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The FBI transform and some applications

This chapter begins with a discussion of certain submanifolds in CR and
hypoanalytic manifolds. We then introduce the FBI transform which is a
nonlinear Fourier transform that characterizes analyticity. We also present a
more general version of this transform which characterizes hypoanalyticity.
We will discuss several applications of the FBI transform to the study of the
regularity of solutions in locally integrable structures.

V.1 Certain submanifolds of hypoanalytic manifolds

This section discusses certain submanifolds of hypoanalytic manifolds. We
begin with a discussion of CR manifolds in CV. CR manifolds are good
models for hypoanalytic manifolds. Later in the chapter we will see that
a hypoanalytic structure can be locally embedded in a CR structure. This
can sometimes be useful in reducing problems about general vector fields in
hypoanalytic structures to CR vector fields. We will first recall the concept
of a complex linear structure on a real vector space and apply it to the
real tangent bundle of real submanifolds in CV. Let V be a vector space
over R and suppose J:V —> V is a linear map such that J?> = —Id (where
Id = the identity). Clearly J is an isomorphism and dimV is even since
(detJ)? = det(—Id) = (—1)%™". The map J is called a complex structure on
V. Indeed, with such a J, V becomes a complex vector space by defining
(a+ib)v = av+ b(Jv) for a,b € R,v € V. Conversely, if V is a complex
vector space, it is also a vector space over R and the map Jv =iv is an
R-linear map with J?> = —Id. If {v,,...,vy} is a basis of V over C, then
{vi, ..., vy, Juy, ..., Juy ) is a basis of V over R.
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ExampLE V.1.1. In CV let Z;=x;+iy, 1 <j<N, denote the coordinates.
We will identify CY with R*¥ by means of the map
(T15 eer Zy) > (X5 V1o es Xy Vy)-

Multiplication by i in CV then induces a map J: R*¥ — RV given by

JOO V1o e es Xy V) = (V15 X1 oo =Yy Xy)-

Note that J> = —Id and so J is a complex structure on RV called the standard
complex structure on RV,

ExaMPLE V.1.2. With notation as in the previous example, forpe (CN a basis
of the real tangent space T,,(CN is given by i |p, G e &fN > F . This
basis can be used to identify 7, CV with RZN by choosing the usual basis

e, =(1,0,...,0),....e5y=(0,...,0,1) of R,

This leads to a complex structure J: 7,CY — T,C" given by

J d J d
J\— 1, )=+ and J ,)=——
0x; ay; | ay dx; )

!
This complex structure is independent of the choice of the holomorphic
coordinates (z;,...,zy). To see this, suppose w = F(z) is a biholomorphic
map defined near 0 with F(0) = 0 where we are assuming as we may that
p=0. Write F =U+iV and let w; = u;+iv;,j=1,..., N. We need to
show that dFjyoJ = J odF,. We have:

d d ;4 av, o
dF,(J|— ) ) =dF | — +Z
x; dy; 8y, ou, dy; 1911,
and
ad au, d av, d
J(dFy| — ) ) =J —
( 0<6xj>> (Xl: 0x; 8u,+zc')x 8v1>
_Z(?U, d v, 4
N 7 0x; dy, é?x 8u,

where everything is to be evaluated at 0. Thus an appllcatlon of the Cauchy—
Riemann equations to the U, and V; shows that dF (J(ai)) = J(dFl (%)) The
equality also holds in the same fashion for T Thus, J is independent of the
holomorphic coordinates. This also means that J can be defined on the real
tangent space of any complex manifold. Note that J extends to a C-linear
map from (CTP(CN into itself and the extension still satisfies J> = —Id. We
will also denote this extension by J. The fact that J?> = —Id implies that
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J:CT,C" — CT,C" has only two eigenvalues: i and —i. Define 7, °C"
to be equal to the eigenspace associated with i, and T[?'ICN will be the
eigenspace associated with —i. We get corresponding vector bundles 7"-° and
T%!. Observe that T is generated by %, o % . Hence T is the bundle
of holomorphic vector fields introduced in Chapter I (see the discussion
preceding Theorem 1.5.1). Likewise, 7" is generated by %1’ s %
DEFINITION V.1.3. Let M be a real submanifold of C. For p € M, define
_ 0,1 N
V,(M)=CT,MNT,; C".

DEFINITION V.1.4. Let M be a real submanifold of C¥ and p € M. The
complex tangent space of M at p denoted T, M is defined by

TEM = T,M N J(T,M)

It is easy to see that Ty M = {v e T,M : J(v) € T,M}. Observe that J:
T;M —> T, M and so T, M is equipped with a complex vector space struc-
ture. It is also evident that J: CTyM —> CT M.

EXAMPLE V.1.5. Let M be a hypersurface in CV through the point 0. Let p
be a defining function for M near 0. Since dp(0) # 0 and p is real-valued,
dp(0) # 0. After a complex linear change of coordinates, we may assume that

p .
a—Z(O) =(0,...,0,1).

That is, we have coordinates (z, w),z = x+iy € CN~!', w=s+it € C, such
9 9 . 9 [

that TSJ_(O) = Tfj(O) =0,j=1,....N—1, £(0) =0 and %(0) # 0. These

conditions on the partial derivatives of p allow us to apply the implicit function

theorem and conclude that near O the submanifold M is given by

M ={(z, s +id(z,9))},
where ¢ is real-valued, ¢(0,0) =0, and d¢(0,0) = 0. Hence T, M = span

at 0 of
a a4 9 .
L RPN RN} J=1,...,N_1 N

dx; dy; ds

while V(M) = the C-span at O of

{a"—l N l}
az_j.]_ s

and 75 M = the R-span at O of

a a4
{—,—:]:1,...,N—1}.
dx; dy;
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The spaces 7, M and V,(M) are related. To see this, we recall the following
result from [BER]| where 9%V,(M) denotes the real parts of elements of
V,(M):

ProposiTiON V.1.6. For p € M,

(a) NV, (M) =T, M;
(b) CT,M =V,(M) ®V,(M);
(©) V,(M) ={x+iJ(x): x € T;M}.

PROOF. Observe first that for any x € T,CY, x+iJ(x) € T)-'CN. Let x € TS M.
Then x and J(x) € T,M and so x+iJ(x) € V,(M). Thus x € RV,(M).
Conversely, if x € RV, (M), then there is y € T,C" such that x+iy € V(M)
CT,2 implying that x € T, M since y = J(x) and y € T,. We have thus
proved (a) and (b) follows from (a) trivially. The proof of (c) is also contained
in that of (a). O

From Proposition V.1.6 we see that
dim 7, M = 2dim:V,(M).
DEFINITION V.1.7. A submanifold M of CV is called CR (for Cauchy—

Riemann) if diim:V (M) is constant as p varies in M. In this case, dim:V,(M)
is called the CR dimension of M.

DEFINITION V.1.8. A CR submanifold M of CV is called totally real if its CR
dimension is 0.

ExaMPLE V.1.9. The copy of R in CV given by
{x+iy eCV :y:O}
is a totally real submanifold.

ExampLE V.1.10. Let k and N be positive integers, 1 < k < N. Write the
coordinates in CV as (z,w), z=x+iyeCfand w=u+ive CV* Let ¢ :
R* > R* and i : R* > CY~* be smooth functions with ¢(0) = 0, d¢p(0) =0,
(0) =0, and di(0) = 0. Then the submanifold

M ={(x+id(x), P(x)) : x e R"}

is totally real near the point 0 € M. Conversely, if NV is any totally real
submanifold of CV, then near each of its points, there are holomorphic coor-
dinates in which NV takes the form of M above (see proposition 1.3.8 in
[BERY]). If )V is also real-analytic, holomorphic coordinates can be found so
that ¢ =0 and ¢ =0.
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LEMMA V.1.11. Suppose M is a submanifold of CV of real codimension d.
Then

2N —2d < dim T;MﬁZN—d.
Proor. Since Ty M € T,M,
dim T;M < dimTp.M =2N —d.
On the other hand, T, 4 J(T,M) € T,C" and so
dim TM = 2dimT, M — dim(T,M + J(T,M)) = 2N —2d. O

ExaMPLE V.1.12. A hypersurface M € C¥ is a CR submanifold of CR
dimension N — 1. Indeed, this follows from the lemma since T;M always
has even real dimension, which when p € M has to equal 2N — 2.

ExAMPLE V.1.13. Let M be a complex submanifold of CYof complex dimen-
sion n. Then M is a CR submanifold of CR dimension n. This follows
from the J-invariance of TpM. To see this, let X € TpM. If fj = u; +iv;
(1 <j < N—n) are local holomorphic defining functions near p € M, then
by the Cauchy—Riemann equations we have J(X)u; = J(X)v; = 0 for all j.
Hence J(X) € T, M.

Suppose M C C¥ has codimension d and is locally defined by p ;i =0,j=
1,....d. Then a vector v= Y} | vj% € V(M) if and only if 3} | ng%l =0
for all /. Hence dimV,M = N — r where r = the dimension of the C-span of

{3p1(P), - - Ipa(p)}.

EXAMPLE V.1.14. Let M be the two-dimensional submanifold of C? defined
by p, =x,—x> =0 and p, =y, —y? = 0. Then by calculating dp,(p) and
dp,(p), we easily see that dimV,M =0 or 1 depending on whether p €
M N {x; =y, }. Hence M is not a CR manifold.

If M < C" has codimension d, since 2dim(CVp7V[ =dim T;’M , Lemma
V.L.11 tells us that the minimum possible value of dim:V,M = N —d. This
minimum value is attained precisely when the forms {dp,(p),...,dp,(p)}
are linearly independent. The CR submanifolds for which dimV,M has such
minimal value are the generic ones introduced in Chapter I. It will be conve-
nient to present here an equivalent definition.

DEFINITION V.1.15. A CR submanifold M C CV of codimension d is called
generic if for p € M, dimcV,M = N —d.

ExAMPLE V.1.16. A hypersurface of C" is a generic CR submanifold.
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V.1 Certain submanifolds of hypoanalytic manifolds 223

ExXAMPLE V.1.17. A complex submanifold of CV that is not an open subset
is a nongeneric CR submanifold.

EXAMPLE V.1.18. Let (z, w) denote the coordinates of C"*¢ where z = x+iy €
C" and w=s+it € C’. Let ¢(z,5), ..., d,(z,5) be smooth, real-valued
functions. Then

M={(z,w):t;—¢;(z,5) =0,1<j=d}

is a generic CR manifold. This is easily checked by noting that

w; —W;

T

pP;=

are defining functions with {dp,(p), ..., dp,(p)} linearly independent at each
point.

REMARK V.1.19. Conversely, as we saw in Chapter I, given any generic CR
submanifold M, in appropriate holomorphic coordinates, M takes the form
in the example.

Let M be a CR submanifold of CV of codimension d that is not generic
and assume 0 € M. We will show that in a certain sense, near the point 0, M
can be viewed as a generic CR submanifold of C* for some L < N. Define

§ =Ty M+ J(TyM).
Let Y be a subspace of TyM such that
TIM=T;MDY.

Note that J(Y)NT,M = 0. Let {v|, ..., v,} be a C-basis of the complex space
T¢M. Then: {v,...,v,,J(v)),...,J(v,)} is an R-basis of T{M. Complete
this to a basis {v,...,v,, J(v,), ..., J(v,), u;,...,u,} of TyM where 2n+
r—+d =2N. Then since J(Y)NTyM =0, it follows that

B=A{v,...,v,, J(v), ..., J(,), uuys ... u,, J(uy),...,J(u,)}
is a basis of 8. Extend B to a basis
B =BU{uy,...,u, JW), ... J(u)}

of T,CV, N =n+r+1 Split the coordinates in CV¥ = C"*"* as (z, w, p)
where z =x+iyeC", w=s+it € C", and p = +it' € C'. Define the
map A: T,C¥ — T,C" by A(v) = 5=, A(Jv) =, 1<i<n A(u)=
L A(uy) = %,1 <k<r AW) =7, A(u)=F.1<j=<I Note

> ) 57
sy 0s; ar;
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that the map A commutes with J and hence after a complex linear map (see
Remark V.1.20 below) we are in coordinates (z, w, p) € C*"*! where

g a9 a4 9

8§ = span of {—,—,—,—: <j< <k<
dx; dy; ds, 9

and T,M = span of {-=, -2, -2} Tt follows that near 0, M can be expressed

dx;? E ’ ds,
as a graph of the form:

M = {(x+iy, s+if(x,y,5),8(x,y,s)}

where f is valued in R” and g is valued in C'. The components of the
functions s+ if(x,y,s) and g(x,y,s) are CR functions. Observe that the
projection 7 : C"*'* — C"*", 7(z, w, p) = (z, w) is a diffeomorphism of M
onto the generic CR submanifold 7 (M) of C"*".

