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Abstract. We give a combinatorial formula for the weight multiplicities of some infinite-dimensional
highest weightgl (n)-modules. Our proof, which does not rely on Kazhdan–Lusztig combinatorics,
uses a reduction to finite characteristics. The character formula for the corresponding modular rep-
resentations, which has been computed in a 1997 preprint by the authors, is based on a dual pair
which has no obvious counterpart in characteristic zero.
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Introduction

Setg = gl(n,K), whereK is an algebraically closed field of characteristic zero.
Although the characters of highest weightg-modulesL(λ) are determined by the
Kazhdan–Lusztig polynomials, there are no general combinatorial formulas. For
finite-dimensionalg-modules, such formulas have been provided by the work of
Littlewood and Richardson [LR], which is based on semi-standard tableaux (see
also [L]). In this paper, we will show that the combinatorics of semi-standard
tableaux applies as well for a certain class of infinite-dimensional highest weight
representations. Indeed, the result is a corollary of some character formulas for
modular representations of [MP] and is strongly connected with the combinatorics
of Verlinde’s formula for modular representations [GP]. Our proof uses a reduction
to finite characteristics. However, we believe that there should be a natural purely
characteristic zero proof, based on representation theory of the loop algebra.

Let m > 0. In the paper, we will determine a combinatorial formula for all
highest weight modulesL(λ), whereλ is m-cospecial. By definition, a non-zero
weightλ is calledm-cospecial if there are three integersi, s, j , with i 6 s 6 j ,
such thatλ = ∑

i6l6j alωl (whereωl is the lth fundamental weight),al > 0
for all l 6= s and j − i 6 m, wherem = −∑i6l6j al. Typical examples of
cospecial weights are the negative multiple of the fundamental weights, i.e. the
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weight−mωs is m-cospecial. For simplicity, we will only explain the character
formula forL(−mωs) in the introduction.

Let Y∞ be the semi-infinite Young diagramZ60 × {1, . . . , s} of heights. We
can draw this semi-infinite Young diagram as follows:

By convention, the first line is the top line, and the last line is thesth line
which is at bottom. A semi-standard tableau of shapeY∞ is a filling of the boxes
of Y by indices running from 1 ton, with the usual convention that the indices
are increasing from top to bottom, non decreasing from left to right and with the
special requirement that on theith line almost all labels arei. Here is an example
of semi-standard tableau of shapeY∞:

As the Young diagramY∞ is infinite, we cannot define the weight of the tableau
T as usual. However, it is easy to renormalize the usual definition, which allows to
define its relative weightrw(T ). Denote byL1 < L2 · · · < Ls the indices on the
last column (i.e. the rightmost column) of the tableauT , and denote byP the set
of all semi-standard tableaux such thatLs−m 6 s (by convention, this condition is
automatically satisfied ifs −m 6 0).

THEOREMWe have:ch(L(−mωs)) = e−mωs
∑

T ∈P erw(T ).

For generalm-cospecial weights, the combinatorics is slighty more complic-
ated and it involves a pair consisting of a semi-infinite Young diagramY∞ and an
ordinary Young diagramYf .

1. A Semi-continuity Principle

Roughly speaking, a semi-continuity principle states that a ‘finite statement’ which
holds in characteristicp � 0 also holds in characteristic 0. For any algebraically
closed fieldk, setgk = gl(n, k), let P be the lattice of integral weights and let
H(k) be the torus of GLn(k), i.e. the subgroup of diagonal matrices. Denote by
ε1, . . . , εn the natural basis ofP , byα1 = ε1−ε2, . . . , αn−1 = εn−1−εn the simple
roots and byh1, . . . , hn−1 ∈ Hom(P,Z) the corresponding simple coroots (with
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our definition, coroots are not elements in the Cartan subalgebra). Denote byQ+
the monoid generated by the rootsαi and setQ− = −Q+.

For anyλ ∈ P , denote byLk(λ) the simple module with highest weightλ. As
we are only interested by its character, we will setLk(λ) = L(λ) if the character-
istic of k is zero, and we will setLk(λ) = Lp(λ) if the characteristic of the field
is p 6= 0. Whenk is a field of characteristicp, Lk(λ) is a restrictedgk − H(k)
module, i.e. it is a restrictedgk-module with a compatible action ofH(k).

