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Summary

We examine the relationships between a genetic marker and a locus affecting a quantitative trait

by decomposing the genetic effects of the marker locus into additive and dominance effects under a

classical genetic model. We discuss the structure of the associations between the marker and the

trait locus, paying attention to non-random union of gametes, multiple alleles at the marker and

trait loci, and non-additivity of allelic effects at the trait locus. We consider that this greater-than-

usual level of generality leads to additional insights, in a way reminiscent of Cockerham’s

decomposition of genetic variance into five terms: three terms in addition to the usual additive and

dominance terms. Using our framework, we examine several common tests of association between

a marker and a trait.

1. Introduction

Since the discovery of numerous polymorphic markers

spread across the genomes of many species, linkage

analysis has been highly successful in localizing regions

of chromosomes containing genes affecting many

traits of interest (Paterson et al., 1988; Georges et al.,

1995; Comuzzie et al., 1997). Often, however, these

chromosomal regions are very large, spanning many

millions of bases and containing many genes. In order

to narrow these regions to areas which are more

amenable to molecular characterization, there has

been an increasing amount of interest in fine-mapping

techniques. These methods capitalize on evolutionary

history and population genetics to capture the

relationships between markers in very close proximity

to genes affecting the trait of interest. The parameters

of interest in these studies include the linkage

disequilibria between the gene and a marker, which it

is hoped can give an indication of degree of proximity

between the two loci. The general theory behind this

method is that markers which are very tightly linked

to a gene should show high association with the trait,

reflecting linkage disequilibria between the alleles at

the marker and those at the gene affecting the trait.

Markers which are less closely linked to the gene will

* Corresponding author.

have lost much of their association with the trait due

to recombination over time.

In the analysis of dichotomous traits, two basic

types of study designs are often used in fine-mapping

experiments to detect association between a marker

and a gene. The first is a case–control design, in which

individuals are collected for both categories of the

trait (i.e. ‘affected’ and ‘unaffected’) and then

genotyped for the genetic markers. If marker allele

frequencies among the two groups differ significantly,

then it is concluded that the marker is associated with

a gene affecting the trait ; there is non-zero linkage

disequilibrium between the gene and the marker. This

type of analysis does not control for population

dynamics such as admixture or selection, so as-

sociation does not necessarily imply linkage.

The second study design which has been proposed

for dichotomous traits is the transmission}disequi-

librium design (Spielman et al., 1993; Kaplan et al.,

1997). The methods utilize random population

samples of small nuclear families, and test for non-

equal segregation of marker alleles from heterozygous

parents to affected offspring. If a marker is linked to

a gene affecting the trait, then marker alleles which are

in association with the alleles of the gene should be

preferentially transmitted to affected offspring. A

significant result for this test is evidence of both

linkage and association, suggesting a more precise

indication of location of the gene.
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Several extensions to the transmission}disequi-

librium design have been proposed for fine-mapping

of quantitative trait loci (QTL). Allison (1997)

suggested five designs, each considering a different

scheme for sampling based on phenotype data. Each

of these designs utilizes data collected for trios of two

parents with one offspring, where at least one of the

parents is heterozygous for the marker locus being

examined. Markers are assumed to be biallelic. Under

the null hypothesis, the mean values of offspring

within the three marker genotype classes are equal. If,

however, the marker is associated with a gene affecting

the trait, and the recombination rate between the two

loci is less than 0±5, then the null hypothesis will not be

true and the three means will not be equal. If a

sampling scheme based on offspring phenotype is

chosen, then under the alternative hypothesis, unequal

transmission of marker alleles to offspring can also be

used as an indication of association in the presence of

linkage. Rabinowitz (1997) proposed a similar design

to test for linkage in the presence of association, but

allowed for larger nuclear families to be collected. In

the case of families with a single offspring, his design

reduces to the randomly sampled design of Allison

(1997). Martin (1997) extended the work of Allison

(1997) by allowing for an arbitrary number of marker

alleles, all considered simultaneously. This test is

based on the difference between the mean phenotypic

value among offspring of parents who transmit a

particular marker allele and the mean phenotypic

value among offspring of parents who do not transmit

that allele.

All these tests examine alleles individually, rather

than as genotypes, though it is genotypes, rather than

individual alleles, which generally affect phenotype.