REMARK V.1.20. Recall the identification of C with R?" of Example V.1.1
given by (z,...,2y) = (X1, Y155 Xy, Yy). With this identification, it is
easy to see that a real linear map A : R*¥ — R?" induces a C-linear map on
CV if and only if A commutes with the operator J.

PROPOSITION V.1.21. If M is a totally real submanifold of C¥ of codimension
d, then d > N and hence dim M < N. If M is also generic, then d = N.
Thus, a totally real submanifold of maximal dimension has dimension = N.

PrOOF. Let p € M and p, ..., p, be defining functions of M near p. Since
V,(M) = {0}, we must have:

spanc{dp,, -+, dp,} =spanc{dz,, ..., dzy}

at the point p. Hence d > N. If M is also generic, then dp,, ..., dp, are
linearly independent and so d = N. O

The map J can be used to characterize CR, generic CR, and totally real
submanifolds.

PROPOSITION V.1.22. Let M be a submanifold of C. Then

(i) M is CR if and only if diim(T,MNJ(T,M)) is constant as p varies in
M.
(ii) M is totally real if and only if T,MNJ(T,M) = {0} for all p € M.
(iii) M is a generic CR submanifold if and only if

T, M+ J(T,M)=T,C" forall pe M.
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ProoF. (i) follows from the definition of 7, M and Proposition V.1.6. (ii) also
follows from Proposition V.1.6. To prove (iii), if M is generic and p, ..., p,
are local defining functions, then the linear independence of dp,, ..., dp, is
equivalent to:

dimeV, (M) = N — d.

Hence, by Proposition V.1.6, dim (T7,M NJ(T,M)) = 2(N — d). But then
dim (T,M 4 J(T,M)) = 2N, implying that T, M + J(T,M) = T,C" for all
p € M. Conversely, if T,M +J(T,M) = T,C", then dim(T,M NJ(T,M)) =
2(N —d) and so by Proposition V.1.6, dim:V,(M) = N — d showing that M
is generic. O

We will next describe certain submanifolds in hypoanalytic structures that
play important roles in the analysis of the solutions of the sections of the
associated vector bundle. Let (M, V) be a hypoanalytic structure. M is
a smooth manifold of dimension N and V is an involutive sub-bundle of
CTM of fiber dimension n whose orthogonal bundle 77 in CT*M is locally
generated by the differentials of m = N — n smooth functions. Recall from
Chapter 1 that 7° = | T,(,’ denotes the characteristic set of the structure

pEM
(M, V).
DEFINITION V.1.23. A submanifold Y is called noncharacteristic if
T, M=T,Y+NR©"V,) Vpely.
DEeFINITION V.1.24. A submanifold N is called strongly noncharacteristic if

CT,M =CT,N+V, VpeX.

DEFINITION V.1.25. A submanifold X of M is called maximally real if
Cr,mM=Cr,xev, VpeX.

Clearly, a maximally real submanifold is strongly noncharacteristic. If IV is
strongly noncharacteristic, then dim N > m, while if X is maximally real,
dim X = m. A strongly noncharacteristic submanifold is a noncharacteristic
submanifold. A noncharacteristic hypersurface in M is strongly noncharac-
teristic.

EXAMPLE V.1.26. Denote the coordinates in R* by (x, y, t) and consider the
structure generated by L = %+ z% The orthogonal of L is generated by
dZ, and dZ, where Z, = x and Z, = t+iy. If S ={(x,0,0)}, then S is a
noncharacteristic submanifold that is not strongly noncharacteristic.
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A CR submanifold of CV is strongly noncharacteristic if and only if it
is generic. It is maximally real precisely when it is totally real of maximal
dimension.

The proofs of the following propositions are left to the reader.

ProrosITION V.1.27. A submanifold Y of M is noncharacteristic if and only
if the natural map T*M|, —> T*Y maps TC injectively into T*Y.

ProrosiTION V.1.28. A submanifold N of M is strongly noncharacteristic if
and only if the natural map CT*M|,, —> CT*N maps T'|,, injectively into
CT*N.

PrOPOSITION V.1.29. A submanifold X of M is maximally real if and only if
the natural map CT*M|,, —> CT*X induces a bijection of T'| - onto CT*X.

Distribution solutions have traces on a noncharacteristic submanifold of
M (see proposition 1.4.3 in [T5]). In particular, a solution can always be
restricted to a maximally real manifold. The local and microlocal regularity
of solutions are often studied by analyzing their restrictions to maximally real
submanifolds. Instances of this will occur later in this chapter.

V.2 Microlocal analyticity and the FBI transform

The Paley—Wiener Theorem (see Theorem V.3.1 in the next section) char-
acterizes the smoothness of a tempered distribution « in terms of the rapid
decay of its Fourier transform (). This characterization is very useful in
studying the local and microlocal regularity of solutions of partial differential
equations with smooth coefficients. There is also a characterization of analyt-
icity in terms of the Fourier transform ([H8]). However, the latter is based
on estimates using a sequence of cut-off functions making it more difficult
in applications. The FBI transform is a nonlinear Fourier transform which
characterizes analyticity (see Theorem V.2.4 below).

DEFINITION V.2.1. Let u € &'(R™). Define the FBI transform of u by

F,(x, &) = / e Iy (y) dy (V.1)

for (x, &) e R™ x R™, where

(x=y)-&= i(x,« —Y)8)
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The integral is to be understood in the duality sense.

THEOREM V.2.2. (Inversion with the FBL.) Let u € C.(R™). Then

w(x) = lim —— / F, (1, £)ei0—06eP | £)% drdg

=0 (4 3)

where the convergence is uniform.

REMARK V.2.3. If u € &(R™), the theorem also holds where convergence is
understood in the distribution sense.

Proofr. From the Fourier transform of the Gaussian, we have:

m

/ el E-elé gz ( )767"“4?"2,
R™ €

Hence
1 —la—y[?
i(x—y)-é—elé] dédy = —e d
(277),” JIE udedy = oo [ ut)dy
1 .

= ,,,/e u(x —2/et)dt

T

— u(x)

uniformly on R since u € C.(R™). Thus

- i(x—y)-é—elé]?
u(x) = tin (W J e deueava
_ ix—y)-E=Ell—yP—el€ | £ %
- (4773)'2“ tim [f[ ¢ €1 u(y) drdydg
_ i(x—1)-£—elé]?
= an 3),,, hm//F (1, é)e |€| 7 drdé. 0

The following characterization of analyticity by means of an exponential
decay of the FBI transform may be viewed as an analogue of the Paley—Wiener
Theorem.

THEOREM V.2.4. Let u € &'(R™). The following are equivalent:

(i) u is real-analytic at x, € R™.
(ii) There exist a neighborhood V of x, in R™ and constants c,, ¢, > 0 such
that

|F,(x, &) < c,e ¥l for (x, &) e V xR™.
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Proor. We will assume that u is continuous and leave the general case for
the reader.

(i) = (ii) Suppose u is real-analytic at x,. Let 0 < ¢ < 1, p € C*(R"), p =
1 near x,, and supp(¢) C {x: u is analytic atx}. The integrand in F,(x, £) has
a holomorphic extension in a neighborhood of y = x,, in C”. We will denote
by u the holomorphic extension of u# near x,. In the integration defining
F,(x, &), we deform the contour from R™ to the image of R™ under the map
y=>0(y)=y— isqb(y)% where s is chosen small enough so that u is defined
on the image 6(R™). We then have

F(e )= [ 2 9u(0(3)) det /() dy (V2)
where Q(x, y, &) = i(x—6(y)) - € — |€](x — 0(y))%. Observe that
RO(x, v, €) = —slglb(I[1 —spM] - [¢llx—yF.  (V.3)

Let 6 > 0 such that ¢(y) =1 when |y — x| < 8. Choose s = 7‘?- With these
choices, (V.2) and (V.3), we get:

|F,(x, &) < cf eMoxy.6) dy—l-c/ NO(x..6) dy
ly—2o|<8 yesupp(u), [y—xo|>8
= Il(xi §)+12(x’ é‘:)
Note then that
L(x, &) < ¢ / e IEONI-00)] g,
[y—xo|<8
< Ce%‘sls‘\

for any &, and for |x — x| < g. Moreover,

L& < cf ety
[y=xo|=8

8
ce- (DL

IA

IA

Hence, for |x — x,| < g and any & € R™,
|F,(x, &)| < c,e ¥ for some c,, ¢, > 0.

(ii)=(i) Assume without loss of generality that x, = 0. Suppose then that for
some ¢, c, > 0,

|Fu(x’ g)l = clefﬁz\ﬂ

for all £ € R, and for all x near 0. We will use the inversion given by
Theorem V.2.2. Write

J[ Fut, )64 618 dadé = () + 15 () + 15 (x) + 15 ()
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where for some A, A,, B to be chosen later,

I} (x) = the integral over  {(z,¢) : |t] < A, £ e R"},

I5(x) = the integral over {(7,&): A, <|t| <A,, |&| < B},

I (x) = the integral over {(z, ) : |t| = A,, § e R™},

I; (x) = the integral over {(7,&): A, <|t| < A,, |§| > B}.
Our goal is to show that there is a neighborhood of the origin in C” to
which the I} extend as holomorphic functions and for each j, IF(z) converges

uniformly on this neighborhood as € — 0. Consider first /§. Recall that x,=0.
Choose A, > 0 so that

[Fu(x, &) < el for [x[ <A,

If we complexify x to z = x+iy in the integrand of If, we see that the
integrand is bounded by a constant multiple of
|€]7 eeatvDiél

which therefore has an integrable majorant for |y| < 2. Hence, as € — 0,
the entire functions /{(z) converge uniformly on a neighborhood of 0 to a
holomorphic function. The functions I5 easily extend as entire functions of z
and converge uniformly on compact subsets to an entire function as € — 0.
Next choose A, so that

supp(u) C {y Iyl < AZ}

Then note that when |7| > A,,
e lEl(r-2)’
()

Using the latter we see that after integrating in ¢, the integrand in I5 is
uniformly bounded by a constant multiple of

[F. (2, &)

IA

A2
671%‘5‘

This allows us to complexify as in I to conclude that I5(z) converges
uniformly to a holomorphic function in a neighborhood of 0. Write

I£(x) = / / /R el EIElP =P | £1% 4 (y) dydrdé
where

R={(y,1,8):|é|= B, A; <[t| < A,,y € suppu}.
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Note that the function & — |£| has a holomorphic extension ({) in the region
|| < |NE€|, where

1

(0= (Z {f)

Jj=1

and an appropriate branch of the square root is taken. We change the contour
in the ¢ integration from R™ to its image under the map {(£) = &+ is|&|(x—y)
for s small, s > 0. The number s is chosen to be small enough to ensure that
for & # 0, |IL(€)] < |MNL(E)]. We then have, modulo entire functions that
converge uniformly to an entire function,

150 = [[[ " 49¢0() F u(y) dydiag
where

P(x, .1, &, €) = i(x —y)- & —slx—yI*|€] = (L&) 1 = y|* — l(§)*.

Note that for s small, R{(§)* > % and N(L(§)) = % Hence the crucial
exponential term can be bounded as follows:

P69 < g Plel= 3 e e
In particular, when x = 0, since || > A,, there is a constant ¢ > 0 so that
|efOx169| < e¢ll for all &.

This gives us enough freedom to complexify x to z and vary z near O to
conclude that I{(z) converges uniformly to a holomorphic function near 0. [

We consider now the boundary values of holomorphic functions defined
on wedges with flat edges, that is, edges that are open subsets of R™. Let
I’ © R™\0 be an open convex cone with vertex at the origin, V € R™ open.
For 6 > 0, let

I=Tn{v:|v| <d}.

