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Abstract

The direct method of Lyapunov is utilized to obtain a variety of criteria for
the nonexistence of certain types of positive solutions of a delay differential
equation of even order. Previous results of Terry (Pacific J. Math. 52 (1974),
269-282) are seen to be corollaries of the more general results of this paper.

Subject classification (Amer. Math. Soc. (MOS) 1970): primary 34 C 10;
secondary 34 C 15, 34 K 05, 35 K 15, 34 K 20, 34 K 25.

In this paper we consider the general delay differential equation of even order

(1) L^*[r(t) D*y(ty\ +yT(t)f[t,yT(t)] = 0,

where 0<m<r(r)<M<oo, 0 *S r(f) < r < oo, yT(t) = y[t—r(t)] and f(t,u) satisfies
the following properties:

(Fl)/(f, u) is a continuous real valued function on [0, co) x R;

(F2) for each fixed t in [0,oo), f(t,u)<f(t,v)for0<u<v;

(F3) for each fixed t in [0,oo), f(t,u)>0 and/0, -« ) =/(*,«) for

We first let

B*y(f\ 7 = 0, . . . , / -! ,

Following Terry (1974), we say that a positive solution y(t) of (1) is of type Bj
on [r0,oo) if for t^T0 the yk(t)>0(k = 0,...,2j+l) and (-l)k+1yk(t)>0
(k = 2j+2, ...,2n-1). It is of type Bj if there is a T0>0 such that it is of type Bi on
[T0,oo). As in Terry (1974), it is evident that a positive solution of (1) is necessarily
of type Bj for some j = 0, ...,n— 1. Moreover, the following lemmas may be
established.
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202 Raymond D. Terry [2]

LEMMA 1. Let y(t) be a solution of (I) of type Bj on [T0,oo), where either (i) i is
even andj<(i-2)/2 or (ii) / is oddandj^(i-3)!2. Then for t>T± = To+T

(t-Tl)yk(t)^(2j+2-k)yk_1(t), k = 1, ...,2/+l.

LEMMA 2. Let y(t) be a solution of (1) of type Bj on [To, oo), where i is odd and
j = (/-l)/2. Thenfor t>Tt = To+T

and

LEMMA 3. Let y(t) be a solution of (I) of type Bj on [T0,oo), where either (i) i is
even andj> i/2 or (ii) i is odd andj^ (i+1)/2. Then for t ̂  Tx

(a) (t-T1)yk(t)^(2j+2-k)yk_1(t) (k = i+1, ...,2/+1);

(b) (t-T1)yi(t)^M(2j+2-i)yi_1(t);
and

(c) (t-T1)yk(t)^[M(2j+2-i)m-1+(i~k)]yk_1(t) (k = 1,...,/-1).

The proof of each of these three lemmas is elementary using only integration by
parts and the definition of a ^-solution. The case i = n is considered in Terry
(1974), where the three results reduce to Lemmas 2.1, 2.2 and 2.3 respectively.

LEMMA 4. Let y(t) be a solution of (I) of type Bj on |T0,oo). Then there exist
constants kt>0 and t{^Tx such that

As in Terry (1973), each of the four lemmas may be extended to the case in
which r(t) satisfies either

(Tl)
or

(T2)

provided the number Tt is reinterpreted as min{^T 0 : t—T(t)^T0 for J^TJ .
In this paper we use Lyapunov's second method to obtain criteria for the

nonexistence of J^-solutions of equation (1). We assume « > 2 and consider the
system

(2)

By a solution of (2) we mean an ordered 2«-tuple cr(t) = (yo(t), •••,y2n-i(t)) which
satisfies (2). To simplify the discussion we shall let Ra = [a,oo), a*tQ; R* = (0,oo);
R% = (—oo,0); R1 = R = (—00,00). As in Terry (1974), we shall abbreviate certain

Dyk(t) = yk+1(t), k = i,.... 2«-2;
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[3] Lyapunuv's method for delay differential equations 203

frequently occurring cartesian products:
RP* = R*X...XR*, p times;
Rp, = R* x...xR%, p times;

