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Abstract

In this paper, a detailed description of the resolvent of the Laplace—Beltrami operator in n-dimensional
hyperbolic space is given. The resolvent is an integral operator with the kernel (Green’s function) being
a solution of a hypergeometric differential equation. Asymptotic analysis of the solution of this equation
is carried out.
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1. Introduction

Although geometric and algebraic ideas play an important role in the theory of linear
operators, the solution of a number of fundamental questions of this theory was
achieved only thanks to the application of various tools from the theory of analytic
functions. The basic channel for the use of the methods of the theory of functions
is the tradition of studying the spectral properties of a linear operator by studying its
resolvent as an analytic operator-valued function (see [1, 4, 6]).

If A: D(A) c ‘H — H is a linear operator on the Hilbert (or Banach) space H, and
I the identity operator, then the resolvent of A is the operator

Ry=(A-uh™".

This operator is considered for those values of the complex parameter u such that R,
exists and is a bounded operator defined on the whole of the space . Investigating
R, as an operator-valued function of the complex variable u gives a powerful method
(the so-called resolvent method) in the analysis of the operator A. If A is a differential
operator, its resolvent R, is usually an integral operator the kernel of which is called
the Green’s function of the operator A — ul.
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In the present paper, we deal with the case where A is the Laplace—Beltrami operator
L (an elliptic partial differential operator of special form) in the half-space model of
n-dimensional hyperbolic space H". We give a thorough analysis of the resolvent of L
and describe explicitly the structure of the resolvent. The Green’s function appears as
a solution of a hypergeometric differential equation and the asymptotic behaviour of
the solution of this equation is exploited. The resolvent kernel of the (free) Laplace—
Beltrami operator can be used for constructing the resolvent kernel of the automorphic
Laplace-Beltrami operator on the fundamental domain of a discrete group of motions
in the hyperbolic space by means of an averaging over the discrete group [3, 5, 9, 10].

We choose the spectral parameter of the form u = s(n — 1 — ) in constructing the
Green’s function of —L — ul so that the function w(z) = y* is a simplest particular
solution of the equation

—Lw = pw.

The minus sign in front of L is chosen, as usual, to obtain an operator with nonnegative
spectrum. Besides, such a choice of the spectral parameter converts the form of the
solution given in (3.4) to the more convenient form given in (3.5). Let

L —L+("_1)21
= 2

G e ) 5
-7 ox3 x| Y Oy \y"=2 fy 2 '

Ifweputs=(m—-1)/2+idors=(mn—-1)/2 —-iA, then

—1\2
1 )I—/121:—L1—/121

—L—s(n—l—s)I:—L—(

which involves the spectral parameter A4 in a more usual form. Because of this
property, in the literature the shifted Laplace—Beltrami operator L; is used more often
rather than the operator L. Since Rs > (n — 1)/2 is equivalent to JA < 0 in the case
s=m-1)/2+idand to IA > 0 in the case s = (n — 1)/2 — iA, the Green’s function
r1(z,7’; A) of —L; — A%I is expressed in terms of the Green’s function r(z,z’; s) of
—L — s(n — 1 — 5)I by the formula

r(z,z ; + z/l) Ja1<0,
ri(z,z; ) =
r(z,z ; i/l) Ja1>0,
w(u(z, ), —— + 1/1) J1<0,
- (1.1)
w(u(z, " —— — l/l) Ja>0,

where w(u; s) is defined by (3.5), (3.6) and u(z,z’) by (2.3).
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Note that for real values of A the functions w(u(z, z'); (n — 1)/2 + i) are still defined
by (3.5) as for s = (n — 1)/2 + id with real A the integral in (3.5) converges. Therefore
for real A we can define the limit kernels

-1 -1
1 5 (A + ie)) = a)(u(z, 7); nT F i/l)

r(z,7;4%) = 51351 w(u(z, Z);

according to (1.1). However, it turns out that the integral operator with the kernel
r1(z,7'; A7) or ri(z,7’; A7) does not define a bounded operator on the Hilbert space
L?>(H",dv). This is because of the fact that for real A the number A% is a point of
continuous spectrum of the operator —L; and therefore the resolvent (—L; — A21)~!
cannot exist to be a bounded operator.

If A: D(A) c H — H is a self-adjoint operator on the Hilbert space H, then
according to the spectral theorem [1] there is a unique family E,(—co < u < c0) of
spectral projections E, (resolution of the identity) for A such that

Af:f udE,f, f € DA).

Description of the spectral projection E,, of a given self-adjoint operator A is called the
eigenfunction expansion (spectral expansion) problem due to the formula

r= [ arg. ren.

which defines an expansion of the element f in the form of a Stieltjes integral. By the
well-known Stone formula

2
- E;zl = gll}r{){ (R/His - R;kis) d,u9

M1

Eﬂz
the results of the present paper on the structure of resolvent of the Laplace—Beltrami
operator can be used for description of E, for this operator. This problem will be
considered by the author elsewhere.