Here, we propose a classical genetics framework

whereby the consequences of examining genetic data

based on observations at the alleles alone can be

determined. A key feature of our approach is that we

do not restrict attention to biallelic loci. It is unlikely

that genes affecting complex traits have only two

alleles, and the restriction to biallelic markers seems

unnecessary even though the currently used SNP

markers seldom have more than two alleles.

2. Methods

We consider a trait locus with an arbitrary number of

alleles which contributes to the genetic component of

the quantitative trait of interest. Alleles at this locus

are designated A
r
, with population frequencies p

r
. The

genetic effect of genotype A
r
A

s
on the trait, G

rs
, can be

described by the classical linear model

G
rs

¯µα
r
α

s
d

rs
, (1)

where µ is the genotypic mean, α
r

and α
s

are the

additive effects of the alleles, and d
rs

is the deviation

from additivity. For a random mating reference

population, the least squares solutions for the par-

ameters are described in Weir & Cockerham (1977):
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These solutions embody the constraints Σ
r
p
r
α
r
¯

Σ
r
p
r
d
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¯ 0.

The additive and dominance effects are generally

regarded as being random, and the genetic variance

contributed by the trait locus in a random mating

population is

σ#
G
¯3

r,s

p
r
p
s
(G
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®µ)#¯σ#
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,

where the additive and dominance variance com-

ponents are

σ#
A
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r

p
r
(α
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r,s
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p
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Since the genotypes at the trait locus are generally

not observable, we also consider a marker locus with

an arbitrary number of alleles, designated M
i

and

having population frequencies q
i
. We are interested in

determining the relationship between the genotypes at

the marker locus and the gene affecting the trait. For

this, we consider the same type of linear model as in

(1), but now defined in terms of the marker genotypic

classes, M
i
M

j
, and their genetic effects G(m)

ij
:

G(m)

ij
¯µ(m)α(m)

i
α(m)

j
d (m)

ij
. (8)

Here α(m)

i
and α(m)

j
are the additive effects of marker

alleles M
i

and M
j

on the trait, and d (m)

ij
is the

dominance deviation. Using the solutions of (2)–(5),

we see that

µ(m) ¯3
i,j

q
i
q
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Each marker genotypic class M
i
M

j
is composed of a

mixture of elements from all the trait classes, A
r
A

s
,

and the proportion of class A
r
A

s
contained within

class M
i
M

j
is Pr(A

r
A

s
rM

i
M

j
) :
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Here Pri

sj
is the frequency of A

r
M

i
}A

s
M

s
genotypes.

With random union of gametes, and writing D
ri

for

the linkage disequilibrium between marker allele M
i

and allele A
r
at the gene, this becomes
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this result and applying (10) and (11), it follows that
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This shows that the additive effect of a marker allele

M
i
is the weighted sum of the additive effects of the

alleles at the trait locus, where the weights are the

linkage disequilibria between that marker allele and

the alleles at the trait locus. Similarly, the dominance

deviation of a marker genotype is the weighted sum of

the dominance deviations of the genotypes at the trait

locus.

It is important to distinguish the association

measure δ
i
between marker allele M

i
and a trait from

the linkage disequilibrium measure D
ri

between

marker allele M
i
and trait allele A

r
. In the special case

of the trait locus having only two alleles, A
"
, A

#
, we

have D
"i
D

##i
¯ 0 and the association parameter is

proportional to linkage disequilibrium. More gen-

erally, non-zero association implies non-zero linkage

disequilibrium but zero association does not imply

zero linkage disequilibrium.

3. Tests for association

These relationships between marker and trait locus

effects suggest several approaches to testing for

association between the marker and a gene affecting

the trait.

(i) Dichotomous trait case–control tests

For a dichotomous trait, the genetic values G
rs

may be

regarded as susceptibilities, or the probabilities that

A
r
A

s
individuals are affected (Nielsen et al., 1998).

These values are quantitative in nature, having a

continuous distribution and relying on both genetic

and environmental influences. The mean value µ is the

probability of a random individual being affected, i.e.

the population prevalence φ of the disease. The

frequency of marker allele M
i
among affected indi-

viduals is found by taking the sum over all (un-

observed) trait genotypes. Under the assumption of

random union of gametes :

q
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Among unaffected individuals the marker allele

frequency is

q
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¯ q
i
®δ

i
}(1®φ),

suggesting that association, δ
i
, can be detected by

comparing these two frequencies :

q
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δ
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.