-' x R; n}* = £<«+«* x (R**)"-1-* xR*;

In the following a scalar function v(t, a(t)) will be called a Lyapunov function for
the system (2) if it is continuous in (t, o(t)) in its domain of definition and is locally
Lipschitzian in o(i). Following Yoshizawa (1970), we define

(3) va)

THEOREM 1. Suppose that there exist two continuous functions V(t,a(t)) and
W(t, a(t)) which are defined on RT x 11̂  and RT x IIj respectively for some fixed T.
Assume further that V(t,o(t)) and W(t,a(t)) satisfy:

(i) both V(t,o(t)) and W(t,o(f)) tend to infinity as t->co uniformly for ff(0eII,-
or o(t)eW respectively;

(") (̂i)('> <7(0)i*0/or °H sufficiently large t, where a(t) is a solution of (2) which
for large t lies in the region 11 ;̂ and

(iii) #a)(f, a(t)) ̂ 0 for all sufficiently large t, where a(t) is a solution of (2)
which for large t lies in the region W.K

Then (1) has no solutions of type Bj. Moreover, (1) has no negative solutions y(t)
such that —y(t) is of type Bj.

PROOF. Let y{t) be a solution of (1) of type By Since y(f) and yx{i) are positive
for large t, there is a positive To for which a(t) lies in 11̂  for t ̂  To. By (ii), for t
sufficiently large, for example, for t^T^T^, V(t,o(t))< V(Tx,o(Ty)). On the other
hand, condition (i) implies that there is a T2>T1 for which V(t,a(t))> F(rx,a(7i))
for t > T2, which is a contradiction. By letting y(t) be a negative solution of (1) and
considering W(t,o(t)), we obtain an analogous contradiction.

Let us assume for the moment that/(/, u) satisfies only (Fl).

THEOREM 2. For (t,a(t))eRT*x!ln_1 assume that there exists a Lyapunov
function v(t, a(t)) satisfying:

0) ^-i(0f(t,o(t))>0;
(ii) v{1)(t,a(t))<: -A(f), where X(t) is a continuous function defined on RT such

that

(4) liminf ('\(s)ds>0

fort>T>T*.
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Moreover, suppose that there exists a Tx and a function w(t, o(t)) which for (t, a(t))
in the region RTl x i?*2™-1)* x R^ is a Lyapunov function satisfying:

(iii) 72re-i(0 ̂  w(f> ff(0) ^^(^2re-i(0)> where b(u) is a continuous function, b(0) = 0
andb(u)<0foru^0;

and

(iv) wa)(t, w(0) ̂  — pit) w(t, o(t)), wAere p(t)^O is a continuous function such that

(5)

Ifo(t) is a solution of (2) which lies in the region nn_x/or sufficiently large values of
t, then j>2n-i0)>0, that is, <j(t)eU*_v

PROOF. Suppose that there is a sequence {tk} for which tk-><x> as k-+oo and
j'2n_1(?fc)<0. Assume that tk^T* and that tk is sufficiently large so that by (4),

liminf X(s)ds^0,

and yo(t),..., J2»-2(O a r e positive, where we assume that w>2. For the case « = 1,
see Yoshizawa (1970). Consider the function v(t, a(t)) for t > tk.

v(t,a(t))^v(tk,a(tk))+ va)(s,o(s))ds
Jtk

rt
(6) < v(Jk, o(tky) — X(s)ds.

Since y%n-x{tk) < 0, v(tk, a(tk)) < 0, there is a 7i 5= /fc for which

which implies that for t^Tt

v(tMt))<v(tk,a(tk))/2<0.

By (i), >>
2n_i(0<0 f° r t>Tv By (iii), there is a T2>T1 and a Lyapunov function
defined on RTsxR<2n-u*xR*. For this w(t,o{t)) we have by (iv)

w(T2,

where r2>T1. By (iii),

Substituting this into the above expression, we get
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[5] Lyapunuv's method for delay differential equations 205

Integrating from T2 to t, we arrive at

Ĵ  [ \l ] dt-
Letting <-»-oo and using (5), it follows that J2n-2(0<0 f° r sufficiently large t,
which is a contradiction.