If T” is another cone, we write I' cc T if I'NS" ' c T'NS”"' where §"!
denotes the unit sphere in R™.

DEFINITION V.2.5. A holomorphic function f € O(V +il%) is said to be of
tempered growth if there is an integer k and a constant ¢ such that

i) < ——.
[yl
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For f € O(V+ils), o € CF(V), and v e I, set

(for @) =/f(x+iv)go(x)dx.

THEOREM V.2.6. Suppose f € O(V +ily) is of tempered growth and k is as
in the definition above. Then

bf= lim f,

v—0,vel”

exists in D' (V) and is of order k+ 1.

PRrOOF. Assume that

fx+iy)] < —.
|yl

We may assume that I'={y = (y,,...,y,) : |y| < C,y,} for some C, > 0.

0 _ b
Fix y’ € I'. Let §, = G If y € ['5, we have

(a) 3, = 1 > 2ly| > 2y, and
0
(b) |y,,,—ym|>|ym|—|ym| > |y > &L

Fix ¢ € C(V). For y € Iy, let

ho) = [ flr+in)(x)dx.

Using the growth condition on f and the fact that f is holomorphic, we can
integrate by parts and arrive at

ccC
|DYh(y)| < B |“ for alla where C, = sup|D“¢|.

Let |B] = k. We will estimate DPh(y) on I's . Assume first that k > 2. For
yels,

|DPh(y) — DPh(y")|

Uol D(DPh)(ty+(1—1)y") - (y—)")dr

PO | —
C |/ ——
lalmtt 1 o |ty+(1—=1)y°F

1
¢ ( |=k+1 ) (tym + (l - t)ym)k

1 1 1
<a2k+1c ) You = Ym (W_ ) ‘)
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1
C
(Z ) N

We have used (a) and (b) and the fact that since I is convex, ty+ (1 —1)y° €T,
Thus there is C > 0 such that for all 3, |B| =k,

1
|DPh(y)| < C ( > Ca> N whenever y € T .

Jal=k+1

Continuing this way, we get 6, _,, C > 0 such that

1
|D*h(y)| < C ( > CC,) ol whenever y € T; .

J|=k+1

Note that this inequality also holds when k = 1. Fix y* > eI} . Let 8, =
‘y;—:'. Using the preceding inequality, for y € I, , we can easily get:

|Dh(y)| < C( > Ca> [log|y]| for some C > 0.

|a|=k+1

Let now y, y' € I; . We have:

1
h0) =) = ||| Dbty (1 =)=y o
< (z c) / [log [ty + (1= 1)y/| dr| [y =¥
|a|=k+1
B \a\ K+l C 0 [tym+(1_t)ym]%
oz o))
B \a\ 1 VAT

C( > Ca> (I I+ 1D

|a|=k+1

Hence limp, ., h(y) exists and as I'> y — 0,

I =C > IID*Bll.~

|| <k+1

with C independent of ¢. O

REMARK V.2.7. We note here that when m = 1, the theorem above says that if
a holomorphic function f defined on a rectangle Q = (—a, a) x (0, b) satisfies
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the growth condition |f(x+iy)| < 37> then the traces f(. + iy) converge in
D' (—a, a) to a distribution of order k+ 1.

ExampLE V.2.8. Consider f(x,y) = - L.V which is holomorphic and of tempered

growth in the upper half-plane y > 0. By the theorem, f has a boundary value
bf € D'(R). It is not hard to show that in fact,

1 :
bf =pv|—|—imé,
X
where pv denotes the Cauchy principal value.

Distributions which are boundary values of holomorphic functions of
tempered growth arise quite naturally. Indeed, we have:

THEOREM V.2.9. Any u € &'(R™) can be expressed as a finite sum Z';:l bf;
where each f; € O(R™ +il7) for some cones I, CR", and the f; are of
tempered growth.

ProoF. Let u € &'(R™). There exist an integer N and a constant ¢ > 0 such
that the Fourier transform 7 (&) satisfies the estimate [#(£)| < c(1+&|)". Let
C’j, 1 < j < k be open, acute cones such that

k

= Ug
=1
and ija has measure zero when j # [. Define the cones
Ii={veR":v-{>0 Vel
For each j=1, ..., k, define

1
(277-) m (3/-

filx+iy) = e TG (E)dE.

Note that fj is holomorphic on R + iFj. Let FJ( be a cone, Fj( CcC Fj. Then
there exists ¢ > O such that y- & > c|y||§| Vy eI, V¢ € C;. Hence for x+iy €

R™ +iT7,
i) = [e bl fg)lde
< cf eI (14l ag
y
i
|y|m+N
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234 The FBI transform and some applications

Thus each f; is of tempered growth on R" +I"; and so by Theorem V.2.6 the
f; have boundary values bf; € D'(R™). To prove u = Z'J‘.:l bf. letp e CE(V).
Then

(bfpe) = lim [ e+ i)e(x)ds

yaO,yeF’»

_ : I(HH) 13
—y%ﬂﬂﬁ/ O(X)i(E) ~——

o
= im0 m@R-as

y—0,yel} (27T)’”

=(2W/ CGECHNS

Hence
(u, @) = Z(bfj, ®). O

ExampPLE V.2.10. Let f,(x, y) =
Then it is not hard to show that

—2mi8, = bf, +bf,.

for y>0and f,(x,y) =

for y <O0.

x+1v x+1y

Granted this, since u * 6, = u for any u € £'(R), we get an explicit decompo-
sition of u as a sum of two distributions each of which is the boundary value
of a tempered holomorphic function on a half-plane.

DEFINITION V.2.11. Let u € D'(R™), x, € R™, £ € R™\{0}. We say that u is
microlocally analytic at (x,, £°) if there exist a neighborhood V of x,, cones
I, ...,TN in R™\{0}, and holomorphic functions f; € O(V +iI}) (for some
6 > 0) of tempered growth such that u = Z_[,Y=1 bf; near x, and EO.TV<0 Vi

REMARK V.2.12. When m = 1, if we take x, =0 and &€° = —1, then u is
microlocally analytic at (0, —1) if there is a tempered holomorphic f on
some rectangle (—a, a) x (0, b) such that u = bf on (—a, a).

DEFINITION V.2.13. The analytic wave front set of a distribution u, denoted
WF ,(u), is defined by

WF,(u) = {(x, £) : u is not microlocally analytic at (x, €)}.
Observe that from Definition V.2.13 it can easily be shown that the analytic
wave front set is invariant under an analytic diffeomorphism, and hence
microlocal analyticity can be defined on any real-analytic manifold. The

following theorem provides a very useful criterion for microlocal analyticity
in terms of the FBI transform:
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THEOREM V.2.14. Let u € D'(R™), x, € R", £ € R™\{0}. Then (x,, £°) ¢
WF (1) if and only if there is a neighborhood V of x, in R™, an open cone
' c R™\0, £° €T and constants c,, ¢, > 0 such that

|F,(x, &)| < cie ¥l V(x,§) eV xT.

The proof uses the inversion formula of Theorem V.2.2 and ideas similar to
those in the proof of Theorem V.2.4 (see also Theorem V.3.7). The reader is
referred to [Sj1] for the proof of this theorem.

COROLLARY V.2.15. A distribution u is analytic near x, if and only if for
every £° € R"\{0}, (xo, £°) gWF,(u).

CoOROLLARY V.2.16. (The edge-of-the-wedge theorem.) Let V C R™ be a
neighborhood of the point p, and I't,I'~ be cones such that I'™ = —I'".
Suppose for some 8 >0, f*e OV +ily), f~ € O(V+ily) are both of
tempered growth and bf* = bf~. Then there exists a holomorphic function
f defined in a neighborhood of p that extends both f* and f~. In particular,
bf™" is analytic at p.

ExAMPLE V.2.17. Let

3
|x[2,

u(x) = s
) ilx]2, x<0.

Then u(x) = bf(x) where f(x,y) = (x+iy)% for y > 0 and we take the
principal branch of the fractional power. Since f is holomorphic for y > 0, it
follows that (0, —1) ¢ WF,(u). On the other hand, since u is not analytic (it
is not even C?), by Corollary V.2.15, (0, 1) € WF,(u).

ExampLE V.2.18. Let (x, 7) denote the variables in R"*", x € R" and ¢ € R".
Let ¢(1) = (¢,(2), ..., ¢, (1)) be real-analytic functions near the origin and
consider the associated tube structure generated by

a ) m ad)j 3

k= o, ., ’
o= o ox,

It was shown in [BT5] that this system is analytic hypoelliptic at 0, i.e., every
solution u of L,u =0,k=1,...,n is analytic at O if and only if, for every
& € R”, the function

1= ¢(1)- ¢

does not have a local minimum at 0. This result was proved using the FBI
transform. The authors also proved a microlocal version of this result.

https://doi.org/10.1017/cB &2 BRTIAAS BoRks Bnking G frembridas ddpivarsityress, 2009


https://doi.org/10.1017/CBO9780511543067.006

236 The FBI transform and some applications

When a distribution u is a solution of a partial differential equation with
analytic coefficients, the analyticity or microlocal analyticity of the solution
can sometimes be established by using the FBI transform. Sections V.4 and
V.5 contain results in this direction. The notes at the end of this chapter
contain several references to such applications of the FBI transform.

V.3 Microlocal smoothness

In this section we introduce the concept of the C* wave front set which
is a refined way of describing the singularities of distributions. It is well
known that a distribution u# of compact support is C® if and only if its
Fourier transform (&) decays rapidly as |£| — oo. More precisely, we recall
Paley—Wiener’s Theorem:

THEOREM V.3.1. (Theorem 7.3.1 in [H2].) A distribution u with support in
the ball {x € R™ : |x| < R} is C* if and only if u({) is entire on C" and for
each positive integer k there is C, such that

R3¢
(1+1ZD*

DEFINITION V.3.2. Let u € D'(Q), Q CR™ open, x, € Q, and £° € R™\{0}.
We say u is microlocally smooth at (x,, &) if there exists ¢ € CyF(€2),
¢ =1 near x, and a conic neighborhood I' € R™\{0} of &° such that for all
k=1,2,...and for all £ €T,

|pu(é)| <

la()] = G vieCn

G
————on .
(I+1[£D*
DEFINITION V.3.3. The C* wave front set of a distribution u denoted WF(u)
is defined by
WF(u) = {(x, &) : u is not microlocally smooth at (x, )}.

It is easy to see that a distribution u is C* if and only if WF(u) = 0.
When a distribution u is a solution of a linear partial differential equation
with smooth coefficients, its wave front set is constrained. We quote here a
basic result along this line:

THEOREM V.3.4. (Theorem 8.3.1 in [H2].) Let P =3, a,(x)D* be a
smooth linear partial differential operator on an open set Q) C R™ and suppose
u€ D'(Q). Then

WF(u) C char PUWF(Pu)
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where the characteristic set

char P = {(x, &) e AxR™M{0}: Y a,(x)E* =0
|a|=k
In particular, if Pu is smooth, then WF(u) C char P. If Pu is smooth, and P is
elliptic, then u has to be smooth. In Section V.5 we will consider an analogous
result for solutions of first-order nonlinear partial differential equations.

DEFINITION V.3.5. Let f € C*(Q), O € R"™ open, and suppose Qisa
neighborhood of Q in C™. A function f(x,y) € C“(Q) is called an almost
analytic extension off(x) if f(x,0) = f(x)Vx € Q and for each j=1, ...,

aT(x ) =0(y|") fork=1,2,...
REMARK V.3.6. Lemma V.5.1 in Section V.5 shows that each smooth function

of one real variable has an almost analytic extension. Such extensions also
exist in higher dimensions (see [GG]).

The following theorem characterizes microlocal smoothness in terms of
almost analytic extendability in certain wedges.

THEOREM V.3.7. Let u € D'(R™). Then (x,, £°) ¢ WF(u) if and only if there
exist a neighborhood V of x,, open acute cones r',....T in R™\{0}, and
almost analytic functions f; on 'V + ifg (for some 6 > 0) of tempered growth
such that u = Z_Iiv bf; near x, and .17V <0 for all j.

