u(x1 — (¢ + M/2)), (34)
where f(x)” :=limy_,,_ f(y) is the left limit of f at x. Intuitively, ¢ is used to denote the

first nonflat place to the left of x;. When r < yp, r is used to denote a nonflat interval, namely,
it is easy to check that

u(xy —y) > (dko)u(x; —y) foralye (r,r+ M/2]. 35)

‘We can now state the following sequence of lemmas, whose proofs will be discussed in the next
subsection. The convention

b
/ f(X)dg(X)=/( ) f(x)dg(x)

for a, b € R will be used throughout the rest of the paper.
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Lemma 5. Assume that (29) and (30) hold. Then

0 r ko r
> Pk/ Q1) (x2 — y)dge(y) < (1+¢) ZPk/ Q2. k() (x1 — y)dgr(y). (36)
k=1 - k=1 o0

Lemma 6. If (29) and (36) are satisfied, then there exist some 1 < k < ko and r' such that

[t -paam =a+e [ uw-ndaom. (37
NS —o0
Moreover, 1’ is chosen such that v’ > M implies that r' = r.
Lemma 7. Suppose that (37) holds. Then
(@) u(x2 —y1) < (1+&)ulxi — y1) for some y1 < r' A M, or
(0) uCx2 = y1) < (1+ " = 8™ /Su(xy — y1) for some yi € (M. ],

Lemma 6 and Lemma 7 are analogs of Lemma 3.5 and Proposition 3.2 of [3], respectively.
Equipped with Lemma 7, we are ready to prove Proposition 3.

Proof of Proposition 3, assuming that Lemma 7 holds. We will compare L(u) and L(v)
based on (33) and Lemma 7. As Lemma 7 suggests, it is necessary to consider two different

cases.
Case (a). Assume that u(xo — y1) < (1 + 8(3))u(x1 — y1) for some y; < " A M. Then,
(33) implies that
1+e¢
u(xy —y1) Sulxp) < ——v(xp).
mo(l — &9)
Therefore, it follows from the definition of /(«; x) given in (7) that
g1 —e®
I(u,x1 —y1) —1l(v, x1) > log # + log, a-c
u(xy —y1) g1 —&
mo(1 — €o)
>log ——= +1 1-3
> log T +e + log;, ( K)
6K
> logmg — 2(e1 + &0) — ——
logb
- logmo’
- 2

where (21) guarantees the last inequality.
Case (b). Assume that u(x — y1) < (1 +¢&” — 8e®/3)u(x; — y;) for some y; € (M, r.
Then, by the definition of r given in (34), if y; € [j M, (j + 1) M) then

u(xa — (y1 — iM)) < (dko)*u(x1 — (y1 — iM))
= (4ko)’u(xs — (y1 — (i + DM)) fori=1,...,j— 1.

Thus,
uxy —y) =ulx— Q1 —M))

oo (- o)
s(4ko>2<“/M‘”u(xz—< { J ))
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When 0 < yi — Lyi/M]M < M2,

o (51 lo =ern(e2)

when M/2 <y — |y1/M|M < M,

o (o[ 2o o)

w(e-3)
= (4ko)“ul x2 — —

(e -3)
< (4ko)"u x]—? .

The above inequalities and (33) imply that

! M 1
uGrt — 1) < (@) M2 (0 = M) < gy 1Ty 3
2 mo(1 — &p)

Therefore, it follows that

N/ S ay1/8
latsxt — y1) — 1w, xp) = log —2 01 o, S 6 0
u(xy —y1) €1 —¢€
mo(l _80) ay1/8
Z log T gy /i T 108 (1= 2+ xeeH)

2 log(4ko)

> logmo — 2(gop + €1) i

y1 — 2log(4ko)
logk + ay,/8
log b '
Rewrite the last term ay; /8 logb as ay; /16logb +ay;/16log b, use y; > M in one summand,
and deduce that the above quantity is at least

log k aM a 2 log(4ko) 1
1 -2 log(4k — > 1 ,
ogmo —2(eo +é1+log( 0))+10gb+1610gb+y1(1610gb M ) -2 8 1M0

where (22) and (23) guarantee the last inequality.
To complete the argument, both cases imply that, by (7), (27), and the fact that C = log2,

