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ON A SUBCLASS OF BAZILEVIC FUNCTIONS

M.M. ELHOSH

Integral mean and coefficient bounds for some Bazilevic functions are determined.

1. INTRODUCTION

Let S denote the class of functions

(1) /(z) = z +
n=2

which are univalent in \z\ < 1. Let B(a) denote the functions which can be written in
the form

(2) f(z) =

where g(z) and P(z) are subject to the conditions 5(0) = g'{0) — 1 = 0, Re zg'(z)/g(z)
^ 0 and P(0) = 1, ReP(z) ^ 0 respectively. Then it is well-known that B(a) C S
([13, 6, 7, 8]). The coefficients problem for /(z) in B(a) and S has been settled by
Leach [7] and de Branges [1], respectively.

In this paper we study the coefficients probem for f(z) G B{a) when P(t) — 1.
This type of function has been shown to be starlike in [3, Theorem 2]. We shall denote
this type of function by Bi(a) and deduce some integral mean as well as coefficient
bounds for the case 0 < a < 1. We shall be using the notation / -< F to mean that
f(z) = F{<t>{z)) where <j){z) satisfies 4>{0) = 0 and \$(z)\ < 1 in |r| < 1; f(z) is
said to be subordinate to F(z) ([2, p.190], [5, p.178]). We shall also use the notation
X>nZn < J2bnZn to mean that \an\ < bn for n = 1 , 2 , . . . ([5. vol. 2, Theorem 5],
[6])-

Received 19 April, 1988

Copyright Clearance Centre, Inc. Serial-fee code: 0004-9729/89 SA2.00+0.00.

167

https://doi.org/10.1017/S0004972700002641 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700002641


168 M.M. Elhosh [2]

2. SUBORDINATION

THEOREM 1. Let f(z) £ Bi{a). Then for 0 < a < 1 we have

log/'(*)-< log z-1 K(z),

f'(z)^z-1K(z),

where K(z) = z(l — z)~ is the well-known Koebe function.

PROOF: We see from (2) that

(3) log f'(z) = (1 - a) log z~ lf{z) + a log z^g{z).

Now it is well-known (see question 13 of [2, p.213] and [4, p.118]) that

logz"1^) -< log z~1K(z),

since g(z) and f(z) are both starlike.

These, together with (3), give, since the righthandside is a convex combination of
Koebe functions, that

log f'(z)^ logz-'Kiz)

as required in the first part of Theorem 1. The second part follows by exponentiation
since subordination is preserved in this case (see [9, pp.23-24]). |

3. INTEGRAL MEAN BOUNDS

THEOREM 2. Let f(z) £ # i ( a ) • Then for z = rei9, with 0 < r < 1, we Lave, for
A > 0, that

Jo
\f(z)\X d0

0
2rr

A f2

ZI 1 up ^ I

/o ./o

PROOF: This follows from Theorem 1 and [2, Theorem 6.1], [5, vol. 2, pp.178-

181]. H
Remark 1. Using the Bernstein *-function argument (see [2, Chapter 7], [8, 10]), we
can extend the first part of Theorem 2 to negative values of A. Also the argument of
[4, Theorem l] may be applied for 0 < A ^ 2 in the third part of this theorem.

Remark 2. Using the coefficient formula and the first part of Theorem 2 we can see
easily that \an\ < \e and this suggests that \an\ < 1 for f(z) £ Bi(a) , which we now
prove.
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4. COEFFICIENT BOUNDS

THEOREM 3. Let f(z) £ B^a), let 0 < a < 1, and let (1) hold. Then for n ^ 1
we have

|On| < I-

PROOF: We see from (3) that

(4) l og / ' ( z )< log z-lK{z)

by [6, Lemma 2], since both f(z) and g(z) are starlike and 0 < a ^ 1. In view of the
fact that the coefficients of the righthandside of (4) are positive we deduce that

f\z) « z~lK{z),

since exponentiation preserves majorisation in this case. This gives Theorem 3 by the
definition of <C above. |

The function f(z) = z(l — z)~ is in f?i(a) with respect to itself, since it is starlike
and this shows that this bound is sharp.

5. ODD FUNCTIONS

THEOREM 4. Let f(z) e Bi(«), let 0 < a < 1, and let F{z) = f{z2)^ =
z + 0,3z3 + asz5 + ... . Then for n > 1 we iiave

(5) k2n+ l |
2n + l

PROOF: We see from (2) and [6, Lemma 2] that

5*(t2)rxd<
/o

dt

1. 1 + z
l

which gives (5) by the definition of <C above. I

The function zF'(z) = z(l — z2) is in B\{a) with respect to itself since it isr1
starlike and this shows that (5) is sharp.

Remark 3. This theorem can also be proved by the method used in the proof of
Theorem 2 of [6].
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