This paper is organized as follows. In Section 2 a symmetric operator 7’ generated
in a Hilbert space of complex-valued measurable functions on H" by the Laplace—
Beltrami operator L is introduced and investigated. In Section 3 the asymptotic
behaviour of a solution of the hypergeometric equation associated with the radial
part of L is examined. In Section 4 the Green’s function of —L — s(n — 1 — s)I is
constructed. Finally, in Section 5, it is shown that the closure T' of the operator 7" is
self-adjoint and the resolvent of the operator T is described explicitly.

2. The operator 7’

The n-dimensional hyperbolic space H" can be realized as the upper half-space

H' ={z=(x1,...,X-1,y) 1 =m0 <x; <00 (1< j<n—-1),0<y< oo}
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in the Euclidean space R". H" is a homogeneous space of the group
G=S0"(1,n)={geGL(n+1,R): g'Jg = J, detg =1, ggy > 0},

where GL(n + 1,R) is the group of all nonsingular real (n + 1) X (n + 1) matrices
g=1g jk]?,k:O’ J is the (n + 1) X (n + 1) diagonal matrix whose first diagonal element
equals —1 and the remaining diagonal elements are all equal to 1; and the symbol
t stands for matrix transposition (see [2]). The group G = SO*(1,n) acts on H"
as follows: if g€ G, g = [gjk];ik:o and z = (xq,..., X,—1,Y), then the point gz =7" =
(x},...,x,_,,)") has coordinates
Yo (gjo + gmlel? + 2 TiZ) &k + 8o = &jn
! colzl? +2 X321 (gox — gui)Xi + dy
, 2y
y = = )
Cglz|2 +2 ZZ:{(gOk - gnk)xk + dg

(1<j<n-1,

2 _ .2 2 2 — —
where |Z| =X +"'+xn,1 + Y7, C¢ =800 + 8on — &n0 — &nn> dg =800+ &nn — 8on — &no-

The invariant (under the action of G) Riemannian metric ds”> and the invariant
volume element dv(z) associated with it have the form

dx® + - +dx?_ +dy? dxy - dx,_,d
ds = T T TR gy = LS
n
y y
Denote by L the invariant differential operator (Laplace-Beltrami operator)
i & o1 0
L= 2(—+~-~+ )+ ”—( —). 2.2
v o )" o\ gy (2.2)
An invariant of a pair of points, u(z, z'), has the form
72 /)2 ’ 2 N2
N lz—-z (xp=x)) + -+ —x,_ )+ O —))
uezy =220 : ! (2.3)

Y »
so that u(gz, gz’) = u(z,7’) for all g € G and z,z" € H". The geodesic distance p(z, z’)
on H", generated by the metric ds?, has the form

lz—2Z|+z- 7|

0(z,7)=1n — , (2.4)
lz=2Z'l-lz—Z
where we put 7 = (xy, ..., X,-1, —y) for z = (x1, ..., x,-1,y). It follows from (2.3) and
(2.4) that
u=2coshp — 2 = 4sinh? g. (2.5)

Let us note that in what follows throughout the paper z and 7’ will stand for arbitrary
points in H".

We denote by L*(H",dv) the Hilbert space of all complex-valued measurable
functions f(z) defined on H" such that

f If @I dv(z) < oo,
Hn
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with the inner product
(fi- f2) = fH (AR ),

where dv(z) is the volume element given in (2.1).

In the sequel we will denote the space L*(H", dv) briefly by H. Further, C®(H")
will denote the space of infinitely differentiable functions on H" and C’(H") the space
of infinitely differentiable functions on H" with compact (with respect to the geodesic
distance) support.

Let L be the Laplace—Beltrami operator given by (2.2). By D’ we denote the set of
all functions f € C*(H") with the following properties:

(i) fand Lf belong to H;
(i) for some & > (n — 1)/2, generally speaking, different for different functions, the

inequalities
y8
<Cj—— 2.
@< |2>s’ (2.6)
of (L +1xDy” ‘ ' .
—|<C 1<j<n-1), @7
| < T |3y <Oy (SIS @7

hold, where the constants C;, C,, C3 are, in general, different for different
functions.

Obviously, D’ is a linear subset in H and since C;’(H") C D’, we conclude that D’
is dense in H. Let us define on H the linear operator 7” with the domain of definition
D’, putting

T'f=-Lf forfeD.

We want to show that the operator 7’ is symmetric.