1 1
log—— > l(u,x; — y1) > C + = logmg > log2,
u(xy — yp) 2

which implies that u(x; — y;) < % Therefore, by the definition of L (u) given in (6) and (27)
again,

L) > 1(u,x; — y1) = 1(v,x1) + S logmg > L(v) + 3 logmg > L(v),

from which (26) follows. Thus, the proof of Proposition 3 is complete.
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4.1. Proofs of the lemmas

Proof of Lemma 5. This lemma is to justify the flatness of the truncated integral. That is, we
want to prove that mass from far away does not affect the value of the integral in a significant
way. This is almost guaranteed by the exponential decay of g, x(-). However, we need to
control the difference between Q1 x(u)(x2 — y) and QO x(u#)(x1 — y), using the lower bound
(16) on Q1 x(u) and the definition of Q> x (1) given in (4). Two different cases will be presented
separately.

Case (i): whenr < yg, (35) holds. Because of (30) and ¢ < ¢’, (36) will follow from

o o0
| e -y dam - a+e) [ 0w - ndam=o 69
r r
for any k € {1, ..., ko}. To prove (39), because of (16), it suffices to show that

/ u(x2 — v) dge(y) — 2ko / u(xi — y) dge(y) = 0. (40)

We split the left-hand side into three parts. First, by (35),

1 [r+M/2 r+M/2
3 / u(xy —y)dge(y) — 2k0/ u(xy —y)dge(y)
r+M/2
_ / (LuCxr — ) — 2kou(xs — ) dgk(y) @1)
> 0. (42)

Second, because of assumption (MT?2) (the rapid decay of gi(-)) and (18), we have

1 r+M

r+Mj/2
3 / u(xy —y)dgr(y) — 2k0/ u(xy —y)dge(y)
r r+MJ/2

> Lu(e — @) — 2kou(e — 1a(r + M)
(A]T - Zkoe_aMﬂ)M(xz —r)gk(r)
0. 43)

IV 1V

Third, again because of assumption (MT?2) (the rapid decay of gx(-)) and (18), we have

f u(x2 — v) dgi(y) — 2ko / u(xr — v) dgi(y)

+M/2 r+M

o0 M o0
. / u<x2 - (y _ 7)) dg(y) — 2k0/ u(xz — y) dge(y + M)
M2 r

o0 M o0
=/ u(xz—y)dgk<y+7) —Zko/ u(xy —y)dgre(y + M)

o0 M
> (1-— 2koe_“M/2)/ u(xy —y)dge (y + 7)
> 0. (44)

Summing (42), (43), and (44) yields (40). Thus, (39) is verified in this case, and (36) holds.
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Case (ii): when r = yg, (35) may not hold. The difference between the two sides of (36) is

ko r ko r
> n f Qi) (x2 — y)dge () — (1 +€) Y pi / Q2,1 () (x1 — y) dgr(y)
k=1 T k=0 YT

ko ko

<Y gk Qe (x) — (1L +6) Y p f Q2.5 () (x1 — y) dge(y).
k=1 k=1 -

Recall that ¢’ = ¢ + 8. Equation (30) implies that the above quantity is less than or equal to

ko ko r
A+8) ) pege* Qaux)) — A +&)> i / Q2.k(u)(x1 — y) dgr(y)
k=1 k=1 —o0
ko 00 ko
=(+e)) m / Q2 k() (x1 — y) dgk(y) — 8 Y prg * Qa x(w)(x1).
k=1 " k=1

Sincer = yg = (1/a) log(2ko /8 fp), assumption (MT2) implies that g () < e = §fy/2ko.
From Q7 x(u) < ko, (25), and (29), it follows that the above quantity again does not exceed

8
¢! +e’)k02—£g —38fo <0.

So (36) is proved in this case. This completes the proof of the lemma.
Proof of Lemma 6. By the definition of ¢, when g > M /2, we have
u(xz — y) < (dko)*u(x; —y) fory e [M/2,q].
Similarly to (38), for any y < r < g, we obtain

)2r/M+2

u(xy —y) <u(xx —r) < (4ko u(xz).

Since r < yg = (1/a) log(2ko /3 fo), using (32), the above is at most

1 2(4ko)? 2(4ko)? [ 2k
(4k0)2)’0/M+2 +8f0< (4ko) (4k0)(2/aM)10g(2k0/5f0)f0: (4ko) <_0 fo.