A goodness-of-fit test statistic (Kaplan et al., 1997)

uses sample marker allele frequencies qh
i

among

affecteds and unaffecteds. For samples of n affected

and n unaffected individuals :
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.

The allelic case–control test is therefore a test for

additive effects at the trait locus, mediated by linkage

disequilibrium between the trait and marker loci.

Power to detect association, therefore, depends on

both non-zero additive effects and non-zero linkage

disequilibria, and that these terms do not cancel in the

summary measure, δ
i
.

An alternative would be to compare marker

genotype frequencies among affecteds and unaffecteds.

With random union of gametes :
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j
δ

ij

φ(1®φ)

and this contrast leads to a joint test of both additive

and dominance components for the trait locus,

mediated by linkage disequilibria.
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(ii) Quantitati�e trait case–control tests

For the continuous trait values of primary interest

here, the viewpoint is reversed: conditioning is on

marker type instead of on disease status (trait value).

The simplest procedure is to compare trait means

among individuals distinguished by theirmarker types.

Suppose there are n
ij
individuals with marker genotype

M
i
M

j
. The trait value for the kth of these individuals

is

Y
ijk

¯G(m)

ij
ε

ijk
, k¯1, 2,…, n

ij
, (14)

where ε
ijk

is an error term. We assume the errors are

independent of both marker and trait genotypes, and

are distributed with a mean of zero and variance σ#
e
.

The mean squares between and within marker

genotype classes have expected values of

%(MSB)¯σ#
e


1

m®1
3
i,j

n
ij
(G(m)

ij
®G(m))#,

%(MSW)¯σ#
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,

where m is the number of distinct marker genotypes in

the data, and

G(m) ¯3
i,j

n
ij
G(m)

ij
}3

i,j

n
ij
.

For normally distributed trait values, the F-test will

provide a test for association between trait and

marker loci, but will not distinguish between additive

and dominance effects at the trait locus.

Of course, it would be possible to find least-squares

estimates of the effects α(m)

i
and d (m)

ij
and form the

summary statistics
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and construct tests that the corresponding parameters

were zero. Non-zero values of σ#
A
(m) and σ#

D
(m) imply

non-zero additive and dominance variances for the

trait, although the converse does not apply: zero

values of σ#
A
(m) and σ#

D
(m) do not imply zero additive

and dominance variances for the trait.

(iii) Dichotomous trait transmission}disequilibrium

tests

A finding of association between a marker and the

trait does not imply genetic linkage between marker

and trait loci. In order to test for linkage, Spielman et

al. (1993) introduced the TDT based on the marker

allele transmitted from parent to child. For the basic

design of this test, trios of parents and an affected

offspring are collected, and the number of times an M
i

allele and not an M
j

allele are transmitted from a

parent to an affected offspring is calculated. If no

assumptions regarding the mating structure of the

population are made, transmissions from parents to

offspring must be considered jointly, as parents are

not necessarily independent. The probability of a

parent transmitting an M
i
and not an M

j
allele to an

affected offspring, averaging over all trait alleles A
t

transmitted by the other parent is T
ij
, where

T
ij
¯

1

φ
3
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r
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where c is the recombination rate between the gene

and the marker and Pr(A
r
M

i
}M

j
,A

t
)¯Pir

j r t
is the

joint probability that one parent has haplotype A
r
M

i

and has M
j
as the other marker allele and the other

parent carries the A
t
allele (Weir et al., 1990). In this

design, conditioning is based on the affection status

of the offspring (only trios with affected offspring

are chosen) instead of on the marker genotypes of

the parents, which are not known in advance. The

probability of a parent transmitting an M
i
and not an

M
j
allele is equivalent to the probability of an M

i
M

j

parent transmitting an M
i
allele.

The difference between the transmission proba-

bilities for M
i
and M

j
from M

i
M

j
parents to affected

offspring is

T
ij
®T

ji
¯

(1®2c)

φ
3
r,t

(Pir

j r t
®Pjr

i r t
)G

rt
,

which suggests a procedure for testing for linkage

(c1 0±5) in the presence of association, i.e. Pir

j r t
1Pjr

i r t
.

Ewens & Spielman (1995) noted that the TDT does

not detect association in a structured population for

which there is no linkage disequilibrium within each

subpopulation and there has not been more than one

generation of mating between subpopulations. This is

an example where Pir

j r t
¯Pjr

i r t
among parents in the

whole population.