TueoreM 2.1. For arbitrary functions fi, f» € D', the integral

_ [ (260F N 05 0F) dxdy
Lfi. f21:= an( dy dy +;E)xj ij) y2’ 28)

where dx = dx; ... dx,—|, converges absolutely and

(T’ fi, ) = [fi, f2]. (2.9)
Proor. Let m be an arbitrary positive integer. Let us set

Kn={x=(,...,%1):—-m<x,<m({1<k<n-1)},
K,(nj) {(’)—(xl,...,xj_l,xj+1,...,xn_l):
—-m<x<m(l<k<n-1,k# )}

dx=dx;...dx,,, dx¥ =dx.. cdxjopdxje ... dx,y.
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Then integrating by parts, one has, for fi, f> € D',

- f f (L) fr dv(z)
N afl =" dx dy 1 0fi— yem
_Zf fK(/) == } yn—z - me{yn_z EfZ yzo}dx

ff “aﬁafz aflafz)dXdy
m = ijﬁx] dy dy ’

(2.10)

Next, using the estimates (2.6), (2.7) for f; and f, (with & = £] and € = &;, respectively)
it is easy to check that

_ 0) 1
[ P B S
K(’) (9)6] Xj=xm yn—Z meit+e

g1+e,—(n—1)

L 0fir Y
w2 oy P = a0 Y0
1 afi VR
fK Y2 dy Ty b _O(m61+ez) (m = ).

Therefore (2.10) takes the form

6f1 6f2 6f1 df\dxdy 1
f f (Lff2dv(e) = f f ay ay axj (9_xj) y2 +0(m81+82 )

(2.11)

Taking f; = f, = fin (2.11), we have

0 dxd n _ 1
ff any ) §2y=—f0 fK(Lf)fdv(zHO(ﬁ). (2.12)

Bx j
It follows that the left-hand side of (2.12) increases as m — oo remaining bounded.

Therefore
L’l ( ay

dy

n 1

n—1

or

] 6xj

2\ dxdy
yn—2

Then applying the Cauchy-Schwarz inequality, we find that the integral in (2.8)
converges absolutely for fi, f, € D’. Consequently, passing to the limit in (2.11) as
m — oo, one has (2.9). O

Theorem 2.1 yields the following result.

COROLLARY 2.2. The operator T’ is symmetric:

(T’ fi, L) =(fi,T' ), Vfi,foeDT).
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From the same theorem one has that

ar.n= | (%

dy

| Of

1 ij

2
) L ) (2.13)

yn—Z

It follows from (2.13) that the operator 7" is positive. Actually, the following
stronger statement holds.

THeOREM 2.3. The inequality

12
T > (-1 I
4

holds, that is,

(n—

T'f, )= ||f||2 Vf e D). (2.14)
Proor. Since the function f € D(T’) tends to zero as y — 0 by (2.6), we have, for all
z=(x,y) € H",
Y Of(x,1)
9 = d
ron= [ S

Therefore

Y10f(x,1)
ot t) @,

fN |f(x, y)l2 fN 1(
dy <
0 » 0o Y

where N is an arbitrary positive number. Further (note that the inequality (2.14) is
obvious for n = 1 from (2.13) so that we may assume that n > 2),

N
jo‘ )%( oy afg;’ : dt)2 dy = (- ;)y”‘l(

2 N Y
+
n—lfo y"'(fo‘

Hence, taking into account that, by (2.7),

1 (f af(x 1)
y=1\Jo

(2.15)

o e 2pn

Of(x,1) of(x, }’)
ot dt)’ By

dt QLA |
< — dt
' - ”1( o (1+[xI>+%)® )

Cstf(nfl)
<———————0
2(1 + [Py

C(n- i)Y"_I(L

asy — 0, and

(’)f(x 1)

'd <0,
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one has that
Of(x,1) )

foy_(fo o
el
s—fmfw I

where we have used

Y10f (x, t)’ ‘5}”()C D,

172
)"

- 2 2 2
Yyl = yn/ y(n )/

Comparing the initial and terminal terms of the latter inequalities, we find that

f ( 6f(xt)‘d 4 le
o Y

(n — 1)2 n—2
Integrating this inequality over x € R""! and then letting N — oo, we arrive at the

By

inequality
of(x,y)Pdxdy (n- )
ﬂf . nzy_ 112,
taking into account (2.15). Now inequality (2.14) follows from (2.13). O

3. Asymptotic analysis of a hypergeometric differential equation

If we apply the operator L to functions depending only on the invariant of a pair
of points u(z, zo0), then we can get for it an expression in the form of an ordinary
differential operator with respect to the variable u. Namely, the following statement
holds which can be verified directly.