1 —e&o 1 —e&o 1 —e0 \dfo
Note that 2 log(4ko)/aM < % from (18). Applying the bound on fy given in (29), the above
quantity is at most
1/2 1/2 —
24k VIRo ot _ B2ko)2fy 7 82k (er —e)!/20eb 2
l—ey 8172 (1 —gp)83? (1 — )32
Therefore, it follows from (19) that

)2 log(4ko)/aM

s.

1
ux; —y) < —=36 foranyy <r. 45)
2cy
This, combined with (17), implies that, forany 1 <k < kpand y < rq,
Q1.x(W)(x2 — ) = ku(xz — y) — c1(u(xz — y))?
c1
= ku(xy — y)<1 - ;M(Xz - J’))

> ku(xy — y)(1 — 39). (46)
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We have
O kpr [T u(xa — ) dgr(y)
v kpr [T u(xn — y) dgr(y)
< 1 ) k L Pk S oy Qi) (x2 — y) dGr(y)
1=6/2) %00 pic [T Qax)(x1 — y) dGi(y)
14+¢
<
~1-5/2
<1+¢". 47

where the first inequality follows from (46) and the definition of Q> x(u) given in (4), and the
second inequality follows from (36). If the conclusion of the lemma does not hold, i.e. for all
1 <k < ko,
r r
| wta=nant) = aven [ utn -y deo.
—0o0 —0o0
we obtain a contradiction to (47). This completes the proof of Lemma 6 in the case g > M/2.
When g = M/2 and u(x, — M /2) < 4kou(xz), with (32), we still have, fory <r <g,
8ko fo

uxy —y) <u(xy —r) <dkou(xp) < m& (48)

Using the bound on fy given in (29) and (19), the above is at most

_ ~\1/logb—1
8ko(e1 — ¢) 5 < L(S.
(1 — &9k 2¢q
Thus, (45) holds. Repeating the argument below (45), we obtain Lemma 6 in this case.
When g = M /2, but u(xo — M/2) > (4ko)u(xz), we truncate (36) before transforming this
case to the previous case. Define

=inf{y > 0: u(xy — y) > 4kou(x2)}.

Then 0 < ' < M/2 and u(xy — r’) < 4kou(xz). By the monotonicity of u, u(x; — y) >
4kou(x; — y) for y € (¢, r]. Therefore, for 1 < k < ko,

[ i - »aatr - a+e) [ oatim - »dao)
> [ ut = g =2 [ kout =) dgo)

— [ =) = 2wt = 30 de )
Z 0’

which, together with (36), yields the truncated inequality

ko r ko r
Zpk/ Q1x()(x2 — y) dge(y) < (1 +¢) Zpk/ 02,k () (x1 — y) dgr(y).
k=1 - k=1 —o0

This is an analog of (36) with r replaced by r’, and u(xy — r’) < 4kou(x;). Replacing r by r’
in the argument starting from (48), we complete the proof of Lemma 6 in all cases.
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With assumption (MT?2), the proof of [3, Proposition 3.2] carries over (with some change of
notation) to the proof of Lemma 7, assuming that Lemma 6 holds.

Proof of Lemma 7. This will be proved by contradiction. Assume that neither (a) nor (b) of
Lemma 7 holds, i.e.

@ u@xr—y) > 1 +e)u(x; —y)forally <r' A M, and
() ulxy —y) > (1 +&" —8e¥u(x; — y)forall y € (M, r'].
If ' < M then only (a) holds and it implies that

/

/ uxz — y) dge(y) > (1 + e<3>>/ u(er — ) dge(y).

Since 8(3_) =¢" + 8 > ¢”, this contradicts (37). So we are done. If ¥ > M then r’ = r, and
(a) and (b) imply that

M M
/ u(xz—)’)dgk(y)>(1+8(3))/ u(xp —y)dge(y)

—0

and . .
/ u(xz — y)dge(y) > / (1+¢" — 8™ Pyu(x) — y) dge(y).
M M

Summing the above two inequalities yields

/ w2 — v dge(y) > (1 +s”>/ u(xr — ) dge(y)

M r
+6[ f u(xy — y)dgr(y) — /M e/ Bu(x) —y) dgk(y)}-

We claim that

M r

[ utn=ane) = [ e Butn -y da) = o (49)
00 M

which will imply a contradiction of (36) and complete the proof. It thus remains to prove claim