When there is random union of gametes and no

higher-order disequilibria,

T
ij
¯ q

i
q
j


1®c

φ
q
j
δ
i


c

φ
q
i
δ
j

and

T
ij
®T

ji
¯

(1®2c)

φ
(q

j
δ
i
®q

i
δ
j
),

suggesting a test for association. In general, however,

the difference depends also on the associations among
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all subsets of the four allelesM
i
,M

j
,A

r
,A

t
(Cockerham

& Weir, 1973; Weir, 1996), although disequilibria

among non-gametic allele pairs such as M
j
,A

r
and M

j
,

A
t
are likely to be small when there is Hardy–Weinberg

equilibrium.

It is customary to concentrate only on the trans-

mitted marker allele. The transmission probabilities

T
ij

are summed over the non-transmitted allele and

the contrast between transmitted and non-transmitted

probabilities for a particular allele is

T
i
®T

i
¯

(1®2c)

φ
(δ$

i
®δ$c

i
),

where

δ$
i
¯3

r,t

(D
ri r t

p
t
D

ri
)G

rt

and

δ$c

i
¯3

r,t

(D
r/i r t

p
t
D

r/i
)G

rt

are necessary when there is not random union of

gametes. With random union of gametes, the

three-allele disequilibria D
ri r t

, D
r/i r t

and the non-

gametic disequilibrium D
r/i

are zero so that T
i\
®T\i

¯
(1®2c) δ

i
}φ.

Although rejection of the hypothesis H
o
:T

i\
¯T\i

implies that (δ$
i
®δ$c

i
)1 0, and therefore that there is

linkage disequilibrium between trait and marker loci

and}or Hardy–Weinberg disequilibrium in the popu-

lation from which the M
i
M

j
parent is drawn, the

converse does not hold. There may be linkage and}or

Hardy–Weinberg disequilibrium but little association.

The various disequilibrium terms D add to zero over

any subscript, and weighting them by terms such as α
r

or G
rt

can also give sums close to zero, especially for

loci with little effect on the trait. With random union

of gametes and no non-gametic disequilibria, this

TDT is addressing the additive components of the

trait-locus effects. Otherwise dominance at the trait

locus also contributes to the term (T
i\
®T\i

).

If there are n
ij

parent-affected offspring pairs where

M
i
is transmitted and M

j
is not transmitted, then a

test for equality of marginal totals for the ²n
ij
´

contingency table has test statistic

X #
m

¯3
i

(n
i\
®n\i

)#

n
i\
n\i

,

where n
i\

¯Σ
j
n
ij
, n\i

¯Σ
j
n
ji
. It is more usual not to

include transmissions from M
i
M

i
homozygous

parents in this calculation (Spielman & Ewens, 1996).

The test statistic is modified to

X #
mhet

¯
m®1

m
3
m

i="

(n
i\
®n\i

)#

n
i\
n\i

®2n
ii

.

(iv) Quantitati�e trait transmission}disequilibrium

tests

For a quantitative trait, in place of the marker allele

transmission probabilities T
ij

to affected offspring, we

consider the trait value H (m)

ij
for an offspring that

receives M
i
and not M

j
from parent M

i
M

j
. From the

same argument as above, when there is random union

of gametes :

H (m)

ij
¯

1

q
i
q
j

3
r,t

[(1®c) Pr(A
r
M

i
}M

j
,A

t
)

cPr(A
r
M

j
}M

i
,A

t
)]G
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¯µ(1®c)
δ
i

q
i

c
δ
j

q
j

.

The contrast between expected trait values of indi-

viduals receiving M
i
versus M

j
from an M

i
M

j
parent

is

H (m)

ij
®Hm

ji
¯ (1®2c) 0δi

q
i

®
δ
j

q
j

1 ,
suggesting a test statistic for the null hypothesis of no

linkage or no association.

Allison (1997) and Martin (1997) worked with

marginal expected trait values H (m)

i\
for offspring that

received marker allele M
i
from a parent that carried

that allele. The other parental marker allele does not

need to be specified. Summing over j :

H (m)

i\
¯3

j

q
j
H (m)

ij

¯µ(1®c)
δ
i

q
i

,

so that the expected difference in trait values for

individuals that either do or do not receive marker

allele M
i
from a parent is

H (m)

i\
®H (m)

\i
¯ (1®2c)

δ
i

q
i

. (15)

The trait difference between marginals is expected to

be zero if the recombination rate is 0±5 or if all the δ
i

are zero. Since δ
i
depends only on the additive effects

of the trait, dominance at the trait locus does not

affect these measures.

