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ORLICZ-PETTIS THEOREM FOR A-MULTIPLIER CONVERGENT
OPERATOR SERIES

TAO YUANHONG AND L1 RONGLU

We show that the A-multiplier convergence of operator series depends completely
upon the AK property of the sequence space A, and thus present a lot of new impor-
tant theorems.

1. INTRODUCTION

Let A be a scalar sequence space which contains cgg, the space of all sequences which
are eventually 0, and (X, 7) a Hausdorff locally convex space. A series > .z; in X is
said to be A-multiplier convergent with respect to the topology 7 if the series ), t;z;
converges in X for every t = {t;} € A

The Orlicz—Pettis Theorem for locally convex spaces, which asserts that a series
>, zi in the space which is subseries convergent in the weak topology is actually subseries
convergent in the original topology of the space, can be interpreted as a theorem about
multiplier convergent series. The literature abounds with such Orlicz—Pettis theorems
and much more general A-multiplier convergent series [3, 7, 8, 9, 11, 12, 13].

Let X,Y be two Hausdorff locally convex spaces and L(X,Y') the space of continuous
linear operators from X into Y. We say that the series ), Tj is A-multiplier convergent
for a locally convex topology 7 on L(X,Y) if the series 3, t;T} is 7 convergent for every
t={t} €\

Ifz€ X,y €Y', let z®y' be the linear functional on L(X,Y) defined by (z®y, T)
= (y,Tz) and let X ® Y’ be the linear subspace spanned by {r®y :z € X,y ¢ Y’}
The weak operator topology on L(X,Y) is the weak topology from the duality between
L(X,Y)and X ®Y". The strong operator topology L,(X,Y) on L(X,Y) is the topology
of pointwise convergence on X. Let Ly(X,Y) be L(X,Y) with the topology of uniform
convergence on the bounded subsets of X. The topology Ly(X,Y) is generated by the
seminorms p4(T) = sup{p(Ta:) 1T € A}, where p is a continuous seminorm on Y and A
is a bounded subset of X.

Several Orlicz—Pettis theorems have been established for multiplier convergent oper-
ator series [4, 8]. In this note, we point out that the A-multiplier convergence of operator
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series depends completely upon the AK property of sequence space A and thus present
many new important theorems.

We now list some definitions and terminology which will be used in the sequel. Let
(X, X') be a dual pair and o(X, X'), 7(X,X’), B(X,X') the weak topology, Mackey
topology and the strong topology of X, respectively. K(X,X"), ¢(X, X"), v(X, X'} de-
note the topologies on X of uniformly convergence on o(X’, X) compact sets, o(X', X)
countable compact sets and o(X’, X) sequential compact sets, respectively. v(X, X') will
denote the topology on X of uniform convergence on unconditionally o(X’, X) sequen-
tial compact sets (a set A C X' is unconditionally o(X’, X) sequential compact if every
sequence in A has a subsequence which is o(X’, X) Cauchy [4]). The topology c(X, X')
is obviously stronger than (X, X') and v(X, X') and strictly stronger than the Mackey
topology 7(X, X') ([10]). The topologies K(X, X') and (X, X') are not comparable.

Recall that the S-dual space of A is M = {(u,-) : Y_;uit; is convergent for every
(t) € A}. It is obvious that if coo C A, then (X, A?) is a dual pair with respect to the
bilinear pairing (¢,u) = Y, uiti,t = (t;) € Au= (u) € NP.

Let (A, 7o) be a locally convex space, coo C A and ¢t = (t;) € A, denote tI"
= (t1,t2," " ,tn,0,-+-). If for every t € A {t"} converges to ¢ with respect to the
topology 7o, then (), 7¢) is said to be an AK-space.

2. MAIN RESULTS

Henceforth, let X,Y be two Hausdorff locally convex spaces and L(X,Y) the space
of continuous linear operators from X into Y.

A property (P) is said to be continuous linear invariant, if the property (P) is
conserved with respect to all continuous linear mappings. Hence compact sets, countable
compact sets, sequential compact sets, convex compact sets, bounded sets, convergent
sequences and finite sets are all continuous linear invariants.

Let P = {D C X : D be finite set or D be (X, X’)-bounded and has property
(P)}. Now, we denote Lp(X,Y’) the topology of uniform convergent on all sets in P.
Clearly, Lp(X,Y) is an operator topology on L(X,Y).

