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1. In t roduct ion . The t h e o r e m of the t i t le a s s e r t s that eve ry 
n o n - d e g e n e r a t e cont inuum (that i s , eve ry compac t connected Hausdorff 
space containing m o r e than one point) conta ins at l eas t two non -cu tpo in t s . 
This is a fundamenta l r e s u l t in s e t - t h e o r e t i c topology and s e v e r a l 
s t andard p roofs , each va ry ing f rom the o t h e r s to some extent , have 
been publ ished . (See, for example , [ l ] , [4] and [5]). The author has 
p r e s e n t e d a l e s s s tandard proof in [3] where the non-cu tpoin t ex i s t ence 
t h e o r e m was obtained as a c o r o l l a r y to a r e s u l t on p a r t i a l l y o r d e r e d 
s p a c e s . In th is note a r e f inement of that a r g u m e n t i s offered which 
s e e m s to the author to be the s i m p l e s t proof extant . To fac i l i t a te i t s 
exposi t ion, the notion of a weak pa r t i a l l y o r d e r e d space is in t roduced 
and the cutpoint p a r t i a l o r d e r of connected spaces is r e v i e w e d . 

2 . Weak p a r t i a l l y o r d e r e d s p a c e s . If X i s a topological space 
endowed with a p a r t i a l o r d e r <_ we wr i t e 

L(x) = {y e X : y < x} , 

M(x) = {y <= X : x < y} . 

An e l emen t m of X is m a x i m a l (minimal ) if M(m) = {m} (L(m) = {m.} )• 
A subse t A of X is said to be i n c r e a s i n g (dec reas ing) if M(a) C A 
for each a e A (L(a) C A for each a e A). The space X is a weak 
p a r t i a l l y o r d e r e d space if, for each x ç X such that x i s not m a x i m a l , 
t h e r e ex i s t s a closed se t K(x) C M(x) such that K(x) - {x} is non
empty and i n c r e a s i n g . The p a r t i a l o r d e r is said to be weakly continuous 
if X i s a weak p a r t i a l l y o r d e r e d s p a c e . We note that weak continuity 
is a m u c h weaker condit ion than upper s e m i continuity and re la ted 
condi t ions which have been studied in [3] . It p e r m i t s a gene ra l i za t i on 
of a wel l -known p ropos i t i on about the ex i s t ence of m a x i m a l e l e m e n t s 
in pa r t i a l l y o r d e r e d spaces which was f i r s t enunciated by Wallace [2]. 

PROPOSITION 1. A compac t weak p a r t i a l l y o r d e r e d space has 
a m a x i m a l e l emen t . 

Proof . Let X be a compac t weak p a r t i a l l y o r d e r e d s p a c e . By a 
s t andard m a x i m a l i t y a r g u m e n t i t m a y be shown that X contains a 
subse t C sat isfying the following condi t ions . 
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(1) The se t C i s s imp ly o r d e r e d . 

(2) If x e C and x is not m a x i m a l then t h e r e ex i s t s a c losed 
s e t K(x) CM(x) such tha t K(x) - {x} i s i n c r e a s i n g and K ( x ) 0 C - {x} 
i s non- empty . 

(3) The se t C i s m a x i m a l with r e s p e c t to (1) and (2). 

Since X is c o m p a c t t h e r e e x i s t s z ç 0 {K(x) : x € C} . The m a x i m a l i t y 
of C i n s u r e s tha t z e C and that z i s a m a x i m a l e l e m e n t of X. 

PROPOSITION 2. Le t X be a compac t weak p a r t i a l l y o r d e r e d 
space which i s not s imp ly o r d e r e d and which sa t i s f i e s the condi t ion 
(S) if x € X then L(x) i s s imp ly o r d e r e d . Then X conta ins at l e a s t 
two d i s t i nc t m a x i m a l e l e m e n t s . 

P roof . Let x and y be e l e m e n t s of X which a r e not c o m p a r a b l e 
under the p a r t i a l o r d e r . It follows f r o m (S) that the s e t s M(x) and 
M(y) a r e d i s jo in t . T h e r e f o r e , if K(x) and K(y) a r e the closed s u b s e t s 
of M(x) and M(y), r e s p e c t i v e l y , whose ex i s t ence is gua ran teed by the 
weakly cont inuous p a r t i a l o r d e r , then K(x) and K(y) a r e d i s jo in t . 
Now K(x) and K(y) a r e t h e m s e l v e s compac t weak p a r t i a l l y o r d e r e d 
s p a c e s and so they have m a x i m a l e l e m e n t s by P r o p o s i t i o n 1. Since 
K(x) - {x} and K(y) - {y} a r e i n c r e a s i n g , those e l e m e n t s a r e a l so 
m a x i m a l in X. 