PROOF. Suppose (x,, £°) ¢ WF(u). Let ¢ € C*(R™), ¢ = 1 near x, such that
bu(€) decays rapidly in a conic neighborhood of &°. By the Fourier inversion
formula,

b=y [ (o) ot

where the formula is understood in the duality sense, that is, for ¢y € C°(R™),

(G =3 )m ([ e w0 dx) du(e) de.
Let Gj, 1 < j < N be open, acute cones such that
R" = LNJ ¢,

j=1

and EOG_,( has measure zero when j # k. We may assume that £° € @, and
£° ¢ C, for j > 2. This implies that we can get acute, open cones I'V,2 < j <N
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and a constant ¢ > 0 such that
£.T7<0 and y-é>cly||é|Vyel’, Ve,

For each j=2,..., N, define
1

ftin) =G J, i gu(© de
and set
1 g
40 =G [ < Pu®de

For j>2, fj is holomorphic on R” +iIV and as we saw in the proof of
Theorem V.2.9, it is of tempered growth and hence has a boundary value
bf; € D'(R™). Since (x,, £&°) ¢ WF(u), we may assume that ¢u(é) decays
rapidly in the cone C,. It is then easy to see that g, is C* on R™. By Remark
V.3.6, the function g, has an almost analytic extension f; which is smooth
on C™. It follows that u = Z;.V bf; near x, with the f;’s as asserted. For the
converse, we may assume that on some neighborhood V of x,,, u = bf where
f is almost analytic and of tempered growth on V +il’, I' is an open cone,
and £°-T < 0. Let ¢ € CF(V), ¢ =1 near x,. We have

u(§) = (u. e ) = lim [ f(xtin)e () dr.
Let ®(x, y) be an almost analytic extension of ¢(x). Fix y, € I" and let
D={x+ity,eC":xeV,0<r<1}.
Consider the m-form
fx+iy)e LD, y)dzy A+ Adg,,

where each 7, =X +iyj, 1 < j < m. By Stokes’ theorem,

™ (e GNP o
¢u(§) — /Vf(x —+ l'yo)eil(xﬂ)o)'gq;.(x’ yO) dx :g/; E_j(fq))eﬂ(xﬂ})'f

dz;Adz; A+ Adz

After contracting I' if necessary, we may assume that for some ¢ > 0, y,- & <
—c|€]| for all ¢ € T'. This latter inequality, together with the almost analyticity

of f and ®, and the tempered growth of f, imply that on D, for any integer
k >0, we can find a constant C, such that

3 L i e~ €
77 R +iyp) |7 < Gy e < ﬁ
J
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Observe also that the inequality y, - < —c|§| (€ € I') implies that the integral
[ flxtivp)e €y, yy) dx
Vv
decays rapidly in T'. It follows that (x,, £) ¢ WF(u). O

COROLLARY V.3.8. Let u € D'(R™). If (xo, &%) € WE(u), then (x,, &%) €
WF,(u).

V.4 Microlocal hypoanalyticity and the FBI transform

A hypoanalytic structure (or manifold) is an involutive structure (M, V) with
charts (U,, Z*) where the U, form an open covering of M, and the Z* =
(Z¢,...,Z%) are a complete set of first integrals on U, that are determined
on the overlaps up to a local biholomorphism of C”. A basic example
is a generic CR submanifold M of C™. A function f on a hypoanalytic
manifold is said to be hypoanalytic if in a neighborhood of each point p it
is of the form f = h(Z,,...,Z,,) for some holomorphic function % defined
in a neighborhood of (Z,(p),...,Z,,(p)) in C™. In the case of generic CR
submanifolds of C™, the hypoanalytic functions are the restrictions to M
of holomorphic functions defined in a neighborhood of M. Hypoanalytic
structures will be discussed some more in the epilogue. For more details on
hypoanalytic structures, the reader is referred to [BCT] and [T5]. In this
section we will briefly discuss the notion of the hypoanalytic wave front set.
This notion is a generalization of the concept of microlocal analyticity we
discussed in Section V.2 and the reader is referred to the work [BCT] for more
details. We begin with the concept of a wedge in CV whose edge is a generic
CR manifold. Let M be a generic CR manifold in CV of codimension d. Then
dim M =2n+d,m=n+d = N and the bundle 7/ = 7'M is generated by
the differentials of the restrictions to M of the N complex coordinates in CV.
Fix pe M and let h = (hy, ..., h,) be smooth defining functions of M in a
neighborhood U of p in CV.

DEFINITION V.4.1. For I' an open convex cone with vertex at 0 € R?, the set
WU, h,I)={zeU: h(z) eI}

is called a wedge with edge M. The wedge is said to be centered at p and
to point in the direction of T.

Observe that W(U, h, T) is an open set in CY and M N U lies in its boundary.
When M is a hypersurface, I' = (0, o0) or (—o0,0) and so a wedge with
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edge M in this case is simply a side of M. Although the definition of a
wedge involves the defining functions, the following proposition shows some
independence from the defining functions.

ProrosITION V.4.2. (Proposition 7.1.2 in [BER].) Assume that h= (h,, ..., h;)
and g = (g,, ..., 8,) are two defining functions for M near p. Then there is
a d xd real invertible matrix B such that for every U and T" as above, the
following holds: for any open convex cone T, C R? with BT, NS~ relatively
compact in T'N S (897" denotes the unit sphere in RY), there exists a
neighborhood U, of p in CN such that

WU, 1) WU, h,D).

The reader is referred to [BER] for the proof of this proposition. We mention
that if a(z) is a d x d smooth invertible matrix satisfying g = ah near p, then
the matrix B = [a(p)]~".

DErINITION V.4.3. A holomorphic function f defined on a wedge W =
W(U, h, 1) is said to be of tempered growth if there exists a constant ¢ > 0
and an integer k such that

1f(2)] = Ih( e VzeWw. (V.4)

By using a diffeomorphism that flattens M near p, it is easy to see that the

growth condition (V.4) is equivalent to

/

c
|f(2)] < W

Recall from Chapter I that for the generic M we can find complex coordinates
(Zys++vs 2y Wy, ..., w,) vanishing at p € M, z=x+iy € C", w=s+it € C¢,
and smooth real-valued functions ¢, ..., ¢, defined near (0,0) in (z,s)
space with ¢,(0) =0,d¢,(0) =0, 1 <k < d such that near 0, M is given by

pi(z,w) = (z,8) —1,=0, 1<k=d.

That is, near 0, M = {(z, s+ i¢(z,s))}. By Proposition V.4.2, there exist
€ > 0 and a convex open cone I" € R such that if

VzeW.

W ={(z,s+id(z,s)+iv):|z] <€ |s| <€ |v] <e,vel’}

then W € W(U, h, I'). The description of W’ makes it clear what a wedge
with edge M means. Observe also that a holomorphic function f(z, w) on
W' is of tempered growth if and only if it satisfies an estimate of the form

s tid(es) +iv)] = oy
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for v e I” small and (z, s) € C" x R? near (0, 0). Holomorphic functions of
tempered growth in a wedge have distributional boundary values on the edge
of the wedge. We have:

THEOREM V.4.4. (Theorem 7.2.6 in [BER].) Let f(z, w) be a holomorphic
function of tempered growth in a wedge W' as above. Then there exists a CR
distribution u = bf defined in a neighborhood of 0 in M by

(u, ) = lim /Rzm f(z, s+id(z,s) +iv)P(x, y, s)dxdyds

I'sv—0

for any smooth function  of sufficiently small compact support near the
origin in R*"4

Proor. The proof will use arguments similar to those used in the proof of
Theorem V.2.6. For /(x, y, s) smooth, supported near the origin, set

h(v) = /sz flz, s+id(z,s) +iv)P(x, y, s)dxdyds

for vel”, |v| < e. We will estimate the derivatives of 7. We have
oh %)
—() = / i—f(z, s+id(z, s)+iv)d(x,y, s)dxdyds
avj Rr2td QW ;

for each j=1,...,d. Observe that since
d 49 d
G i)+ = L i) i) (B, 5 ).

and the matrix / +i¢, is invertible near the origin, there are smooth functions
a;,(z,s) such that for each k=1, ...,d,

ﬁ(z’ s+id(z, 9)+iv) =) a;,(z, s)if(z, s+id(z, s)+iv).
8wk dsm

m=1

It follows that
2ntd dsm

d
%(v) =) / if(z, s+id(z, s) +iv)a,,(z, s)P(x, y, s)dxdyds.
J m=1 R

We can thus integrate by parts and iterate the procedure to conclude that for
some constant C > 0 and every multi-index «,

cc
[D*h(v)| = —F
vl

where C, = sup |D“y|. It then follows, as in the proof of Theorem V.2.6,
that 2(v) has a limit as I" 2 v — 0. Set (u, ) =lim,_,h(v). Note that u
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is CR since it is the distributional limit of the CR functions M > (z, s) —>
fz, s+ip(z,s)+iv). O

The reader is referred to [BER] for an invariant formulation of Theorem
V.4.4 (corollary 7.2.9 in [BERY]).

Suppose now X is a hypoanalytic structure of codimension 0. Such an X
often arises as a maximally real submanifold in a hypoanalytic structure. The
structure bundle of X is all of CT*X and since V is empty, any distribution is
a solution. Fix p € X and let Z=(Z,,...,Z,,) be a hypoanalytic chart near
p. In a neighborhood V of p in X, the map Z: V — C" is a diffeomorphism
onto Z(V). Z(V) is a generic submanifold of C” which is totally real of
maximal dimension. In what follows, we will identify V with Z(V).

DEFINITION V.4.5. A distribution u € D' (X) is microlocally hypoanalytic at

o € T;X\{0} if there exist open convex cones C,, ..., Cy in T, X satisfying
o(v) <0 YveC, (1 <j<k)andwedges W,,..., W, in C" with edge Z(V)
centered at p and pointing in the directions of I, ..., I, respectively such

that J€; C T'; and for each j, there is a holomorphic function of tempered
growth u; on W; such that u = ZIJ‘-:I bu;inV.

DEFINITION V.4.6. The hypoanalytic wave front set of u, denoted WF),,u is
defined by

WF,,u = {o € T*X\{0} : u is not microlocally hypoanalytic at o}.

The hypoanalytic wave front set for solutions in structures of positive codi-
mension is defined by restriction to a maximally real submanifold as follows
([BCTY]). Let (M, V) be a hypoanalytic structure and u a distribution solution
near p € M. Select a maximally real submanifold X through p. We recall
that the restriction u | is well-defined and by Proposition V.1.29 X inherits
a hypoanalytic structure of codimension 0. Hence the hypoanalytic wave
front set WF,,(u |4) is defined and lives in T*2X'\{0}. Since X is maximally
real, by Propositions V.1.27 and V.1.29, the inclusion i, : ¥ — M induces
an injection % : T° | y— T*M. We will say a covector o € T)\{0} is in the
hypoanalytic wave front set of u if i%.0 € WF,,,(u | ). This set will be denoted
by WF ,{f ,(u). This definition is independent of the choice of the maximally
real submanifold X' through p (see [BCT] for the proof) and thus for any
such X', we have a bijection 7} : WF,ﬁp(u) — WF,, ,(u |y), where WF,,
denotes the hypoanalytic wave front set at p.

We will next recall the FBI transform of [BCT] which gives a very useful
Fourier transform criterion for microlocal hypoanalyticity. X is a hypoanalytic
structure of codimension 0 as above. If p € X, by the results in Chapter I (see
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for example Corollary 1.10.2), we may choose local coordinates x,, ..., x

K m

for X vanishing at p so that locally, X becomes a neighborhood U of 0 in
R™ and we may assume that a hypoanalytic chart has the form

Z;=x;+id;(x), 1<j<m,
¢=(¢,,...,¢,) real-valued. For k > 0 and u € &'(U), define

F(u,2,0) = /U 62Nk @O=20F 4 (y)dZ ()

where z € C", [w]* = wl+---+w?, and for any { € C" with |I¢| < |R¢|, () =
({2 +---42)? (the principal branch of the square root).

DEFINITION V.4.7. F*(u, z, {) is called the FBI transform of u (with param-
eter K).