Let χ(p) = ∑
λ∈P mλ(p)eλ be a sequence of characters indexed by all prime

numbersp, and letχ = ∑
λ∈P mλ eλ be a character. We say that the sequence

(χ(p)) converges to the characterχ if for all λ ∈ P , we havemλ(p) = mλ for p
big enough, i.e. forp > N(λ). In such case, we set limp→∞ χ(p) = χ .

LEMMA 1. Letλ ∈ P .

(i) For any prime numberp, we havech(Lp(λ)) 6 ch(L(λ)).

(ii) We havelimp→∞ ch(Lp(λ)) = ch(L(λ)).

Proof. Let k be any algebraically closed field. Letgk = n
−
k ⊕ hk ⊕ n

+
k be

the triangular decomposition ofgk. Let Uk, U
±
k , Ak be the enveloping algebras

of gk, n
±
k , hk. LetT :Uk → Ak be the Harish-Chandra projector, which is uniquely

defined byT (u) = u if u ∈ Ak , T (u) = 0 if u ∈ n
−
k .Uk + Uk. n

+
k . For any

weight ν ∈ Q−, one defines the Shapovalov formBνk : (U+k )−ν × (U−k )ν → k

by Bνk (u
+, u−) = λ(T (u+.u−)), whereλ:Ak → k is the algebra homomorphism

extendingλ. As we are only interested by the rank of the Shapovalov forms, we
will set Bνk = Bν if k is a field of characteristic zero and we will setBνp = Bνk if k
is a field of characteristicp 6= 0.

The Shapovalov formBνk is naturally defined overZ. Hence, we haverk(Bν) >
rk(Bνp) for any prime numberp andrk(Bν) = rk(Bνp) for p big enough (whererk
denotes the rank). As the dimension ofLk(λ)λ+ν is the rank ofBνk , the assertions
(i) and (ii) are proved. 2
Let λ ∈ P . Define a weightρλ ∈ P by the following requirements:

(i) ρλ(hi) = 0 if λ(hi) > 0,

(ii) ρλ(hi) = 1 if λ(hi) < 0.

For any prime numberp, setλp = λ+ p ρλ.

COROLLARY 2.

(i) For p big enough,λp is dominant and restricted.

(ii) We havech(L(λ)) = limp→∞ e−pρλ ch(Lp(λp)).
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Proof.Forp big enough, we have|λ(hi)| < p, for all 16 i 6 n. Hence, the first
assertion follows. We haveλ = λp − p ρλ. Hence, for any fieldk of characteristic
p, thegk −H(k)-moduleLk(λ) is isomorphic toLk(λp)⊗ k−p ρλ , wherek−p ρλ is
the one dimensionalH(k)-module of weight−p ρλ with a trivial gk-action. So the
formula follows from Lemma 1. 2

Remark.Assume that the characteristic ofk is p � 0. As λp is restricted
and dominant, Steinberg proved thatLk(λp) is indeed the restriction togk of the
simple GL(n, k)-module with highest weightλp [St]. Hence, the character of any
module of the categoryO is the limit of characters of modular representations.
This method of computing the characters of modules in the categoryO is usually
not practical, because the character of a general modular representation is usually
more complicated than its counterpart in the categoryO (see [So]). However, we
will implicitly use a dual pair which holds in finite characteristics and which has
no obvious counterpart in characteristic zero (indeed, the dual pair occurs in the
proof of Theorem 3, see [MP]).

2. Some Results about Modular Theory

Let k be an algebraically closed field of characteristicp. Let Y be a Young dia-
gram. Denote byM the number of columns ofY , and byci(Y ) the number of
boxes on theith column. For any subdiagramY ′ in Y , set cfirst(Y

′) = c1(Y
′)

and clast(Y
′) = cM(Y

′). As usual, the dominant weightλ associated toY is the
weightλ =∑l6M ωci(Y ). The weightλ is calledM-special if and only ifcfirst(Y )−
clast(Y ) 6 p − M andM < p. Denote byP (λ) the set of all semi-standard
tableauxT of shapeY such thatcfirst(T [l]) − clast(T [l]) 6 p −M for all l 6 n.
For any semi-standard tableauT of shapeY , denote byw(T ) its weight and set
rw(T ) = w(T )− λ.