A statistical test for differences of expected trait

values, H (m)

i\
®H (m)

\i
, is based on the set of observed

phenotypes of offspring, Y. A possible statistic to

measure differences in marginal values is Ya
i\
®Ya

\i
,

where Ya
i\

is the mean phenotypic value of all offspring

who have received an M
i
allele. When there is random

mating in the population, the expected value of this

contrast is the expression in (15). To calculate the

variance of this contrast, both parents’ transmissions
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to an offspring must be considered jointly. We find

that the variances are functions of both the additive

and dominance terms. This means that an expected

value of zero for the contrasts does not imply that the

test will behave as expected under the null hypothesis

that all linkage disequilibria, D
ri
, are equal to zero.

4. Discussion

We have proposed a classical linear model for a

quantitative trait in terms of observable marker

genotypes and we have shown that there is a simple

relationship between the marker being examined and

an associated locus which affects the trait of interest.

Additive effects for the marker alleles are functions of

the additive effects of the trait locus and the

disequilibria existing between the marker and the trait

locus. Dominance effects of the marker genotypes are

functions of the dominance effects of the trait locus

and the disequilibria between the loci. For the

simplified case in which random mating within the

population is assumed, the relationships between the

marker and the trait locus involve only linkage

disequilibria. For the general model, making no

assumptions about random mating, higher-order

disequilibria are involved.

Although our extension from biallelic to multiallelic

loci is not profound, it does allow insights that may

otherwise be lost. We found that it allowed a very

natural distinction between linkage disequilibrium for

specific pairs of trait and marker alleles, and asso-

ciation between a marker allele and a trait. The latter

quantity, which is addressed by the data, depends on

the magnitude of trait-locus effects and on marker

allele frequencies in addition to linkage disequilibrium.

It has been noted previously that there may be loss of

insight in quantitative genetic theory when attention is

restricted to two alleles per locus (Weir & Cockerham,

1977; Cockerham, 1983).

Since this genetic model can offer insight into the

degree of association between the marker and the

trait, a straightforward test of association could be

performed using an analysis of variance. One method

is to compare the expected mean squares between and

within genotype classes. A significant F-test indicates

the presence of association between the marker and

the trait locus, but does not distinguish between

additive and dominance effects.

Another possibility is to use the ANOVA estimates

of additive terms of the marker. Estimates of additive

effects which are significantly different from zero

imply both non-zero additive effects at the trait locus

and an association between the loci. Significantly non-

zero dominance estimates at the marker imply non-

zero dominance terms at the trait locus and associ-

ations between loci. This test, in a sense, provides a

case–control type test for quantitative traits, indicating

possible allele or genotype associations between the

marker and the trait locus. The principle behind this

method is similar to that of Luo (1998) and Luo &

Suhai (1999); however, our model is the classical

genetic model defined on marker genotypes rather

than a combination of marker and trait genotypes.

We examined several common tests of association

in light of our results for additive and dominance

estimators at the marker locus, including the case–

control test and the TDT for dichotomous and

quantitative traits. For the tests based on allelic rather

than genotypic associations, we find that the primary

focus is additive genetic components of the trait locus,

as expected. While the expected values of the statistics

used in these tests are zero when the additive effects at

the trait locus are zero or when linkage disequilibria

are zero, the variances of the statistics are functions of

both additive and dominance terms in conjunction

with non-zero disequilibria. This implies that tests

based on these statistics may have an increased or

decreased variance due to dominance, even when the

expected values of the statistics are zero. Thus, the

null hypothesis being tested must be formulated

correctly if the test is to have the proper size under the

null hypothesis. Hypothesizing that all D
ri

¯ 0 pro-

vides the proper null distribution. Conditions such as

small additive effects at the trait locus may sub-

stantially reduce the power of these tests in spite of the

existence of strong disequilibria and overall large

genetic effects.

We have limited the present discussion to single-

marker analyses. The search for loci affecting quan-

titative traits was greatly accelerated by the intro-

duction of theory for marker-locus intervals (reviewed

by Doerge et al., 1997), and the joint consideration of

two or more marker loci may well offer an advantage

in the present context. However, with the increasing

density of markers on many genomes, there may still

be a need to consider each marker in turn, provided

proper attention is paid to multiple testing issues.
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