In [BCT] the authors characterized microlocal hypoanalyticity in terms of
an exponential decay of the FBI transform. In particular, when ¢(0) =0 and
d¢(0) = 0, they proved:

THEOREM V.4.8. There is a universal constant M > O such that if k > M
sup  3“¢(x), the following holds: for o € R™"\{0}, u € £'(U), V a neigh-
lx;ol;fhloaloidz of 0in C", T CC™\{0} a complex conic neighborhood of o, if
|F*(u, 2, )| <cie ¥, VzeV, V[el
and for some c,, ¢, > 0, then (0, o) & WF,,u.

Here U is a neighborhood of 0 in R™.

V.5 Application of the FBI transform to the C* wave front
set of solutions of nonlinear PDEs

In this section the FBI transform will be used to prove a result on the C*
wave front set of solutions of first-order nonlinear PDEs. Suppose u = u(x, 1)
is a C? solution of a nonlinear pde

u, = fx, 1w u,)

where f(x, 1, {,, {) is complex-valued, C* in all the variables, and holomor-
phic in ({,, {). Here x varies in an open set in R”, ¢ in an interval of R,
and ({,, ) in an open set in C"*!. We will present Asano’s ([A]) proof of
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Chemin’s ([Che]) result that the C* wave front set of any C? solution is
contained in the characteristic set of the linearized operator

d "9
A
It 50

We begin with some lemmas about linear vector fields:

LEmMMA V.5.1. Let
d
ot

al I d
L=—+>a(x,t,)—+>_ b(x,1,0)—
= ! ax; o ‘ e

where the coefficients a; and b, are C* in the variables (x,t) € Q xJ C
RY x R and holomorphic in the variable { € N C CM, N open. Let f(x, )
be a C* function defined on Q) x N, holomorphic in {. There exists a
C* function u(x, t, {) holomorphic in { which is an approximate solution of
Lu =0 in the sense that

Lu(x, t,{) = O(t") for k=1,2,...
and such that u(x, 0, {) = f(x, {).

ProoOF. The conditions that u has to satisfy determine the Taylor coefficients
of the formal series

u(x, t, ) = iuj(x, Ot
Jj=0

where u;(x, {) = M Set uy(x, {) = f(x, {). For each j, since we want
Lu = O(t/*"), we must have 8/~ (Lu)(x, 0, {) = 0. This then leads to

1 17TY 8up da,
D ==3 T | LR 0G0
M u db,
+1§ a_g,f(x’ Z)W(L 0, {)}

for j > 1. Note that the functions u,(x, {) are C* and holomorphic in {. Let
X € CP(R) be such that y >0, y=1in [—%, %] and supp x C [—1, 1]. Then
there exists a sequence R; > 1, R; /" 400 such that the series

(1,0 = MR Dy, 7
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is convergent in C*. It follows that u is C* in all the variables and holo-
morphic in {. Moreover, from the way the functions u; are defined, u is an
approximate solution of Lu = 0 with the property that u(x, 0, {) = f(x, (). U

In the following lemma, WF denotes the C* wave front set.
LEMMA V.5.2. Let X C R™ be open, U an open neighborhood of X x {0} in
R™, U, = UNR?!. Let

d " d
L=—+) a(x,t)—
ot g i )8x]-

be a C' vector field in U for some positive integer I. Assume f € CI(U_+)
satisfies

ILf(x, )| =0("), k=1,2,...
uniformly on compact subsets of X. Suppose there exist C' functions
Y (x,1),..., ¥, (x,1)
on U such that Z(x, t) = x + tW(x, 1) satisfies Z(x,0) = x and
LZ(x,t)=0(t"), k=1,2,...
Let a(x, t) = (a,(x, 1), ..., a,(x,1)). Assume
da(x,00=0 Vj<I, VxeX
and that
('Ia(xy,0), €% >0 for some x,€ X, &°eR™
Then (x,, &%) ¢ WF(f(x, 0).

REMARK V.5.3. If L is C*, then Lemma V.5.1 insures that the Zj exist and
the proof below will show that in this case, we only need to assume that
fec(o, 11, D'(R")).

ProOF. Without loss of generality, we may assume that x, = 0. For j =
L...,mlet M; =370 by(x, I)% be vector fields satisfying

Mz, =8, [M;, M,]=0.
Note that for each j,

(M, L] = i M, (V.5)
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where each c;; = O(t*), k=1, 2, ... Indeed, the latter can be seen by expressing
[M;, L] in terms of the basis {L, M,, ..., M,,} and applying both sides to the

m+ 1 functions {t,Z,,...,Z,}. For any C' function g, observe that the
differential
dg =) M(g)dZ, + (Lg -2 M, (8)LZI<> dr. (V.6)
k=1 k=1

This is verified by evaluating each side at the basis vector fields
{L.M,,....M,}.
Using (V.6) we get:

d(gdZ, A---AdZ,) = <Lg - ZMk(g)LZk> dtAdZ A---AdZ
k=1

(V.7)

m:*

For £ e R™, s € R", let
E(s, & x, 1) =i&- (s— Z(x, 1)) — [é][s = Z(x, )],

where for w € C™, we write [w]*=Y""", w?. Let B denote a small ball centered
at 0 in R” and ¢ € CF(B), ¢ = 1 near the origin. We will apply (V.7) to the
function

8(s, & x, 1) = $(x) flx, 1)et60
where (s, £) are parameters. We get:

m

d(gdz) = iL(qﬁﬂ +(PHLE =) (M (df) + ¢.f(MkE))LZk} efdrAdZ,
k=1
(V.8)

where dZ =dZ, A---AdZ,,. Next by Stokes’ theorem we have, for 1, > 0
small:

/B g(s, & x, 0)dx = /B g(s. & x. 1)d, Z(x, 1,) + /0 ' /B d(gdZ).  (V.9)
We will estimate the two integrals on the right in (V.9). Write
Z=(Z,....Z,) =x+1tV(x,1), and ¥ =V, +iV,.
Since the Z; are approximate solutions of L, we have
V1V +(I+1t¥)-a=0(1), k=1,2,...
and hence

¥W(x,0)=0, j<Iand (0¥, (x,0),&) <0 (V.10)
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for x in a neighborhood V of B (after shrinking B, if necessary). Observe that
RE(s, & x, 1) = t&-Wy(x, 1) — |€]((s — x — tW))* — 2 W, (x, 1)?).

Because of (V.10), continuity and homogeneity in &, we can get ¢, > 0 such
that

RE(s, &, x, 1) < —c, €], forxeV, 0<t<t, (V.11)

s € R™ and £ in a conic neighborhood T of £°. Going back to the integrals in
(V.9), we clearly have

—C
<e z\f\’

‘/Bg(s, £ x,1)d, Z(x, 1))

for some ¢, > 0, for s € R" and ¢ € I'. To estimate [;' [, d(gdZ), we use
(V.8) and look at each term that appears there. We first consider the term
L(¢f)eE. For any k,

[BLNE"] < Cure e <

Moreover, for the x-integral
[ (Lo)feraz = (0. (Lo)e")
after decreasing #,, we can get 0 > 0 such that if |s| <6 and § €T,

[(f(., 1), (Lop)ef)| < Ce <l

for some constants ¢, C > 0. In the latter, we have used the constancy of ¢
near 0. It follows that the integral

fB fo " L(beEdi ndzZ

decays rapidly in &. The term (¢ f)LEeE is estimated using the fact that for
any k, |LE| < ¢, t*|€| for some constant ¢, and that |ef| < e~1"él This shows
that

/B /Otl (¢ f)LEedr AdZ

decays rapidly in &. The integrals of the terms ¢ f(M, E)LZ,e" and (M, (¢ f))
LZe" are estimated in the same fashion. Thus

[ [ deaz)
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has a rapid decay in &, and going back to (V.9), we have shown:
F(s. €)= [ #0971 () fx, 0)dx (V.12)
B

decays rapidly for |s| < & in R™ and £ in a conic neighborhood I of £°. The
function F{(s, &) is the standard FBI transform of the distribution ¢(x) f(x, 0).
To conclude the proof, we will exploit the inversion formula for the FBI,
namely,

$(x)f(x.0)= lim ¢, f / el el B(5 ¢)[¢]Fdsdé (V.13)

where c,, is a dimensional constant. Assume now that ¢(x) is supported in the
ball centered at the origin with radius M. We will study the inversion integral
in (V.13) by writing it as a sum of three pieces: I, (€), I,(€), and I;(€). The
first piece consists of integration over the region {(&,s) : |s| > 2M}. In the
second piece we integrate over {(,s) : 6 < |s| < 2M}, and in the third piece
over {(&, s) : |s| < &}. For the integral I, (€), after integrating in s, one gets an
exponential decay in ¢ independent of €, and hence lim,_ : /,(€) is in fact a
holomorphic function near the origin in C™”. To study the second piece, we
write it as
b =c, [ eI b (y) £y, 0)]€]F dydsdé.
{(3.€.9):0<]s|<2M}

We will use the holomorphic function (£) = ({2 +---+{2)* where we take
the principal branch of the square root in the region |J{| < |N{|. Observe
that this function is a holomorphic extension of |£| away from the origin. In
the ¢ integration above, we can deform the contour to the image of

{(§) =E+iBlEl(x—)

where S is chosen sufficiently small. In particular, we choose 8 so that when
x varies near the origin and y stays in the support of ¢, then |JZ(€)| < |NL(E)],
away from & = 0. In the integrand of I,(e), if |x| < g, we get an exponential
decay independent of €. It follows that this piece is also holomorphic near
the origin in C™ after setting € = 0. Finally, for the third piece, let I}, ..., T,

n
be convex cones such that with I, =T,
n
R" =T
Jj=0

and for each j > 1 there exists a vector v; satisfying v, F] >0and v;- & <0.
We now write

1() = Y K (@),
Jj=0
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where K; equals the integral over I';. The decay in the FBI established in
(V.12) shows us that K, is a smooth function even after setting € = 0. Each
of the remaining functions K, after setting € = 0, is a boundary value of a
tempered holomorphic function in a wedge whose inner product with & is
negative. Hence

(0, &%) & WF,(K;(04)),

where WF, denotes the analytic wave front set. By Corollary V.3.8, the latter
implies that

(0,£°) & WF(K;(0+)).

We have thus proved that
(0, €°) & WF(f(x,0)).

Consider now the vector field
I & d
L=— (X, 1) —
ot +Z:a](x )8x-
= j
where the a; are C ' on an open set Q& C R” x R,. To L we associate vector
fields
d .
L= — —e L
ds

where s € R is a new variable and 6 € [0, 27) is a parameter. Suppose that
for each 0 € [0, 277) there exist C' functions

‘I’F(x, ) IR ‘I’Z(x, t,s)
defined on Q) x J (J C R is an open interval centered at the origin) such that
0 _ 6 P
Zj(x, t,s) =Xx;+sY; (x,t,8), j=1,....,m

are approximate solutions of LZY = 0 in the sense that L°Z{ are s-flat at s =

0. Define also W/ (x,7,s) = e and Z%_,(x,1,5) =t +e s and note that

L'Z,, = 0.1 we write W' = (WY, ..., W, ) and Z° = (Z], ..., Z;,,,), then
~%a(0,0 (0,0
Zf(ov Oa O) = \PG(O, O, O) = — (e Cl(A )> — el(i( ( )>

e~if -1

and

sin 0

(f) 399(0,0,0) = (f) _ (Mf(o, 0) cos § — (0, 0) sin 0)

=¢&-3W(0,0)cos O+ (17— &-RNW(0,0)) sin 6.
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So the condition
<§> -3W¥9(0,0,0) #£0
T

for some 6 € [0, 27r) is equivalent to saying that (0,0, &, 7) is not in the
characteristic set of L. Suppose now h(x, t) is a C! function with the following
property: there exist C' functions h%(x, t, s) such that 2%(x, t, 0) = h(x, t) and
LK% is s-flat at s = 0. If (0, 0, €9, 7°) is not in the characteristic set of L, we
know that there is 6 € [0, 27r) such that

50
(70> -3W¥9(0,0,0) #0.