Lemma 3.1. Suppose that w is a smooth function on the positive semi-axis and that 7o
is a fixed point in H". Let us set f(z) = w(u(z,zp)). Then Lf = lw, where

= (U + 4" (u) + (nu + 2n)’ (). (3.1)

REmARK 3.2. Suppose that i is a smooth function on the positive semi-axis and that zq
is a fixed point in H". Let us set f(z) = ¥(0(z,20))- Then Lf = [}y, where

h
Ly =y (p) + (n —1> onnpe

w(m

This statement can easily be derived from Lemma 3.1 on the basis of the connection
(2.5) between u and p.
Now we investigate the solution of the linear homogeneous differential equation

—lw=sn—-1- 5w,
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that is,
—(? + 4w () — (nu + 20w’ (u) = s(n — 1 — )w(u), (3.2)

where s is a complex variable.
As is known [7, Ch. 15], one solution of the hypergeometric equation
&f df
{(l—g)d—gz+[c—(a+b+1){]d—{—abf:O, (3.3)
where a, b, and c are independent of £, is given by the Gauss hypergeometric function
(with Euler’s integral representation)
I'(c)

1
filQ)=F(a,b,c,{)= T =) Jy A -0 A - 1) a,

where I'(s) is the gamma function [7, Ch. 5]. Another solution of (3.3) is (see
[7, (15.10.15)])

L =) Fla,a+1—cia+1-b;7")

— F(C) -a ! a—ce1 _ pe=b=1{1 _ £ -
T T()I(c - b)(_o fo =0 (1 g) i
— L ! a-cc1 _ pc=b=1, _ ~\-a
= TOre—b) f(; (1 =1) (t-0)""dt. (3.4)
If we set
(=-% f@=f(-5)=0w. a=s b=n-1-5 c=%,
then (3.3) turns into (3.2). Therefore one solution of (3.2) is given, according to (3.4),
by the integral
1 —s
(s 5) = ca(s) f [¢(1 — t)]‘Y_("/z)(t N E) dr, (3.5)
0 4

where the constant ¢, (s) we choose to be

I'(s)
2021 (s — 5+ 1

cn(s) = (3.6)

Note that the integral in (3.5) converges absolutely for # > 0 and complex s = o + it
with o > (n — 2)/2. The constant c¢,(s) given in (3.6) can be represented in the form

1 272
) O—n =
Shua(s + 12, (%)

cn(s) = n=1,2,3,...),

with

(Y, D24 DIE-1D)
bn(s)—j(; (1+§) £24dg = 5 n=3. (37
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Note that o, is the surface area of the unit sphere in R”. Note also that
1 1
bs(s + 1) = —, and therefore c>(s) = —.
s 4

Let us set

1
o3 8) = w(u; s) = cp(s) f [1(1 = O 2t + u)™* dr, (3.8)
0

so that

w(u; s) = go(g; s).

Now we derive from (3.8) with (3.6) the following important result.

TueoreM 3.3. The function ¢(u; s) is analytic in the region Rs > (n — 2)/2, u > 0 with
respect to s, belongs to the class C* with respect to u, and

(i)~ + " W) — (e +n/2)¢" () = s(n — 1 = s)p(u);
(i1) the estimates

O(1 + |s*?) and is continuous in u (n=1),
1
I Inu + O(s]) (n=2),
1 -1/2 5/2 _
oG s) =gz TOUST n=3). 39
1
Eu_l +0(s(s = 2)|Inu +|sP) (n=4),
( 2)12 R uf(n—z)/z + 0(|sl(n+2)/2u7((n72)/2)+1) (n Z 5)’
n-— <o,
1
—zu_l/z +0(sP"®) (n=1),
1
@' (u; ) = —Eu_l +0(s=1lnu+|sP) (n=2), (3.10)
_ M_n/2 + 0(|s|(n+2)/2u—(n/2)+1) (I’l > 3)’
2n710-n

hold as u — 0 uniformly with respect to s with Rs > (n — 2)/2 + &y, where 8y is
any fixed positive number, o, = 21"* T (n/2);
(iil) the estimates

o(u; 5) = O(s|"2Pu™), @' (us5) = O(sI" w7, (3.11)
hold as u — oo uniformly with respect to s (Rs > (n — 2)/2 + &g, 5o > 0).

Proor. (i) The first statement of the theorem follows from (3.2) and the equality
e(u) = w(4u).
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(i1) To prove the second statement of the theorem, let us show that

1
(1) = f (11 = D11+ )™ di
0

O(1 + |s*) and is continuous inu  (n = 1),
—Inu+ O(s]) n=2),
= 3b3(s)u" 2 + O(lsI?) (n=3), (3.12)
ba(s)u™' + O(s — 2| Inu + |s]>) (n=4),
bu()u= "% 1+ O(|sPu 2P (n > 5),
as u — 0 uniformly with respect to s with Rs > (n — 2)/2 + &y, where & is any fixed

positive number; b, (s)(n > 3) is defined by (3.7).
Note that the integral from 1/2 to 1 is estimated easily:

1
‘ [1(1 = D)2t + w)* dt
1/2

1 _ A1o-(n/2)
_ (-]
12 (E+u)?