By the same argument we can prove the following result.

THEOREM 2'. For (t,a(t))eRTmxHn-1 assume that there exists a Lyapunov
function v{t, a(t)) satisfying:

and

(ii) V(x)(/, o(t)) < — X(t), where \(t) is a continuous function defined on RT such
that for

liminf \(s)ds^0.
J-»oo JT

Moreover, suppose that there exists a Tx and a function w(t, a{t)) which for (t, o(t))
in the region RTi x i?(2n_i)» x R* is a Lyapunov function satisfying:

("0 y^n-ii*) < W(U a (0) < *(j2n-i(0)> where b(u) is a continuous function, b(0) = 0
andb(u)<0foru^0;

and

(iv) w{1)(t, a(t)) ^ — p(t) w(t, a(t)), where p(t) > 0 is a continuous function for
which

exp - p(s)ds\dt =+oo.
J L JTi J

Ifo(t) is a solution of (2) which lies in the region II™"1/or sufficiently large values of
t, then y<in-i(t)^:Ofor large t, that is, <r(0eIlgr1.

REMARK 1. Since 0<m^r(t)^M, condition (5) is equivalent to

To see this we merely note that

In the case n = 1, we have v(t, a(t)) = v(t,y,y') since y0 = y and yx = ry'. Condition
(7) arises naturally in the proof of Theorem 2. For the details see Yoshizawa (1970).
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REMARK 2. Suppose we let o(t)=0 in each of the two theorems. Condition (5) is
then trivially valid, and the alternative condition (7) reduces to

dt/r(t) = + oo.

Thus, we may replace condition (iv) by vv(1)(f,CT(f))<0 and obtain two easy corol-
laries whose statements are left to the reader.

REMARK 3. Let r(t)=l and f[t,yT(t)] be nonnegative. As already noted,
solutions of type B1 are solutions of type Ax (see Terry, 1974). Theorem 2 asserts
that a solution y(t) for which Dky(t)>0, £ = 0,1 2«-2 , must satisfy
D2n~1y(t)>0, that is, y{t) must be a solution of type An_x, which is obvious from
the lemma of Kiguradze (1962).

Theorem 3. Suppose there are continuous functions a(t), b(t), a.(y2n-2) and
Piyzn-z) satisfying:

(a) for large T,
rt rt

liminf a(s)ds^0, liminf b(s)ds^O;
«-»oo JT <-»oo JT

(b) for u = y2n-2(t), ua.(u)>0 and Du<x(u)^O, where yk(i), k = 0, ...,2n-2, are
nonnegative for large t;
for u = j 2 n_2(0, «j8(«)>0 and Dup(u)>0, where yk{t), k = 0, . . . ,2«-2, are
nonpositive for large t;

(c) a(t)a\y2n_2(t)]^f[t,yT(t)]yT(t)for large t, y(t)^O;
Ht)p[y2n-2(t)]>f[t,yT(t)]yr(t)for large t, y(t)^O.

If<r(t) is a solution of (2) which for large t lies in the region nm_1( then J2 n_i(0^0
for large t. Ifo(t) is a solution of (2) which for large t lies in the region Un-\ then

• large t.

PROOF. Let X(t) = a(t), p(t) = 0 and define v(t, a(t)) and w(t, a(t)) by

vit,a(t))= f f ' 1 ^ ; HtMt)) = y2n-i(t) + oc[y2n^(t)] l'a(s)

Conditions (i), (ii) and (iii) of Theorem 2 hold. In particular,

(0 Jan-iO) *>(', <K0) = .JT'1 /,M > ° s i n c e

(ii) va)(t,a(t)) = {oc

< •r2w~lv'y (by condition (b))

= ^ | « (fromd))

< - a(t) = - A(0 (by condition (a)).
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Moreover,
rt rt

liminf X(s)ds = liminf a(s)ds^0
t-*co JT i->oo JT

for large / by condition (a).