By replacing 6 by 6+ 7 or 6 — 7 if necessary, we may assume that

&
( )-3\?9(0,0,0) <0
T

0

and we can apply what we saw in the proof of Lemma V.5.2 to an FBI in
(x, 1)-space to conclude the following: there exist a conic neighborhood I' of
(€%, 79) in R"™*1\{0} and a neighborhood O of the origin in R™*! such that

FR*(0;x',1', €, 7)

- eE =047 DI IEDIW 4 =PI b (4 0)dxd
BxJ

=Fh(x', 1, &, 7)
is rapidly decreasing for (£, 7) € I" and (X', ¢') € O. We have thus proved:

LEMMA V.5.4. For each 6 € [0,2m) let L’ = & —e "L and suppose there
exist W/, ..., W € C'(Q xJ) such that Z° = (x,t) + sV (x,1,5) is an
approximate solution of L°Z% =0 in the sense that L°Z? is s-flat at s = 0.
Suppose moreover that there exist h’ € C'(Q x J) such that h’(x,t,0) =

h(x, t) and L°nh° is s-flat at s = 0. Then
WF(h) |,C (charL) |, .

The preceding linear results will next be applied to a nonlinear equation.
Let Q C R™*! be a neighborhood of the origin and suppose u € C2({) is a
solution of

u, = f(x, t,u,u,) (V.14)

where f(x, 1, {,, {) is a C* function in the variables (x, ) € ) and holomor-
phic in the variables

() eNCCTxCY, (a,w)=u(0,0),u/ (0,0))eN.
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Consider

_0 (U 7
- 8[ =i <8§ )( X, ’{0’ g) (VIS)

and
m a a
-3 (—f> (e, t,u,u,)—.
paNe dx;
Let v = (u, u,). It is easy to check that v solves the quasi-linear system

L'v = g(x, t,v) (V.16)

where

g(x, 1,8, ) = f(x, 1,4y, §) — Zgj (X 1, 4o, )

a;

and
8i(x, 1,40, ) = [, (x, 1, 5. §) — ( (XIGVO’GV) i=1,....,m.

Consider now the principal part of the holomorphic Hamiltonian of (V.16)
H=L+ go ot Z g,

For W(x, 1, {,, {) a C* function in (x, t, {, {,) and holomorphic in the vari-
ables ({;, {) € IV, set W (x, 1) = W(x, t, v(x, ) and let L7 denote the vector
field in € obtained by plugging p(x, r) for ({, {,) in the coefficients of L.
Note that £ = L". Equation (V.16) implies that

LUV = (HD)’

where W(x, 1, {,, {) is any C* function in (x,7) € ) and holomorphic in
(o) eN.Let Zy(x,1,{y,{), j=1,....,m,and B, (x,1,{,, {), k=0,...,m
be t-flat solutions of HW =0 such that Z;(x,0,{y,{) =x;,j=1,...,m,
and Z,(x,0,40.0) = (. k=0,....m. Let Z(z,1, 4y, {) and E(z. 1, 4. 0),
z=x+1iy € R"@®IiR"™ be almost analytic extensions of Z(x,1, {,,{) and
B(x, t, {,, {) respectively, i.e., Z(x, t, - 0) = Z(x, 1,4y, 0), é(x, t, 4y, ) =
B(x, t,{y, {) and for all k € N there exists C, > 0 such that for j=1,...,m
we have

<G |5z

‘_Z(Z 1, 8os )
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and

J =
‘ = ‘:(Z3 t9 509 é) Sck |%Z|k,
9z

J

Since the Jacobian
IRZ,3Z, RE, IE)
0Nz, Iz, Ny, Iy, N, )

is nonsingular near r = 0, we may solve
Z(Z7 t’ gO’ g)
64,0 =

with respect to (z, ¢y, {) in a neighborhood of (0, a, ) by the implicit function
theorem and get

27
—_
=

{z = P(Z, t, = s
(b0: ) =0(Z,1,E)
with P(0,0, a, w) =0 and Q(0,0, a, w) = (a, w). We get

{Z(P(Z,t,é),t,Q(Z,t,é)) =
E(P(Z,1,5),1,0(Z,1,5)) =

and differentiating with respect to Z we obtain

AZ,E)
a( 50 ’ g)

(Q)

S (P(Z.1,5),1,0(Z. 1, 5)) (Z,1,E)

NZ,E)
+—a(z, o (P(Z.1.5).1,Q(Z.1,5))

If A(z,t, {,, {) denotes a generic entry of the matrix

P, )(Z 1E)=
9z
/2. E)
0z 40, 0)
then |A(z, 1, &y, {)| < C; |Jz|* for all k. It follows that for each k

s ta ZO’ Z)’

99,

Z;

=Z,1,5)| < C;

IP(Z, t,H)‘ Vi=1,...,m

and Q, is holomorphic in (¢, ). Now consider

\P(Zv t’ goa g) = QO(Z(Zv ta ZO’ g)’ 0’ é(Z, t» 50» {:))
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and observe that
P(x,0) = W(x,0,u(x,0),u.(x,0))
= 0,(Z(x,0, u(x,0), u,(x,0)),0,Z(x,0, u(x, 0), u,(x, 0)))
= u(x,0).

Observe that HZ(x, t, ¢y, ) and Hé(x, t, ¢y, {) are t-flat at r = 0. We will
next show that

HV = Z(——HZ+£&HZ>+Z<——E%+££H )
j iZ; k=0 \ 05 =
is t-flat. Note that
P(x,0,4y,8) = P(Z(x,0,&. )0, ?(x, 0, . 9)
P(Z(X, 0’ gO’ g)’ 07 E(x’ 0’ ZO’ g))

= X.

This implies that for some C > 0,
SP(Z(,X, t’ gO’ g)’ 07 é(x’ t’ gO’ g)) S C|t|

Hence %(Z(x, t, ¢y, 0), 0, é(x, t, &y, {)) is t-flat at r = 0, which in turn
implies that for all k € N, there exists C; > 0 such that
(HW) (1, 6, Ol < C{ 1l

Hence L"W"' = L'WY = (HW)" is t-flat at t = 0, and so we have found
h(x, t) = W'(x, r) such that L"h is t-flat at =0 and h(x, 0) = u(x, 0). Now
u(x, t) is also a solution of the equation

s — e_m(ut _f(x’ I, u, MX))

which is of the same kind as (V.14), and the associated vector field £? as in
(V.15) is given by

u

d .
L=——eL
ds
with £ as before. Note that
v 0 ) | )
(£ = ——e L= ——e L = (L"),
ds ds

It follows that there exists a C' function h%(x, ¢, s) such that

d .
(Lu)G' h(? — <a_ _616L14> h@
A
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is s-flat at s =0 and h%(x, t, 0) = u(x, t). We apply Lemma V.5.4 and conclude
that WF(u) |,C char L" |,. By translation we may apply the same argument
to all points of ) and state

THEOREM V.5.5. Let u € C*(Q) be a solution of (V.14). Then the C* wave
front set of u is contained in the characteristic set of the linearized oper-
ator L".

V.6 Applications to edge-of-the-wedge theory

Consider now a hypoanalytic structure (M, V), dim M = N, fiber dimension
of V=mnand m= N —n. If N is a strongly noncharacteristic submanifold of
M, then Proposition V.1.28 shows that 1V induces a hypoanalytic structure on
N by taking as the structure bundle in N the image of 7’ under the natural
map

CT*M|, — CT*N.

The associated bundle of vector fields will be denoted by VN and we have
VPN =VNCTN. Note that for any p € N,dimCVpN =dimN — m. For
p € N define

VV={LeV,:RLeT,N}.

LEMMA V.6.1. V¥ is a real sub-bundle of V|, of rank n+ dim N —m.
The map I which takes the imaginary part induces an isomorphism between
VN /VN and TM |, /TN.

PrOOF. Let p € N. The map I : V) — T,M induces a map J: V)Y —
T,M/T,N. This latter map is surjective. Indeed, given v € T,M, since
N is strongly noncharacteristic, we can find L € ¥, and w € CT,N such
that iv = L 4+ w. Taking real and imaginary parts, we see that L € Vlf" and
v =L+ Jw as desired. Since the kernel of the map 3 : V.Y — T, M /T, N
is VPN , we get an isomorphism as asserted in the lemma. Hence, dim V[f“ =
dim7,M —dim 7,V + dim; V,N' = n+ dim N —m for any p € N. O

DEFINITION V.6.2. Let E be a submanifold of M, dim M =r+s, dimE =r.
We say a subset W is a wedge in M at p € E with edge E if the following
holds: there exists a diffeomorphism ¢ of a neighborhood V of 0 in R onto
a neighborhood U of p in M with ¢(0) = p and a set Bx 1" C V with B a
ball centered at 0 € R" and T" a truncated open convex cone in R® with vertex
at 0 such that (BxI') =W and ¢(Bx {0}) =ENU.
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If E,M,W and p € E are as in the previous definition, the direction wedge
[,(W) S T,(M) is defined as the interior of

{c'(0) ] ¢:]0,1] = M smooth, c¢(0) =p, c(r)eW Vi>0}.

If ¢ is as in Definition V.6.2, ') (W) = {de(R" x {Av|ve ', A > 0})}. Note
that I',(W) is a linear wedge in 7, with edge equal to T,E. Set
row= U r,mw).
pEENU

Suppose now N is a strongly noncharacteristic submanifold of M and W
is a wedge in M with edge V. Let u € D'(W) be a solution of V and let
f € D(N). In a neighborhood of p € N we may choose coordinates (x, y)
vanishing at p such that y = 0 defines NV locally and W has the form B x I'
with B a ball centered at 0 in x-space and I" a truncated cone in y-space with
vertex at 0. Since u is a solution and NV is noncharacteristic, by proposition
1.4.3 in [T5], u(x, y) is a smooth function of y € I" valued in 2'(B). We say
f is the boundary value of u and write bu = f if I' > y —~ u(., y) extends
continuously to I'U {0} with u(.,0) = f, and that this is true for any p € V.
In this case, since VN =V NCTN, it is readily seen that f is a solution of
VN, i.e., of the induced structure on N. If the codimension of NV is 1, then
a wedge W with edge N is simply a side of NV and distribution solutions
in W in this case with boundary values in N were studied in [T5]. We
continue to assume that W is a wedge in M with edge N which is strongly
noncharacteristic. For p € N, define

W) ={LeV):3SLel, (W)},
and
IT(W)={RL:LeT,(W)}.

FpT(W) is an open cone in RV, M NT,N. To see this, fix p € N and let
{Ly,...,L;} be an R-basis for V,N' and complete this to an R-basis

{L,....L,V,....,V,}
of Vlf“ . Observe that RV, M NT,N is spanned by
NRL,, ..., RL, NV, ..., NV,.

Note also that I',(W) is a linear wedge in 7, and hence is translation
invariant by elements of 7,N'. Therefore

! k k
IT(W)={ Y aRL+ Y bRV, a, € R, b, € R, Y bV, €T, (W) | .
1 1 1
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This description shows that I‘pT (W) is an open cone in RV, M NT,N.

LEMMA V.6.3. Let (M, V) be a CR structure, p € M and v € T,M. Then
there is a maximally real submanifold X' € M with p € X and ve T, X.

ProoOF. Recall from Chapter I that there are local coordinates

(Xys ey Xys Vi eevs Vs St e evsSg)

vanishing at p and smooth, real-valued ¢, ..., ¢, defined near the origin such
that the differentials of

Z].:xj—‘,—iyj, j=1,...,m

we =8 +Hig(x,y,9),  k=1,....d
span 7" in a neighborhood of the origin, ¢(0) =0 and d¢(0) = 0. Let

d

v= Z 45— + Z k5" +Y ¢ ai

=1 Yeook=1 98
be a real tangent vector at the origin, v # 0. If a; =0 = b, for all j, we can
take X = {(x,y,s):y=0}. Otherwise, assume without loss of generality
that a, +ib, # 0. Consider the subspace S of the tangent space at the origin
generated by the n + d linearly independent vectors v, -~ a s %, . f
Let ¥ be a submanifold of dimension m =n+d through the origin so that
T,X = S (can take X to be a linear space). We claim that X is maximally
real near the origin. To see this, suppose a one-form 6 =", A;dz;(0) +

>¢ | B.ds, is orthogonal to T,X. Then

d
0,—) =0 Yj
< 3sj> /

and so B;= 0 Vj. Moreover, since <t9, dix]> =0 VI>2, we get Aj =0 for
J = 2. Finally, note that 0 = (0, v) = A,(a, +ib,) and so since a, + ib, #
0, A; = 0 showing that § = 0. Hence XX is maximally real near 0. O

We observe that Lemma V.6.3 is not valid for a general hypoanalytic
structure (M, V) which has a section L in V such that at a point p€ V, L,
is a real vector field.