1 2n/2
< 2"/2f (1 -0 dt = ——— = 0(1).
0 o-7
Let us estimate the integral
1/2 o) £5-(n/2)
J= R N
0 ( ) (l + Ll)s

To do this, consider the function

v r [s—(n/Z) 4
9 = t
(r,) fo +uy

Making the change of variables ¢ = u¢, we get

T 1 -5
W(r, 1) = u—<"-2/2>\111(f), where ¥, (r) = f (1 + E) £, (3.13)
u 0
It is not difficult to check that, for r < 1,
rS—(n—Z)/Z
Wi(r) = —— + O(|s|r7~ (=272, (3.14)
S _——
2
and, forr > 1,
2+/r + 0(s)) (n=1),
Inr + O(s) (n=2),

Yi(r) = (3.15)

2
by(s) + — D2 L o(sir ™y (n > 3),
n —_—

where b, (s) is defined by (3.7). The above estimates as well as those below are satisfied
uniformly with respect to s(Rs > (n — 2)/2 + &g, 5o > 0).
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We have
;o f1/2(1 _t)s—(n/2)d\P(t’ u) dr
L dt
1\s—/2) 1 1/2 d(l - t)s—(n/Z)
:1——) ‘P(—,)—f —Y¥(,u)d
( 2 24~ dr (&, w)dt
1 s—(n/2) 1
:(1 —5) ‘P(z,u)+J1 + I, (3.16)
where
u d(l _ t)s—(n/2) fl/Z d(l _ t)s—(n/Z)
Ji=- —— Y(t,u)dt, J,=- —— Y(t,u)dt.
1 fo e n=-[ D)
Further, using (3.13)—(3.15), it can be shown that

V2 + O(s| Vu) (n=1),

‘P(%, u) = ¢ —Inu+ O(|s)) (n=2),

bu()u™ "2 + O(lsl)  (n=3),

J] — 0(|S|2M_((n_2)/2)+1),

o(sP) (n=1),
(nw[(1 -1 =1 = w']+0(sP) (n=2),
Iy = {=bs()u2[(1 = 1) — (1 —uy=CR] + O(sP) (n=3),
—ba(s)u'[(1 - %)H —(1=w* 2]+ O(s - 2| Inu + |s*) (n=4),

_bn(s)u—(n—Z)/Z[(l _ %)S—(ﬂ/z) —(1- u)s—(n/Z)] + 0(|S|2u—((n—2)/2)+1) (n> 5)
Therefore one has from (3.16) that

o(1 +1sP) (n=1),
—Inu + O(sP) (n=2),
J =b3(s)u”1? + O(s*) (n=3),

ba(s)u™' + O(s = 2|Inu + |s]*) (n=4),

bo()u= 22 4 O(sPu @2y (> 5).
Notice that we have used the fact that due to

% - s“[1 + 0(%)] jarg 5| < 7 — 6,
we have from (3.7) that
ba(s) = O(s| ") (Is] = co).
Thus, the estimate (3.12) is established. Now the estimate (3.9) follows from (3.12)

if we note that

o3 $) = Cu(5)Dsn(w),  €u(s) = O(sI") (n=1,2,3,..)),

c(s) = e cn($)b,(s) = m (n>3).
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The estimate (3.10) for ¢’(u; s) also follows from (3.12) because
A, (1)

d - _Scn(s)q)s+l,n+2(u)’
u

ca(s) = O(s|™ 2% (n=1,2,3,...).

@' (u; 5) = cals)
SCn($)bpa(s + 1) = g

(iii) The last statement of the theorem can be proved simply:

1 _ £\1o-(n/2)
Mmﬂﬂ%ﬂﬁE&—ﬂ——m

(t+uy
1
< |CnEf)| f [t(l _ t)]o'—(n/Z) dt = 0(|S|(n—2)/2u—0')'
u 0
The function ¢’ (u, s) is estimated similarly. O

4. The Green’s function of —L — s(n — 1 — s)I

In this section, we introduce an integral operator E(s) with the kernel

r(z,7; ) = w(u(z,7'); s) = t,o( u(z:‘z ); s) 4.1)
and investigate its necessary properties.
Tueorem 4.1. Let f € C3'(H") and Rs = o > (n — 1)/2. Let us set
R(5)f(2) = f 12,75 9) (@) dv(@). (4.2)
HVl

Then the function k\(s) f(z) possesses the following properties:
@) E(s) f(z) € D', where D’ is the domain of definition of the operator T' (see
Section 2).
(1) The following equality holds:
[T = s(n—1—-IRG)f = f. (4.3)
The proof will be provided in the form of two lemmas.

Lemma 4.2, Let f € C3(H") and Rs=0>m—-1)/2. Then the function hy(z) =

E(s) f(z) is bounded on H", belongs to the space L>(H",dv) N C*(H"), and satisfies
the following inequalities:

Ihs(2)] < Co(1 +|5]"+27%), (4.4)

m@mqafﬁg, 4.5)

ag;(jo < zflljl'j;'){{fr (1<j<n-1, (4.6)
o—1

‘mgy@ < 3(11W’ 4.7)
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where Cq does not depend both on s and on z whereas C;, C,, C3 do not depend only
on 7 (these constants are, generally speaking, different for different functions f).

