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NOTE ON ATTACHING DOLD FIBRATIONS 

B Y 

PHILIP R. HEATH AND KLAUS HEINER KAMPS 

In this note, we patch up the proof of a Theorem due to Handel on the 
characterization of homotopy epimorphisms ([6], 2.2) and generalize a 
Theorem due to Ibisch on attaching disk-bundles to Dold fibrations ([7], Satz 

1). 
1. Cofibrations over B. We work throughout in the category TopB of spaces 

over B for some fixed topological space B. Thus, the objects are maps 
Px'.X-^B, pY : Y->B in Top and the arrows f:px-*Pv in TopB are commuta­
tive diagrams 

B 
in Top. In TopB, we have notions of fibre homotopy and fibre homotopy 
equivalence (see [3], (0.22)). The notion of cofibration in TopB can be defined 
as follows. 

DEFINITION 1.1. A map i :pA~*Px in TopB is said to be a cofibration over B if 
there exists a fibre retraction of the canonical inclusion j(i) of the mapping 
cylinder 

Mi = X x { 0 } U i A x I — 2 Î ! L > B 

into Xxl Pxpr > B, i.e. the dotted arrow exists in the diagram 

Xx{0}U,A.x I > X x { 0 } U i A x / 

(1.2) /<» 

X x l — - >B 

q(i) 

EXAMPLE 1.3. If i : A—>X is a closed cofibration in Top and if further pA and 
px are Hurewicz fibrations, then i\pA-^Px is a cofibration over B. 

EXAMPLE 1.4. If p : E->B is any map in Top and k : I = {0,1}—> J = [0,1] the 

inclusion, then l E x k:pExi->PExi is a cofibration over B where pExr:Exi-+ 
B, pExi ' E x J—»B are given by (e, t)-+p(e). 
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EXAMPLE 1.5. Any map f:px~^PY i n TopB can be factored as a cofibra-
tion over B,px->q(f), followed by a fibre homotopy equivalence q(/)—»pv-

Under the conditions of 1.3, the map q(i) in (1.2) is a Hurewicz fibration ([1], 
3.8) and Mt is a subspace of X x J , so 1.3 is a consequence of [11], Theorem 4. 

Example 1.4 follows from the existence of a retraction rrlxl—> Jx{0}UJx 
I, while 1.5 is the generalization of a standard topological result (cf. [3], (1.27)). 

We remark that in 1.5, q(f) is a Dold fibration, i.e. a map which has the 
WCHP ([4], 5), if and only if pY is. 

In the following Lemma, we regard px as attached to pY via /. 

LEMMA 1.6. Let 

\ P A PYX 

be a pushout diagram in TopB, in which i is a cofibration over B. If PA, PX, PY aw 
Dold fibrations, then so also is q. 

We sketch the proof. Using the glueing Theorem for homotopy equivalences 
in TopB ([9], (8.2)), we see that q:XUY-^B is fibre homotopy equivalent to 
the projection q(i, f) from the double mapping cylinder of i and /. This double 
mapping cylinder can be thought of as union of a numerable cover of two 
subspaces homeomorphic to the mapping cylinders of i and / with intersection 
A x [§, §]. By the remark preceding this lemma, the result follows from [2], 
Theorem 3. 

2. The Results. In order to deduce his main Theorem [6], 1.1, Handel gives 
a fallacious proof that for any Hurewicz fibration p:JE—»B, the projection 
Ps-Sp—>B of the suspension overspace ([8], 4) is also a Jurewicz fibration. 
Handel exhibits a lifting function which fails in general to be continuous. In 
order to fix up Handel's work, it is necessary only to prove that ps is a Dold 
fibration. Wë are able to prove a stronger result. 

PROPOSITION 2.1. If p.E^B is a Dold fibration, then so also is ps :SP—>B. 

Proof. The overspace Sp can be exhibited as the following pushout in TopB. 

Exj — >Bxi 

Exl-

The proposition follows from 1.4 and 1.6. 

REMARK. Proposition 2.1 enables one to generalize [6], 2.2, converting the 
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question of whether or not a Hurewicz fibration is a homotopy epimorphism to 
a suitable cross-sectioning problem, from Hurewicz fibrations to Dold fibra-
tions. 

For the second result, let 

be a fibre-bundle pair with fibre pair (F, F) ([10], p. 256) over a space B which 
is paracompact. Let Fez F be a closed cofibration. 

PROPOSITION 2.2. 1/ pE :E—>B is attached to a Dold fibration pY: Y—»B via 
f'-PÈ-*PY- Then the projection q : E u Y—»B is a Dold fibration. 

Proof. In view of [3], (9.4) and 1.3 and 1.6 of this note, it is sufficient to 
know that i.ÉczE is a closed cofibration. But this follows from [5], Satz 3. 

REMARK. In the case (F, F) = (En, Sn~1) = (disk, sphere), 2.2 generalizes [7], 
Satz 1. 
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