Recall next Marson’s technique of locally embedding a hypoanalytic struc-
ture into a generic CR manifold ([Ma]). Suppose (M, V) is a hypoanalytic
structure with the integers m and n having their usual meaning. Let d =

dim 7 for some p € M. Choose a coordinate system (X, ..., X, i, -5 V,)
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vanishing at p and smooth, real-valued functions ¢,, ..., ¢, defined in a
neighborhood U of the origin and satisfying

¢, (0) =0, d¢,(0)=0 Vk=1,...,d
such that 7’ over U is spanned by the differentials of
z; =x;+ 10y, j=1,...,v;
Zpk = Xppi TP (x, 3, 5), k=1,....d.
Let U' = U x R""" and suppose (x,,,;, ..., X,,,_,) are the coordinates for
R""". Define

Lk =X+ Vg, fork=1,...,n—w.

Let 1’ be the sub-bundle of CTU’ that is orthogonal to the bundle generated
by dzy,...,dz It is easy to see that (U’,V’) is a CR structure and for
any LeV,,

m+n—v*

J "
— € ‘e
ox 4

mAl

L'=L—i} (Ly,.)
=1

Here for p € U, we write p’ € U’ to be any point of the form p’ = (p, x).
Moreover, the preceding association L — L' is an isomorphism of V, onto
V,. In particular, any solution of V is also a solution of V" depending on
fewer variables. Characteristic covectors o € T;’U embed into characteristic
covectors (0, 0) € Ty U’ for any p' = (p, x). If V is a strongly noncharacter-
istic submanifold of U, then N' = N x R*™" is a strongly noncharacteristic
submanifold of U’ and if p € NV and p’ = (p, x) € N, we have:

N /. N
vy ={L':LeV,}

where L’ is determined by L as above. If W is a wedge with edge NV in U,
then W =W x R"™" is a wedge in U’ with edge N’ and

V(W) ={L:Lel] (W)}

Finally, if u € D'(N), it may be viewed as a distribution in N and it is easy
to see that

WFEY

ha, p

(1) x {0} € WEY' (u).

ha, p

We are now ready to present an application of the FBI transform to the
hypoanalytic wave front set of a distribution u on a strongly noncharacteristic
N which extends to a solution in a wedge. The result is due to Eastwood and
Graham ([EG1)).
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THEOREM V.6.4. ([EG1]) Let (M,V) be a hypoanalytic structure, N a
strongly noncharacteristic submanifold, and let W be a wedge in M with
edge . Suppose [ € D'(N) is the boundary value of a solution of V on W.
Then WF,,(f) CTT(W)° = the polar of TT(W) in the duality between TN
and T*N.

ProOOF. Let p € N and o € T;N/{0} satisfy o ¢ I') (W)". If we embed M
near p into a CR structure as in the preceding discussion, then ¢’ = (o, 0) ¢
(I5(W"))°, and so because of the relation between WF;Y (f) and WE.Y' (/).
it suffices to prove the theorem under the assumption that (M, V) is CR. Since
o g I7(W)°, there is L € I') (W) such that (o, RL) < 0. By Lemma V.6.3,
there is a maximally real submanifold X' € N with p € X and L € T,X
(note that the induced structure on NV is CR). Since X is maximally real and
L#0, JL¢ T[,x . Choose a submanifold ¥ of M such that X' € Y, and
T,Y is spanned by T,X and JL. Thus X is a hypersurface in J. Since X
is maximally real, ¥ inherits a hypoanalytic structure of codimension 1 from
(M, V). This induced structure on ¥ is CR near p, is generated by L at p,
and XX is a maximally real submanifold of §¥. We may assume that near p, X
divides Y into two components YT, Y~ where Y7 is the side toward which
SL points. Since L € I,(W), ¥* CW near p. ¥* may be regarded as a
wedge in ¥ with edge XX. If F is the solution in W with bF = f on N, then F
restricts to YT (since YT is noncharacteristic) and this restriction is a solution
for the structure on Y. Moreover, this restriction has a boundary value equal
to f |y. To prove the theorem, we have to show that it.o ¢ WF,, ,(f [1).
Note that we also have (i%.0, NL) < 0. Choose local coordinates x, ..., x,,,
on Y vanishing at p so that in these coordinates X is given by r = 0 and
L=A+i% where A=Y Aj%_ is a real vector field. We therefore need to
show that if o € T;yR™ and (A, o) <0, then o ¢ WF,,bf. This will follow
from Theorem V.6.9. O

COROLLARY V.6.5. Suppose X C M is a maximally real submanifold, p € X,
and let W* and W~ be wedges in M with edge X such that I'),(W") =
=L, (W™). If f € D'(X) is the boundary value of a solution of V on W* and
also the boundary value of a solution of V on W=, then WE,, ,(f) C it T)M.

Proor. By Theorem V.6.4,
WF,, () ST (WH’NLI (W)’

Note that since T,(W*) = —T,(W"), T} (W*) = —I'/ (W"~). Hence if 0 €
CIWHNEI(W)°, then (o, v) = 0 for every v e I} (W*). Since I'] (W)
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is an open cone in .‘T{Vp N TpLL’ , it follows that o € (.‘RVP N TPLL’ )L. Therefore
the corollary follows from the fact that

T = (WV,NT,2X)". 0

COROLLARY V.6.6. (Theorem V.3.1 in [BCT].) If f is defined in a full
neighborhood of p and p € N is strongly noncharacteristic, then

WEY

ha, p

fCiT)M.

CoROLLARY V.6.7. (The edge-of-the-wedge theorem.) If the structure V on
M is an elliptic structure and f is the boundary value of solutions in two
wedges W, W~ with edge a maximally real X as in Corollary V.6.5, then
f extends to a hypoanalytic function in a full neighborhood of p in M.

Corollary V.6.7 is a generalization of the classical edge-of-the-wedge theorem
of several complex variables. The example of the structure in the plane
generated by % for which the x-axis is maximally real shows that the corollary
may not be valid when the structure is not elliptic.

REMARK V.6.8. Notice that in general i, 79 M C I'7(W)°.

We will next present a result on the hypoanalytic wave front set of the trace
of a solution when the vector field in question is locally integrable.

We consider a smooth vector field L = X 4 iY where X and Y are real
vector fields defined in a neighborhood U of the origin. Let 2, be an embedded
hypersurface through the origin in U dividing the set U into two regions, U™
and U~, where U™ denotes the region toward which X is pointing. We assume
that L is noncharacteristic on 2, which means (after multiplying L by i if
necessary) that X is noncharacteristic. Our considerations will be local and
so after an appropriate choice of local coordinates (x, f) and multiplication of
L by a nonvanishing factor, the vector field is given by

d i d
L—E—l—;aj(x, t)gj (V.17)
and 3 and U™ are given by r =0 and ¢ > 0 respectively. We will need to
consider the integral curve (—e, €) 2 s — y(s) of X that passes through the
origin, i.e., ¥y (s) = X o y(s), y(0) = 0. It is clear that for small € > 0 and
|s| <€, y(s) € UT ifand only if s > 0, so y(—e¢, €)NUT = y(0, €). To simplify
the notation we will simply write y* to denote (0, €).
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THEOREM V.6.9. Let L = (% +2a;(x, t)% be locally integrable. Suppose
f e D(U,) has a boundary value at t =0 and
Lf(x,1)=0, (x,n)eU".

Assume that there is a sequence p, € y*, p, — 0 such that for each k =
1,2,..., X(p,) and Y(p,) are linearly independent. Then there exists a unit
vector v such that

EeR', v-&>0=(0,&) ¢ WF,,(bf).

In particular, the hypoanalytic wave front set of bf at the origin is contained
in a closed half-space.

Proor. Let Z,,...,Z, be a complete set of smooth first integrals of L near
the origin in U and choose new local coordinates (x, 7) in which the Z;’s may
be written as

Zi(x,t) =x;+iP;(x, 1), k=1,...,m,
with (0,0) =0, ®,0,0) =0, and ®,,.(0,0) =0. For j=1,...,m let
M; =300 by(x, t)% be vector fields satisfying
Mz, =8,  [M;,M]=0.
It is readily checked that for each j=1,...,m,
(M;, L] =0. (V.18)

For any C' function g, the differential may be expressed as

m

dg=Lgdt+> M,gdZ,. (V.19)

k=1

Using (V.19) we get:

d(gdZ, A---AdZ,)=Lgdt AdZ, A---ANdZ (V.20)

m*

For { e C",z € C™, let
E(Z’ g’ X, t) = l{ (Z—Z(X, t)) —K<§>[Z—Z(X, t)]z'

Let B denote a small ball centered at 0 of radius r in R” and ¢ € C°(B),
¢ =1 for |x| < r/2, the precise value of r as well as the value of the positive
parameter k in the definition of E will be determined later. We will apply
(V.20) to the function

8(z. &, x. 1) = () fx, et Er0
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where (z, {) are parameters. We get:

d(gdZ) = fLpeEdt ndZ, (V.21)
where dZ =dZ, A---AdZ,,. Next by Stokes’ theorem we have, for #;, > 0
small:
i
[ 865,004, 2(x.0) = [ gz &x1)d 20 1)+ [ [ d(gd).
B B 0 B

(V.22)
We will estimate the two integrals on the right in (V.22) and our aim is to
show that for z close to the origin in complex space, both decay exponentially
as { — oo in a conic neighborhood of £°. Write

Z=Z,,....Z,)=x+i®(x,1), P=(P,...,D,).
Observe that, assuming without loss of generality that |£°| =1,
RE(0, &, x, ) = O(x, 1) - & — k(|x|* = |D(x, H)[?).

Our main task will be to determine convenient values of ¢,, k and r such that
for some y > 0

(i) ME(0, &° x, 1)) < —v for |x| < r;
(i) ME(, &% x, 1) < —yforO0<t<t and r/2 < |x|<r.

In order to find the vector v mentioned in the statement of the theorem we
will need

LEMMA V.6.10. There exists a sequence t, \ 0 such that

(1) (0, 1,) #0;

(2) [®0, )] = [P0, 1) | for 0 <t < 13;
(3) lim (0, £)/|P(0, £,)] = —v.

We will postpone the proof of Lemma V.6.10 and continue our reasoning
with v given by (3) in Lemma V.6.10. The assumptions on & allow us to
write

D(x, 1) = D0, 1)+ e(x, 1), le(x, £)| < Alxt|+ B|x|* (V.23)

for some positive constants A and B. Suppose first ®,(0, 0) # 0, which is
the case that is needed for Theorem V.6.4. Then there is A < 0 such that
®,(0,0) = Av. Since ®(0,0) =0 and ® (0,0) =0, we can write

O(x,1)-& = @,(0,0)- & +0(|x]” +1°)
= W-E+0(x]* +1).
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Hence given k > 0, we can find 7, r and y > 0 such that (i) and (ii) above hold.
We may therefore assume that ®,(0, 0) = 0 and so the quotient |®(0, 1)|/1> <
C for (0,17) € U*. We have ®(0, 7,) +|P(0, 7,)| v=0(]P(0, 1,)|). We recall
that by hypothesis &°-v > 0. Hence,

(0, 1,) - £ = —|P(0, 1,)] v- £ +0(| (0, £,)])
< =[®(0, 1) v-£"/2 = —c| (0, 1,)],

for ¢, small and 0 < ¢ < 1. We now take r = a|P(0, #,)|/1,, with @ and 1,
small to be chosen later. Hence, for |x| < r and 0 < < f,, we can choose «
small enough (depending on A, B and C but not on 7,) so that

t @0, ¢
e, )1 = a0, 1)) -+ e PO jag, 1
k i (V.24)
_ 001
- 2

This implies that on the support of ¢(x) we have
¢
—(1+0)[®(0, 1) = P(x, 1) - & < —5|®0. 5)].