Proor. Let suppf ¢ Q € H", where Q is a bounded domain which lies strictly inside
H". We have

hy(2) = f "z, 25 9)f(2)dv@’) = f (2,25 9) @) dv(@). (4.8)
" 0

Hence
lhs(2)| < Cy f Ir(z,z; )l dv(@), Cy= max /@)l 4.9)
Q (S

First we show that %,(z) is bounded and the estimate (4.4) is fulfilled. To this end
we take a small number gy > 0 and a large number Ry > 0 such that the support Q of
the function f lies strictly inside the parallelepiped

M={z=(x1,...,%-1,¥) I & SySRO,—R()ijSRO(l <j<n-1}

Let us estimate the function /4, on IT and on H"\II separately.
As follows from Theorem 3.3, for z € I1, 7’ € Q, the function r(z, 7’; s) defined by
(4.1) admits the estimation

o(1 + |sP*'?) (n=1),
r(z,7;5) = {O(sI* Inw) (n=2),
O(s|" D2y =D12) (> 3),
uniformly on s(Rs > (n — 1)/2), and for z € H"\II, 7’ € Q, the estimate
r(z,7s5) = O(sI" 2247 (4.10)
also uniformly on s(Rs > (n — 1)/2).

Therefore, for z € I1 (we assume that n > 3; for n = 1, 2 the reasoning is similar),

f Ir(z, 25 $)| dv(Z’) < C|s|"/? f [u(z, 2)]17" 22 dv(Z)
0 o

—2)/2 -2 ’
— (|52 (W')(" )12 dx’ dy <C (n+2)/2R8 dx' dy’ < Cys|2/2
|S| r|n—-2 AY/ I |S| n =2 = 1|S| B
0 lz—7I o) & Jolz—7I

because the last integral converges and is bounded for z € II.

Consider z € H"\II. Since for z € H"\Il and 7’ € Q we may assume that u(z, 7') is
large enough, it can be assumed that #/4 > 1 + u/8. Therefore, for z € H"\II we have,
by (4.10),

-0
1z, 75 5)| < C|s|<"-2>/2(1 + g) ,

f Iz, 7 )| dv(@) < Cls|"2/? f (1 + @)_ dv(?') < Cw(Q)|s| "2,
[ 0

because the integrand is less than or equal to 1.
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Thus, the boundedness of the function A(z, s) with respect to z € H" and the estimate
(4.4) are established. Now we show that i(z, s) € L*(H",dv). Since, as has already
been proved, the function A(z, s) is bounded, it is sufficient to show that

f hy(2)P? dv(z) < oo, A.11)
H\IT

where II is the above defined parallelepiped. From (4.8) we have, applying the
Cauchy—-Schwarz inequality,

Ihs(z)lzS||f||2fQIr(z,z’;s)Ide(z’).

Therefore

f Iy dv(z) < |IfII* f { f Ir(z,z’;S)Ide(Z)}dV(Z')- 4.12)
H\II o \JH"\II

Next, taking into account (4.10), one has

N dv(z)
Ir(z, 75 $)I> dv(z) < C|s|""24*7 f A
Ln\n ann [1+u(z, 2)?7
= Cls|" 2427 f 0> dxdy
o DY + X=X P+ —y)PPe oy

Obviously, there is a constant a not depending on z € H"\Il and 7’ € Q such that
0P I
; " e = Y e
Dy +lx =X+ —y)] (Ix* +y%)

Therefore from the last inequality we obtain

(ze H'\I1L,7 € Q).

y20'—n dx dy
wr (1 2 + y2)27

f Ir(z,7; ) dv(z) < C,
HM\IT

where the constant C; depends on s. Further,

f 20' ndx dy f f 20' n dy
L+ 2+ (1+ P+ y2)2

20’ n 4
f dxf y =J1+ />
Rr-1 (I + |X|2 +y2)%

Let us estimate the integrals J; and J,. For o> (n — 1)/2,

dx '
Ji <L —_— T dy < oo,
: fR <1+|x|2>20'fo yooase

In the integral J, we make first the change of variables x = rv,v € R =1,
0 <r < o0, and then r = ty, to get

0 2 < dy
Jr=0,_ —dt —— < 00, 4.13
2=0 1]; (1 + 2 j; 2o+ 0 (4.13)
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where o,_; is the area of the unit sphere in R™ L. Note that in the case n = 1 the
integration on x is absent and the integral J, becomes

J2 :f 2ol =
1y

Therefore in (4.13) we may assume that n > 2 (so that the function =2 has no
singularity at zero). Now inequality (4.11) follows from (4.12).
Let us show that i, € C*(H"). To do this, note that there exists a smooth mapping