Accordingly, let P» = {D C M : D be finite set or D be o()?, A)-bounded and has
property (P)}. Furthermore, we denote P(), A?) the topology of uniform convergent on
all sets in Py. That Py(}, M) is a (), M) polar topology is clear.

Our main results are as follows:

THEOREM 1. Let cgp C A, X,Y be two Hausdorff locally convex spaces and the
property (P) a continuous linear invariant. Then every A-multiplier weak operator topol-
ogy convergent operator series y ,T; of L(X,Y) must be A-multiplier Lp(X,Y) conver-
gent if and only if the space (A, PA(A, AP)) is an AK-space.

PROOF: Sufficiency. Let };T; be a A\-multiplier weak operator topology con-
vergent series of L(X,Y). If . T; is not A-multiplier Lp(X,Y) convergent, then there
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exist (tso)) €\ Tp € L(X,Y) and D € P such that ), t,(o)T,- is weak operator topology
convergent to Ty, but 3; tSO)T.- does not converge to Ty uniformly on D. That is, there
exists £9 > 0 and a continuous seminorm p of Y such that

o0
(1) lim sup{:o (Z tf‘”h)} > <0

n—oo €D imn

It follows from the Hahn-Banach theorem [10, Section 9.1] that there exists an
equicontinuous subset B of Y such that

(i 9Tz, y)‘} > e

i=n

) lim  sup {

n—=c0zeD,y' €B

Note that the series Y, T; is A-multiplier weak operator topology convergent, so for
every (t;) € A, there exists T € L(X,Y) such that for every z € X and y' € Y,

(3) (Z tTiz, y’) =(Tz,y).

Since (3) can be written as follows:

(4) Zt (Tiz,y) = (Tz,y ),

for every z € X and y' € Y', ((Tiz,y')), € M. It follows from (4) and T € L(X,Y)

and D € P and B is an equicontinuous subset of Y' that {((Tz ¥))e, iz €D,y

€B } € Px. Thus, it follows from (A, Px(), ) is an AK-space that there exists np € N
such that whenever n 2> ng, we have

sup {
zeDy'eB

This contradicts (2) and the sufficiency is proved.
Necessity.  If (A, Pa(A, A?)) is not AK-space, there exist (tﬁl)) € Aand D € P,
such that

= 2
St} <5

i=n

(%) hmsup{

Z t(l)u,

i=n

s (ug) eD} > 0.

Let X = (A\?,0()%,))) and Y be the complex number field C, define 7; : A¥ — C
by Tiu = u; for each u = (u;) € M. Clearly, for each i € N, T; € L(M,C). Y\ T: is
A-multxpher weak operator topology convergent since for each ¢ = (t;) € A and u = (v;)

€ )P, hm,,EtTu—hm,,Ztu.—O

i=n i=n
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On the other hand, it follows from (5) that ;T is not A-multiplier Lp()?,C)
convergent. This is a contradiction and the theorem is proved. 0

REMARK 1. A vector (non-operator) version of Theorem 1 was proved in both [13,
Theorem 1] and [4, Theorem 3]. The following Lemma is such a result which will be used
later.

LEMMA 1. ([13, Theorem 1]; [4, Theorem 3].) Let cop C A. Then every A-multiplier
o(X, X') convergent series Y, z; in X must be A-multiplier (X, X') convergent if and
only if (A, 7(), M\?)) is an AK-space.

Now, we give some applications of Theorem 1.

Let coo C A. An interval in N is a set of the form [m,n] ={ke N:m <k <n}. If
I is an interval, then x; will be the characteristic function of I, and if ¢t = {t;} € ), then
xit denote the coordinatewise product of x; and t. A sequence of interval {/;} in N is
increasing if max I; < min I;4; for all j.

The space A has the signed weak gliding hump property ([5]) if t € A and {I;} an
increasing sequence of intervals implies there exist a subsequence {I, } of {/i} and a

(=]

sequence of signs s = %1 such that the coordinatewise sum SkX1,,t € A. The space
k=1

A has the weak gliding hump property ([1]) if the signs above can be chosen with s, = 1

for all k. For example, any monotone sequence space such as ##(0 < p € 00), mg, ¢y has
the weak gliding hump property ([1]), the space bs of bounded series has signed-weak
gliding hump property but not weak gliding hump property. There are a large class of
spaces having weak gliding hump property ([1]) or signed-weak gliding hump property
(8-

Wu and Swartz both discussed the following result:

LEMMA 2. ([13, Lemma 2}; [4, Theorem 4].) Let cgp C A and X has signed-weak
gliding hump property. Then (A, 7(), AP)) is an AK -space.