(49). Since g > r > M/2, we have u(x> — y) < (4ko)?u(x; — y) forall y € [M/2,r]. By
(18), we can bound the second integral on the left-hand side of the above inequality as follows:

P o IMA+M
/ eSu(xr — y)dgr () = Z/l e Puer = y) 1y=r dge(y)
M 1=17M

EAﬂg i

IM+M IM/8+aM/8 20+2 M
/IM eI M/BTaM/8 4y 2+ u<x1 —7> degk(y)

N
I
_

o

M
M /8+aM /8 (g N2I+2, (x] - ?)gk(lM)

~
I

(Al M/B+aM/8 qp 12142, <X1 _ %)e—alM—i-aMﬂgk (%)

(o 2)a(2).
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As the last term does not exceed

M M
/zu(m—y)dgk(y)ff u(xy —y)dge(y),

M/

the proof of (49), and, thus, of Lemma (7), is complete.

5. Tightness for identical marginals

In this section we discuss the tightness problem in the case when all the marginal distributions
at the same level are the same, i.e. g, x(-) = g»(-) does not depend on the number of offspring.
Compared with the assumptions made in Section 2, we relax the bounded support assumption
(B1) on pp, at the price of a uniform marginal assumption on G, (see (MTO) below).
Namely, we make the following assumptions.

(B1") There exist positive real numbers mo and m; such that inf,{} g kpn.k} > mo > 1 and
sup, Y00 k2 pnk < mj.

(MTO') gnk(-) = gu(:) forall k > 1.

(MT1’) For some fixed gy < zlllog mo A 1, there exists an xo such that g,(xg) > 1 — &g for

all n, where g,(x) = 1 — g,(x). By shifting, we will assume that xg 0, that is,
gn(0) > 1 —¢o.

(MT2') There exist a > 0 and My > O such that g,(x + M) < e_“Mg,, (x) for all n and
M > My, x > 0.

(GT’) Forany n; > 0, there exists a B > 0 such that G, 4(B, ..., B) > 1 —n;j and g,(—B) >
1 —n for all n and k.

Then we still have the following tightness result.

Theorem 2. Under assumptions (Bl'), (MT0'), (MTI’), (MT2'), and (GT ), the family of
recentered maxima distributions {F, (- — Med(Fy))} is tight.

Since the proof is similar to that of Theorem 1, we only sketch the details. The argument is
based on the recursion inequality

> pm,sz,k(Ff“))(x),

k=1

&m * (Z pm,le,k@,’,"“)) (x) < F'(x) < gm * (

k=1

another form of (5) under assumption (MT0’), where Q1  and Q> j are defined as (4). Set

Om. (1)) =Y pm s Qrxu) (50)

k=1

and N
Q@) =Y pniQ2x (). (51)

k=1

Although the difference between Q1 ; and Q2  gets larger as k increases, the weighted functions
Om, 1y and Q, (2 still behave nicely and we have the following analog of Lemma 4.
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Lemma 8. Let Oy, (1) and Q,,(2) be defined as in (50) and (51), respectively. Then it follows
from assumption (B') that
Om,y(u) > u

and

Om.2)(w) — c2t* < Q. (1)) < Q.2y () < /myu.

Lemma 5 relies on the facts that Q x (1) > u and Q7 k(1) < kou, and Lemma 6 relies on
the fact that Q1 x(u) > Q02 (u) — ciu?. Therefore, with modifications of q and r, we can
prove analogs of Lemmas 5 and 6 due to the bounds in Lemma 8. An analog of Proposition 3
then follows. Proposition 1 and Corollary 1 hold under the new assumptions in this section.

Assumption (GT’) plays a similar role as (GT) in connecting the left and right tail behaviors.
Specifically, it guarantees Lemma 2, Lemma 3, and Proposition 2 under the new settings.
Theorem 2 follows immediately as Theorem 1.

6. Remarks

We believe that our assumptions (the bounded support assumption (B1) on p, i in Section 2
and the uniform marginal assumption (MTO’) on G,k in Section 5) are only technical, and
we are not aware of any natural examples for which tightness does not hold without these
assumptions. Heuristically, the faster the number of particles grows, the tighter the maximum
is around its median. Therefore, we believe that these technical assumptions can possibly
be removed, although the exact argument in the paper does not work directly without these
assumptions.
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