H" 5 7 — g, € G such that g,e, = z, where ¢, = (0,...,0, 1). Indeed, as such a g, one
can take
[ 2P+ 1 yE—IxF =1 ]
x PECIY x _ —
2y 1 n—1 2y
oo, n
y y
g = : P : s z2=(xy).
Xn—1 0o - 1 _ Xn—1
y y
o -1 B . y:— | +1
2y 1 n—1 2y
Evidently, the entries of the matrix g, are infinitely differentiable functions of the
variables (xi,..., x,—1,y) € H". Next, we have
hs(z) = f 12,75 9)f(@)dv() = f r(gzen, 75 9)f(@)av(z)
n Hn

= f r(en 827 9) () av(d) = f r(en, 7' 9)f(g:2)dv(Z),
H" H"

where we have used the invariance of the volume element dv. Since the function f
is smooth and has a compact support, it follows from the last formula that A(z, s) is a
smooth function of the variables (x, ..., x,—1,y) on H".

It remains to prove the estimates (4.5)—(4.7). As we have already proved, h,(z) is
bounded and smooth on H" for fixed s. Hence h(z) and its partial derivatives are
bounded on compact subregions of H". Therefore it is sufficient to prove the estimates
for z such that p(z, Q) — oo, where p(z, Q) denotes the geodesic distance of the point z
from the set Q.

If 7 € Q and p(z, Q) — oo, then u(z,z’) = 2 coshp(z,7’) — 2 — oo. Since for u —
and fixed s(Rs > (n — 1)/2) we have w(u; s) = O(u"7) by (4.1) and (3.11), it follows

from (4.9) that
dv(Z')
i@l < CfQ 0+ u )l

where C is a constant depending on s. Next,
WHk=xP+o-y? T+ +y?
>a
» y

1 +u(z,7) = , (4.14)
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where the positive constant a does not depend on z and 7 € Q. Therefore
C y 7
wors Svof 2 Y,

that is, the estimate (4.5) holds.
To derive the estimates (4.6) and (4.7), we differentiate equality (4.8). Taking into
account (4.1), we get

Ohy(z) 1 (" u(z,2) \ouzz) ,

o) _ 1 ( (uz2) \ouzz)
. _4fQ¢( - ,s) o . (4.16)

Next, for 7 € Q and p(z, Q) — oo,

ou(z,7')
ax j

xj— X
»
2 _ 42
y -y le x| <

oy’

1+ |xj
<a s
y
1+ |x? + y2
a——,
y

ou(z,7)
dy
and by Theorem 3.3 and (4.14),
4 o+l
‘p,(u(z,z);s)‘s C < C ( y ) .
4 [1+u(z, )7 = a” "\ 1+ |x]2 +y?

Therefore the estimates (4.6) and (4.7) follow from (4.15) and (4.16). O
Levva 4.3, If f € C3(H") and Rs > (n — 1)/2, then

[-L—s(n—1-IR(s)f = f. 4.17)

Proor. By Lemma 4.2 the function

h(2) = R()f(2) = f Kz 2s $)f () dv(?)

n

belongs to C*(H"). Next, note that if y(¢) is an arbitrary smooth function on the semi-
axis 0 <t < oo, then

Lox(u(z,2)) = Lyx(u(z,2)). (4.18)
Indeed, by Lemma 3.1,
Ly(u(z,7)) = (u* + du)y” (u) + (nu + 2n)y’ (u).

Since u(z,7’) = u(z, z), the same expression is obtained for L, y(u(z, z')). Therefore
(4.18) holds.

Now let f € C°(H") and assume that supp f C Q € H". Taking into account (4.1),
using property (4.18) and integrating by parts, one has that

L, f r(z,7';8)f(@)dv() = f 1z, 75 8)(Ly f(2')) dv().
n Hll
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Therefore to prove (4.17) it is enough to establish that

f 1z, 73 ){[~Ly — s(n— 1 = )INf(Z)} dv(Z) = f(2). (4.19)
Hn

We shall prove (4.19) by using the methods of potential theory (cf. [5, Ch. 8]).
Let U, be the exterior of the small n-dimensional Euclidean ball of radius & centred
at the point z so that U, = S, is an (n — 1)-sphere. According to integration by parts
formulae,

f 1z, 7 s s [=Ly = s(n = 1 = )I1f(Z)} dv(Z')

&

- f {[=Ly = s(n =1 = 9)I1r(z,2'; )}f(Z) dv(z)
Us

_ o orz2ss) ., , Of(@)
- jS‘g (y/)n—2 [ ol f(z ) r(Z, <, S) ol dSe,

where [ is the exterior normal to the surface S, and dS; is the (Euclidean) surface
element on S .