Thus, the following theorem can follow from Theorem 1 and Lemma 2, but, for
clarity, we give its proof, too.

THEOREM 2. Let coo € A and ) has signed-weak gliding hump property. Then
every A-multiplier weak operator topology convergent operator series Y T; of L(X,Y)
must be A-multiplier L,(X,Y) convergent. '

Proor: It follows from A has signed-weak gliding hump property and Lemma 2 that
(A, 7(A, AP)) is an AK-space.

Let 79 be the original topology of Y and ), T; a A-multiplier weak operator topology
convergent operator series of L(X,Y), then for each z € X, ), Tiz is A-multiplier weak
topology o(Y,Y") convergent in Y.

It follows from Lemma 1 that )_, Tiz is A-multiplier Mackey topology 7(Y,Y’) con-
vergent in Y, hence is A-multiplier mo-convergent in Y, that is, . T; is A-multiplier
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Ly(X,Y) convergent and so the theorem is proved. 0
LEMMA 3. ([13, Corollary 2|; [4, Theorem 4].) Let cgo C A and A has signed-weak
gliding hump property. Then (A, K(\, AP)) is an AK-space.
LEMMA 4. ([13, Lemma 1}.) K(), M%) = (), M) = v(), MP).
By Theorem 1, Lemma 3 and Lemma 4 we have:
THEOREM 3. Let cgp € X and A has signed-weak gliding hump property. Then

every A-multiplier weak operator topology convergent operator series ), T; of L(X,Y)
must be \-multiplier Lc(X,Y) convergent, where

C={DC X:D iso(X,X')-countable compact set}.

LEMMA 5. ([4, Theorem 4].) If cgp C A and X\ has signed-weak gliding hump
property, then (X, (A, A?)) is an AK -space.

Thus, it follows from Theorem 1 and Lemma 5 immediately:

THEOREM 4. Let coo € A and A\ has signed-weak gliding hump property. Then

every A-multiplier weak operator topology convergent operator series Y, T; of L(X,Y)
must be A\-multiplier L.,(X,Y) convergent, where v = {D C X : D is unconditional
o(X, X')-sequentially compact set}.

Let B = {B C X: if {zx} C B, then limy Tz exist for every T € L(X,Y)} and
Lp(X,Y) be L(X,Y) with the topology of uniform convergent on elements of B.

LEMMA 6. ([4, Theorem 9].) Assume coy C A and )\ has signed-weak gliding hump
property. If the operator series 3, Ty of L(X,Y) is A-multiplier convergent in L,(X,Y),
then 3, Ty is A-multiplier Lg(X,Y’) convergent.

It follows from Theorem 1 and Lemma 6 that

THEOREM 5 . If ¢ C A and A has signed-weak gliding hump property, then
(A, Ba(A, AP)) is an AK-space, where By = {B C A: if {zx} C B, then lim; Tz exists
for every T € L(M?, \)}.

We now consider two of the most common topologies on L(X,Y). Let £ = {{zi} :
zx — 0} in X and L_o(X,Y) be L(X,Y) with the topology of uniform convergent on
the elements of €. Let Lpc(X,Y) be L(X,Y) with the topology of uniform convergent
on precompact subsets of X.

It follows also from Theorem 1 and Theorem 5 that

COROLLARY 1. Assume coo € A and X has signed-weak gliding hump property,
then (X, €x(X, AP)) is an AK -space, where &, = {{zx} : zx — 0} in (A2, 0 (A8, })).

In [2], conditions on the space X are given which guarantee that the space L_,o(X,Y’)
and Lpc(X,Y) coincide. Using this result and Corollary 1, we have

COROLLARY 2. Letcg € A and )\ has signed-weak gliding hump property. If X is
either metrisable or the hyper strict inductive limit of such spaces, then (A, PCx(A, %))
is an AK-space, where PC), is the family of precompact subsets of (M, a(A2, ))).
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'REMARK 2. Corollaries 1 and 2 are similiar to [4, Theorem 4] with different topologies

on A.

(1)
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