THEOREM 3. Letλ be aM-special weight as before. We have

ch(Lp(λ)) = eλ
∑

T ∈P (λ)
erw(T ).

THEOREM 4. Letλ be aM-special. ThenLp(λ)|GL(n−1,k) is semi-simple.

Theorem 3 is proved in [MP] (Theorem 4.3). Theorem 4 has been proved in-
dependently by Brundan, Kleshchev, Suprunenko [BKS] and the authors [MP] by
very different methods. Soon after that, Brundan, Kleshchev and Suprunenko used
their methods to give a new proof of Theorem 3.

3. The Character Formula for Some Highest Weight Modules

LetK be an algebraically closed field of characteristic zero. Fora ∈ Z, we denote
by ]−∞, a] the set of all integersn 6 a. Such a set is called a semi-infinite interval

comp4316.tex; 11/05/1999; 11:34; p.4

https://doi.org/10.1023/A:1000936324480 Published online by Cambridge University Press

https://doi.org/10.1023/A:1000936324480


A COMBINATORIAL CHARACTER FORMULA FOR SOME HIGHEST WEIGHT MODULES 157

of Z. A semi-infinite Young diagram of heigths is a collection ofs semi-infinite
intervalsIi such thatI1 ⊃ I2 ⊃ · · · ⊃ Is. We draw a semi-infinite Young diagram
as follows

A semi-standard tableau of shapeY is a filling of the boxes ofY by indices
running from 1 ton, which is increasing from top to bottom, non decreasing from
left to right and with the stabilization requirement that almost all boxes on theith
line are filled with the indexi, as on the introduction.

Because the semi-standard tableauT is infinite, we cannot define its weight
as usual. However for any semi-infinite Young tableau there is an highest semi-
standard tableauYh of shapeY for which theith line is filled only with the indexi.
Then the difference of the weights ofT andTh is well defined, and will be called
the relative weight ofT (and it will be denoted byrw(T )). More precisely, the
relative weightrw(T ) of T is defined as follows. For any boxb on theith line of
T , we setα(b) = εj − εi if b is filled with the indexj . For almost allb, we have
α(b) = 0, andα(b) is a negative root otherwise. We setrw(T ) =∑b α(b).

Let ωi = ε1 + · · · + εi be theith fundamental weight of GL(n). Letm > 0. A
m-cospecial weight with support[i, j ] and singular nodes ∈ [i, j ] is a weightλ
such thatλ =∑i6l6j alωl, and we assume:

(i) al > 0 for anyl 6= s,
(ii)

∑
i6l6j al = −m andj − i 6 m,

(iii) as < 0, or equivalentlyλ 6= 0.

For am-cospecial weightλ as before, we associate a pair(Y∞(λ), Yf (λ)) con-
sisting of a semi-infinite Young diagramY∞(λ) and a ordinary Young diagram
Yf (λ) defined as follows

(i) Y∞(λ) is the semi-infinite Young diagram of heights defined by the semi-
infinite intervalsI1 ⊃ I2 ⊃ · · · Is such thatIl =] −∞,∑max(l,i)6k6s ak],

(ii) Yf (λ) is the Young diagram associated with the dominant weight
∑

l>s alωl.

Let T∞, Tf be semi-standard standard tableaux of shape respectivelyY∞(λ)
andYf (λ). Let L be the last column ofT∞ and letF be the first column ofTf .
For l 6 n, denote byTf [l] (respectivelyT∞[l]) the Young subdiagram ofYf (λ)
(respectively of the semi-infinite Young diagram ofY∞(λ)) consisting of all boxes
with label6 l. We setcfirst(Tf [l]) = card(Tf [l] ∩ F), clast(T∞[l]) = card(T∞[l] ∩
L). However, whens = j , the Young diagramYf (λ) is empty, and the definition
of cfirst(Tf [l]) is slighty different. In such a case, we setcfirst(Tf [l]) = min(l, s).
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Let T the set of all pair(T∞, Tf ) of semi-standard tableaux of shape respect-
ively Y∞(λ) andYf (λ) such that:

(i) for any l 6 s, all boxes oflth line ofYf (λ) are filled with the indexl,
(ii) for any l 6 n, cfirst(Tf [l])− clast(T∞[l]) 6 m.