JT
since j 2 n_2(0^°- Also,

a(s)ds^ <x\yin_2

J T JT

< ('f[s,yT(s)]yT(s)ds
JT

For; if we assume as in (iii) of Theorem 2 that o(t) eR(2n~1i* x R%, y2n-2(t) is a

positive decreasing function of t. Thus, for s < t,

^271-2(0 < yin-2(.S) a r j d at>>2«-2(0] < aD;2Ji-2(5')]

since £„<*(«)>0. It follows that w(t,a(t))^y2n_1(T)<0. Thus, we may take b(u)
to be the continuous function for which b(0) = 0, b(u) = J2n-i(^) f°r M ^ ( ~ e>e)
and 6(M) is defined linearly on (—e, s).

Moreover, to prove the second assertion of the theorem, suppose we let v(t,o(t))
and w(t, a(t)) be defined by

y Jf) ft
v(t, a(t)) = ; w(t, o{t)) = — J2n-i(f)~i^L);2»-i(0] b(s)ds.

PUZn-iVh J T
Routine computations, similar to those just performed, show that v(t, a(t)) and
w(t, o(t)) satisfy the four conditions of Theorem 2'.

THEOREM 4. Suppose that, in addition to the hypotheses of Theorem 3,
Poo poo

a(s)ds= b(s)ds = +00.

Then (1) to «o solutions of type Bn_x.

PROOF. Suppose we define
/2« + I a(s)ds, y^O,

alJ2»-2WJ JOPUa(0) =
(s)ds, y<0;

rt
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Assume that y(t) is a solution of (1) of type Bn_v Then for large t, yk(t)^O for
k = 0 , . . . , In-1. It follows that

V(t,o(t))> \a(s)ds and W(t,o(t))> ('b(s)ds.
Jo Jo

Because of the additional requirement in the hypothesis of this theorem, both
V(t,o(t)) and W(t,o(t)) tend to infinity as t->co uniformly. Next, referring to (ii)
of the proof of Theorem 3

= D

Hence, V(t, o(t)) and W{t, a(t)) satisfy the three conditions of Theorem 1 and the
proof is complete. As in Theorem 1, we may also conclude that there are no
negative solutions y(t) of (1) such that —y(t) is of type Bn_v

We observe that Theorem 4 is only one of a sequence of similar results. Let us
now consider the more general formulation.

THEOREM 5. Suppose that there are continuous functions a(t), b{t), oc(u) and j3(«)
satisfying:

(a) J a(s)ds= j
(b) wa(w)>0, Du<x(u)^O, where u and u' are nonnegative for large t;

MJS(M)>0, £>„/?(«) >0, where u and u' are nonpositive for large t;
(c) a(t)oc[y2j(t)]^f[t,yT(t)]yT(t) and b(t)P[y2j(t)]^f[t,yT(t)]yT(.t).

Then (1) has no solutions of type Br (r =j,...,«— 1).

PROOF. Let

fv. (t\ ft

y<0;f
JV(t,a(t)) =

a(s)ds,y =r.
Jo

•r-
Jo

b(s)ds,P.
Jo

As in the proof of Theorem 4, V(t, a(?)) and W(t, o(t)) will satisfy the three
conditions of Theorem 1. The details are omitted. Moreover, there are no negative
solutions y(t) of (1) such that —y(t) is of type Br (r = j , . . . , n -1).
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COROLLARY 1. Let p(t)>0. If J0012}p{t) dt = +oo, then there are no solutions of

(8) D"[r(t)D"y(t)]+p(t)yT(t) = O

oftypeBr(r=j,...,n-l).

PROOF. Let y(t) be a solution of (8) of type Br (r =j, ...,n-1). Then

We let <x(«) = 0(K) = fiu and \{t) = a(t) = b(t) = & p(t). With the choices of
V(t,o(t)) and W(t,o(t)) prescribed by Theorem 4, it follows that (8) has no
solutions of type Br.
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