3 . The cutpoint o rde r . Le t X be a connected Hausdorff space 
and suppose that e is a cutpoint of X. We define a r e l a t i o n £ on X 
by x <_ y if and only if x = e or x = y or x s e p a r a t e s e and y. 
This r e l a t i o n has been cal led the cutpoint o r d e r on X. In this 
p a r a g r a p h we s u m m a r i z e a few of i t s p r o p e r t i e s . P r o o f s of 
P r o p o s i t i o n s 3 and 6 a r e i m p l i c i t in [3] but they a r e ske tched h e r e in 
o r d e r to m a k e the t r e a t m e n t s e l f - con t a ined . 

PROPOSITION 3 . The cutpoint o r d e r i s a p a r t i a l o r d e r . 

P roof . This i s s t r a i g h t f o r w a r d except to show that if 
e < x < y < z then x < z . By defini t ion of the cutpoint o r d e r we have 

x - {x} = A U B , 

X - {y} = C U D , 

w h e r e A and B a r e s e p a r a t e d s e t s , C and D a r e s e p a r a t e d s e t s , 
e e A O C , y € B and z € D. Now D = D U { y } is connected , so if 
z ç A then x ç D and hence y < x, which is i m p o s s i b l e s ince <_ is 
a s y m m e t r i c . T h e r e f o r e z e B, which is to say that x < z . ~ 

PROPOSITION 4 . The non- cutpoints of X a r e p r e c i s e l y the 
m a x i m a l po in ts r e l a t i v e to the cutpoint o r d e r . 
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Proof . Obvious . 

PROPOSITION 5. The outpoint o r d e r is weakly cont inuous . 

P roof . Since X = M(e) i s c losed and M(e) - {e} i s i n c r e a s i n g 
we m a y se t K(e) = X. If x | e and x is not m a x i m a l then x is a 
cutpoint and hence 

X - {x} = E U F 

w h e r e E and F a r e n o n - e m p t y sepa ra t ed se t s and e € E . Now 
F = F U { X } is c losed and F is r e ad i l y seen to be i n c r e a s i n g . 
T h e r e f o r e we m a y se t F = K(x) and the p ropos i t ion fol lows. 

PROPOSITION 6. If x e S then L(x) i s s imply o r d e r e d . 

Proof . It i s sufficient to show that if p and q a r e m e m b e r s of 
L(x) - { e , x } and p ^ q then q £ p . Now by definit ion p and q a r e 
cutpoints s e p a r a t i n g e and x and t h e r e f o r e 

x - {P} = G U H , 

X - {q} = I U J, 

w h e r e G and H a r e s epa ra t ed s e t s , I and J a r e sepa ra t ed s e t s , 
e e G O I and x e H M J. F u r t h e r , s ince p ^ q it follows that q e G 
and hence the connected se t J = J U {q} conta ins p . But then 
q < p . 

PROPOSITION 7. The cutpoint o r d e r i s not a s imp le o r d e r . 

Proof . Since e is a cutpoint of X t h e r e ex i s t e l e m e n t s a and b 
of X such that e s e p a r a t e s a and b . It follows that a does not 
s e p a r a t e e and b and that b does not s e p a r a t e e and a, i . e . , 
a and b a r e not c o m p a r a b l e . 

4 . The m a i n r e s u l t . The non-cutpoint ex i s t ence t h e o r e m can 
now be obtained f rom the foregoing p r o p o s i t i o n s . 

THEOREM. A n o n - d e g e n e r a t e cont inuum has at l e a s t two non-
cu tpo in t s . 

Proof . The t h e o r e m is obvious if X is cutpoint f ree so we m a y 
a s s u m e that X conta ins a cutpoint, e. We give X the cutpoint 
o r d e r . By P r o p o s i t i o n s 3 and 5 X is a weak p a r t i a l l y o r d e r e d s p a c e . 
By P r o p o s i t i o n s 6 and 7 and the c o m p a c t n e s s of X the hypotheses of 
P r o p o s i t i o n 2 a r e sat isf ied so that X contains at l ea s t two d i s t inc t 
m a x i m a l e l e m e n t s . The t h e o r e m now follows f rom P r o p o s i t i o n 4 . 
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