Since [-L, — s(n — 1 — s)I]r(z,7'; s) = 0 outside the diagonal, the last equation takes
the form

f 1z, 2 {[-Ly = s(n = 1 = )I1f()} dv(2)
Us

__ 1 jorzzss) . , . Of()
- fs (y’)"—z[ S @)~ @)= dSe (4.20)

Let us show that

. I @)
al;l_r,r(l) fss G r(z,7';8) 3l as. =0, “4.21)
. 1 0r(z,7;s)
-1 — 2 f()dS. = . 422
lim fs Gy @S =@ (4.22)
To this end we put 7’ =z + tv, where 0 <t < o0, v = (vy,...,v,) € R?, [v| = 1. We have
dS,=t""'dS, where dS is the area element of the unit (n — 1)-sphere, and
, |Z _ Z/|2
M(Z, Z )lz’=z+lv = ;
yy =z+ty
1 1
=—=—[1+0®®] (t—-0). (4.23)
Yy +tvy)  y?

Further, we will assume that n > 3 (in the case n = 2 the reasoning is similar; the
case n = 1 is elementary and should be considered separately on the basis of the same
reasoning). By Theorem 3.3 and equality (4.1), we have (for fixed s)

rz,758) = 0w " %) asu—0,
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and according to (4.23),
u(z, Z’)|z’=z+av = 0(52)~

Therefore

1 .. Of(@)
’fs; WF(Z,Z ;S)Tds‘E

that is, (4.21) holds.

<C e D =Ce >0 ase—0,

Next,
or(z,25s) _ Orz,2ss) 1 ,(E. s)@
o o a?\@ar
ﬁ_u_ﬁ{ 2 }_2ty+t2vn
ot at\yy+tvy)) oy + v

and by Theorem 3.3,

go'(Z; s) = —iu_”/2 + O™ P asu— 0.

n
Therefore, taking into account (4.23),

n—2 1
= +0(—2) ase — 0.
e~

=z+ev g'ng”— !

or(z,7'; s)
ol

Now (4.22) becomes obvious. Finally, passing to the limit in (4.20) as £ — 0, we get
(4.19). The lemma is proved. O

Now note that the statement of Theorem 4.1 follows from Lemmas 4.2 and 4.3. Let
us also remark that (4.17) and (4.2) show that r(z, z’; s) defined by (4.1) is the Green’s
function for —L — s(n — 1 — s)I.

As is well known (see, for example, [8, Ch. 13]), the Green’s function G(x, x’; u) of
—A — ul, where

0 0*
A= ox3 +“.+0xﬁ
is the Laplace operator, has a logarithmic singularity at x = x’ of the type In |x — x|~
for n = 2 and a singularity of the type |x — x’|®~2 for n > 3. Since for z close to 7’
the behaviour of u~! is like the behaviour of |z — 7’| 2 by (2.3), it follows from formula
(3.9) of Theorem 3.3 and (4.1) that for the Laplace—Beltrami operator L on H" the
Green’s function r(z,z’; s) of —L — s(n — 1 — s)I has the same type of singularity as
the Green’s function of the Laplace operator on R*. This circumstance is consistent
with the fact that the hyperbolic space H", being a Riemannian manifold, must behave
locally like Euclidean space R”.
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5. The operator 7 and its resolvent

Denote by T the closure of the operator 77 in the Hilbert space .
TueorREM 5.1. The operator T is self-adjoint.

Proor. It follows from Theorem 4.1 that C’(H") is contained in the range of the
operator 7" — s(n — 1 — s)I(Rs > (n — 1)/2). Since C;’(H") is dense in H, it follows
that the range of the operator 77 — s(n — 1 — $)[(Rs > (n — 1)/2) is dense in H.
Therefore the closure 77 = T of the symmetric operator 7” is a self-adjoint operator
(see [1]). O

It follows from (2.14) that

1= e annz CR vpe ), G-D

T4

Next, since the operator T is self-adjoint and inequality (5.1) is true, we get that the
resolvent R(s) := [T — s(n — 1 — s)I]™" exists for Rs = o > (n — 1)/2 and is a bounded
operator defined on the whole of space H.

Tueorem 5.2. If f € C3(H") and Rs>m—1)/2, then

R(s)f(2) = fH ) 12,75 9)f(Z) dv(@),
where 1(z,7'; 5) = w(u(z,7'); s) in which w(u; s) is defined by (3.5) and (3.6).

Proor. By the definition of R(s) we have [T — s(n — 1 — $)IIR(s)f = f, Yf € H. On
the other hand, since 7’ C T, it follows from (4.3) that

[T —s(n—1-IRG)f = f, YfeCTH.

Subtracting the last two equations, we get [T — s(n — 1 — s)I][R(s)f — k\(s) 1 =0, that
is, A =s(n—1—s) is an eigenvalue and R(s)f — k\(s) f a corresponding eigenvector
of the operator T. But for Rs > (n — 1)/2 the number A = s(n — 1 — ) lies outside
the interval [((n — 1)>/4), o) in the A-plane and hence cannot be an eigenvalue for the
operator T by (5.1). Therefore R(s) f — ﬁ(s) f = 0 and the proof is complete. O
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