THEOREM 5. Letλ be am-cospecial weight. We have

ch(L(λ)) = eλ
∑

(T∞,Tf )∈T
erw(T∞)+rw(Tf ).

Proof. Let p be a prime number, and setM = p − m. Forp big enough, the
weightλp = λ+pωs is restricted (Corollary 2), and by definitionλp isM-special.
LetY be the Young diagram ofλp, and seta =∑l>s al, b = p−m−a. The firsta
columns ofY is a Young subdiagramY1 which is identical toYf . The remainingb
columns ofY are identical to the Young diagramY2 consisting of the lastb columns
of the semi-infinite diagramY∞.

Fix a weightν = −∑16i6n−1mi αi ∈ Q−, and setN = ∑
16i6n−1mi. In

what follows, we will assume thatp is big enough, i.e.p > N − as . All lines of
Y2 contains more thanN + 1 boxes. Denote byP ν

p (respectivelyT ν) the set of
all semi-standard tableauxT ∈ P (λp) (respectively the pairs(T∞, Tf ) ∈ T ) such
thatrw(T ) = ν (respectivelyrw(T∞)+ rw(Tf ) = ν).

Let T ∈ P ν
p . For any boxb ∈ T such thatα(b) 6= 0, we also haveα(b′) 6= 0

for all b′ in the hook ofb. Thus, if the hook lenght ofb is > N + 1, we have
α(b) = 0. In particular for all boxes of the firsts lines ofY1, we haveα(b) = 0.
So, the restriction ofT to Y1 determines a semi-standard tableauTf (T ) of shape
Y1 and thelth line ofTf (T ) is only filled with the indexl, for anyl 6 s. Similarly,
the restriction ofT to Y2 determines a semi-standard tableau of shapeY2, and we
can extend it to get a semi-standard tableauT∞(T ) of shapeY∞ by requiring that
any box on thelth line of Y∞ \ Y2 is filled by the indexl. It is clear that the map
T 7→ (Tf (T ), T∞(T )) is a bijection fromP ν

p to T ν . Hence the Theorem 5 follows
from Corollary 2 and Theorem 3. 2

Remark.Assume now thats = j . In such a case,Yf (λ) = ∅, and an ele-
ment in T consists essentialy in one tableauT∞, becauseTf = ∅. Let T∞ be
a semi-standard tableau of shapeY∞(λ). Denote byL1 < · · · < Li be the in-
dices of the boxes on the last columnL of Y∞. We havecfirst(Tf [l]) = min(l, s)
and clast(T∞[l]) 6 clast(T∞[l + 1]) 6 clast(T∞[l]) + 1. Hence, the function
l 7→ cfirst(Tf [l]) − clast(T∞[l]) takes its maximal value ats. The conditions −
clast(T∞[s]) 6 m is equivalent toLs−m 6 s (and is automatically satisfied if
s 6 m). HenceT∞ belongs toT if and only ifLs−m 6 s or s 6 m. This proves the
theorem stated in the introduction.

The combinatorics presented here is strongly connected with the Verlinde’s
formula for GL(n,Fp), see [GM] and [MP] for the details. Using Theorem 4
and another version of the semi-continuity principle, we can also deduce that the
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restriction ofL(λ) togl(n−1,K) is semi-simple. However, this can be deduced dir-
ectly. Denote by3 the set of all weightsµ such that there exists a pair(Tf , T∞) ∈
T such thatµ = λ+∑b∈Yf \Tf [n−1] α(b)+

∑
b∈Y∞\T∞[n−1] α(b). Forµ ∈ 3, denote

by l(µ) thegl(n− 1, k)-module with highest weightµ.

COROLLARY 6. As agl(n− 1,K)-module, we have:L(λ) = ⊕µ∈3l(µ).
Proof. The proof is identical to the proof in [MP], so it will be only sketched.

Using Theorem 5, one proves thatL(λ) and⊕µ∈3L(µ) have the same character.
It follows that the multiplicity of any simple module occuring in a Jordan–Holder
series of thegl(n−1,K)-moduleL(λ) is one. It follows thatL(λ) is semi-simple.2
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