Let k = €/|®(0, #,)|]. A consequence of (V.23), (V.24) and the fact that
| D0, 1) <[P0, ¢t,)| for0 <t <t is
|P(x, )] = (14 0)[P(0, 1,)],
|D(x, 1)|* < (14¢)*|DP(0, 1,)|%, (V.25)
K| D(x, 1) < €(14¢)*| (0, 7,)]
for x in the support of ¢(x) and 0 < ¢ < t,. Choosing € = ¢/4(1 +¢)?* (thus,
independent of t,), we get, on the support of ¢(x),
c
D(x, 1) & + k| D(x, 1) P < —5|®0. 1] +e(l +¢)’|2(0, 1,))|
¢
< 210,14

which leads to an exponential decay in the first integral on the right of (V.22)
for z complex near 0 and { in a complex conic neighborhood of £°, as soon
as we replace f; by t,. For the second integral, note that for 0 < r <, and
x in the support of ¢, we may invoke again (V.25) to estimate the size of
|®(x, )| and k|D(x, £)|* which gives, in view of the previous choice of e,

| DCx, )] + k| P(x, ) < (140)[ D0, 1,)| + ;iI@(O» 1)l = (1+20)|P(0, 1)
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while on the support of L, |x| > r/2 = a|®(0, t,)|/2t, so
2
el = <2001
4t
and
2

050+ € =l =003, 0P) = (1420 - ) [0,

k

Hence, if 7, is chosen sufficiently small, we also get exponential decay for
the second integral on the right-hand side of (V.22) with ¢, replaced by f,.
We have thus shown that the function

F(z,0) = [ #C40(x) f(x, 0)d Z(x, 0)
B
satisfies an exponential decay of the form
|F(z, §)| < Ce "4

for z near 0 in C" and ¢ in a complex conic neighborhood of £° in C™. In
particular, since Z(0,0) = 0 and d,®(0, 0) = 0, by Theorem V.4.8, (0, £°) ¢
WF,,.(bf).

We now return to the proof of Lemma V.6.10; it is here that we use
the fact that X and Y are linearly independent on a sequence p, € y" that
approaches the origin. We will show that ®(0, t) cannot vanish identically
on any interval (0, €'). Letus write L=9,+a-0,, Z=x+iP, Z, =1+i'D,
and recall that '®, has small norm for (x, ) close to 0. Now LZ = 0 leads to
a=—i(I+i'®,)~' ®, If ®(0, f) vanishes identically on [0, € ] we will have,
for those values of ¢, that ®,(0, 1) =0, a(0, r) =0, and Y(0, 1) = Ja(0, 1) =0.
Furthermore, X(0, ) = d, for 0 < t < €, showing that y(s) = (0, ..., 0, s) for
0 < s < €. Thus, X(y(s)) and Y(7y(s)) are linearly dependent for 0 < s < €', a
contradiction. Therefore, there exists a sequence s, N\, 0 such that |D(0, s,)| >
0 and since ®(0,0) = 0 there is another sequence #, N\ O satisfying (1) and
(2), which in turn possesses a subsequence that satisfies (1), (2), and (3). O

V.7 Application to the F. and M. Riesz theorem

The classical F. and M. Riesz theorem states that a complex measure w
defined on the boundary T of the unit disk A all of whose negative Fourier
coefficients vanish, i.e.,

ak) = /h exp(—ikf)du(0) =0,  k=—1,-2,..., (V.26)
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is absolutely continuous with respect to Lebesgue measure df.

Observe that condition (V.26) is equivalent to the existence of a holomor-
phic function f(z) defined on A whose weak boundary value is w. In other
words, the theorem asserts that if a holomorphic function f on A has a weak
boundary value bf that is a measure, then in fact bf € L'(T).

The F. and M. Riesz theorem has inspired an extensive generalization in
two different directions: (i) generalized analytic function algebras, which has
as a starting point the fact that (V.26) means that p is orthogonal to the
algebra of continuous functions f on T that extend holomorphically to F' on
A with F(0) = 0; (ii) ordered groups, which emphasizes instead the role of
the group structure of T in the classical result. We will next briefly describe
these two directions.

Let A denote the algebra of continuous functions f on T which have
a holomorphic extension F into A. The map f +—— F(0) is a continuous
homomorphism ¢ of A and so there is a set M, of measures on T each of
which represents ¢. In this case, it is clear that the normalized Lebesgue
measure df is the unique element of M,,. The kernel of ¢ is the closure of the
linear span A, of exp(inf), n > 0. Hence the condition g(n) =0 forall n <0
is equivalent to u € Ay. Such a u decomposes as u = u, + u,, where p,
(resp. u,) is absolutely continuous (resp. singular) with respect to d#, that is,
with respect to every measure in M,,. The classical F. and M. Riesz theorem
consists of two parts: u € Ay = u, € Ay and u, € Ay = pu, =0.

For function algebras A on compact Hausdorff spaces X other than T, one
looks at continuous homomorphisms ¢ of A and their sets of representing
measures M. It is known that any measure w on X can be decomposed as
=, + p,, with w, (resp. u,) absolutely continuous (resp. singular) with
respect to every measure in M. Under a variety of hypotheses on A or M,
the implication u € Aj = u, € Ay has been proved and this kind of result
turns out to be a crucial ingredient in the theory of generalized analyticity in
the algebra A. For more details on this, we mention the book [BK] by Klaus
Barbey and Heinz Konig.

In the second direction of generalization, one starts with a locally compact
abelian group G. Its dual group é, written additively, is assumed to contain
an order, that is, a semigroup P which satisfies PU—P = G. Denote by M(E)
the convolution algebra of complex Borel measures on G whose Fourier
transforms vanish on the subset E of G. Each measure M decomposes as
M, + m, with respect to Haar measure on G. In this set-up, the implication
® € M(P) = u, € M(P) has been proved. Under some conditions on G and
P, the implication u € M(P) = u, = 0 has also been proved. There are also
results for compact groups (see [K1] and [K2]).
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Thus, although absolute continuity with respect to Lebesgue measure is a
local property, the generalizations mentioned above involve global objects:
function algebras and groups.

In the paper [B], Brummelhuis used microlocal analysis to prove general-
izations of a local version of the theorem of F. and M. Riesz. Among other
things, in [B] it is shown that if a CR measure on a hypersurface of C" is
the boundary value of a holomorphic function defined on a side, then it is
absolutely continuous with respect to Lebesgue measure. It is easy to use his
methods to get a similar result for CR measures on CR submanifolds of any
codimension whenever the measure is the boundary value of a holomorphic
function defined in a wedge. Another proof of this result was given by Rosay
in [Ro]. There are also results when the edge of the wedge has lower regularity
([CR2] and [BHS8]). Another way of stating the F. and M. Riesz theorem is
to say that if a holomorphic function f(z) defined on a smoothly bounded
domain D of the complex plane has tempered growth at the boundary and its
weak boundary value is a measure, then the measure is absolutely continuous
with respect to Lebesgue measure.

If we regard holomorphic functions as solutions of the homogeneous equa-
tion df =0, it is natural to ask for which complex vector fields L it is possible
to draw the same conclusion for solutions of the equation Lf = 0. We will
present here an extension of the F. and M. Riesz theorem to all locally inte-
grable, smooth complex vector fields in the plane for smooth domains at the
noncharacteristic part of the boundary. We recall that a nowhere vanishing
smooth vector field

L= a(x.y) -+ b{x. )
ox dy
is said to be locally integrable in an open set () if each p € () is contained
in a neighborhood which admits a smooth function Z with the properties that
LZ = 0 and the differential dZ # 0.

THEOREM V.7.1. Suppose L = %—i— a(x, t)% is smooth in a neighborhood U
of the origin in the plane. Let U, = UNRZ, and suppose f € C(U,) satisfies
Lf =0in U, and for some integer N,

lf(x,|=0@0")  ast— 0"

Assume that L is locally integrable in U. If the trace bf = f(x,0) is a
measure, then it is absolutely continuous with respect to Lebesgue measure.

The existence of the trace bf = f(x,0) under the assumptions on f follows
from theorem 1.1 in [BH1]. In his work [B], the author gives a microlocal
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criterion for the absolute continuity of a measure analogous to (V.26) based
on Uchiyama’s deep characterization of BMO (R") [U]. Similarly, one of the
main steps in the generalization of the F. and M. Riesz theorem is Theorem
V.6.9, which involves the location of the hypoanalytic wave front set of the
trace of a solution of a locally integrable vector field in R". On the other hand,
while in the classical case and the generalizations in [B] the location of the
wave front set of the measure under consideration always satisfies a restrictive
hypothesis which leads to absolute continuity, this restriction is not fulfilled
in general by the trace of a solution of an arbitrary locally integrable vector
field even if the solution is smooth (an example concerning a vector field
with real-analytic coefficients is shown in example 4.3 of [BH1]). Thus, we
need to deal as well with points where the wave front set of the measure may
contain all directions; at those points, the vector field L exhibits a behavior
close to that of a real vector field (in a sense made precise in Lemma V.7.2
below) and absolute continuity may be proved directly.

LEmMA V.7.2. Let
d " d
L=—+41i) b(x,t)—
ot l}; (X )6xj

be smooth on a neighborhood U = B(0, a) x (—T, T) of the origin in R with
B(0,a)={xeR": |x| <a}. Wewill assume that the coefficients b;(x, 1), j =
1,...,nare real and that all of them vanish on F x [0, T), where F C B(0, a)
is a closed set. Assume that [ € C(U") satisfies Lf =0 on Ut = B(0, a) x
(0, T), has tempered growth as t \( 0 and its boundary value bf(x) = f(x, 0)
is a Radon measure . Then the restriction . of i to F defined on Borel
sets X C B(0, a) by pup(X) = w(XNF) is absolutely continuous with respect
to Lebesgue measure.

ProOF. If X is an arbitrary point in F we may write
bi(x,1) = > (% —X)B(x, X, 1)
k=1

with B8, (x, X, t) real and smooth. The proof of theorem 1.1 in [BH1] shows
that for any ¢ € C*(—a, a) we have

= X F(x, s ! X, '®F(x, 1) dxdt, .
(1. 9) = [ J0u DO e s+ | /B(O,a)f( f) L' (x, 1) dxds,  (V.27)

where @ (x, 1) = f ¢ (x, z);, bo(x, 1) = (), (V.28)
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and  ¢;(x,1) = ——¢j (6, 0) = Z %(xé_ié)ﬁjé(x’%’t)¢j—l(x’t)

s,0=1
for j=1,..., k, with k a convenient and fixed positive integer. We can write
®F(x, 1) = A(x, 1, D) p(x) (V.29)

where A(x, 1, D,) =3 4 < a,(x, 1)DY is a linear differential operator of order
k in the x variables with coefficients depending smoothly on 7. The coefficients
a, are obtained from the coefficients b;(x,t) of L by means of algebraic
operations and differentiations with respect to x and ¢. Observe that given
any point X € F, A(x, t, D,) may be written as

A D)= Y Y Ay(n %0 (4 —F)D)" (V30)

|a|<k t=1
Notice that |A_,(x, X, )] < C, for x € B(0,a), x€ F,t€[0,7), |a| <k, and
{=1,..., nbecause the coefficients of L have uniformly bounded derivatives

on B(0, a). Hence, we obtain from (V.29) and (V.30) the estimate

’[f(x ) (x, T)dx‘<C ™ d(x, F)¥ | D (x)|dx,  (V.31)

la|<k+1 7 BO-a)

where d(x, F) =inf_, |x — X|. We next consider the second integral on the
right in (V.27). We will first show that for any j,

¢]+1

L'(®) = i

RS (V.32)

To see this, note first that (V.32) holds for j =0 from the definition of ¢,.
To proceed by induction, assume (V.32) for j < m. Then

Lt(q)m-H) — L[((Dm)—}—Lt( ¢m+l tn1+l>

(m+1)!
— ¢m+l tln+ ¢m+l tm+1
m! (m+1)!
— L ((tbm+l) tm+1
(m+1)!
— d)m+2 m+1
(m+1)!

This proves (V.32). Next we observe that since the coefficients b;(x, 7) vanish
on F x [0, T], each ¢; has the form

b;(x. 1) = Y ca(x, )DI(x) (V.33)

|a|=<j
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where the ¢, are smooth and satisfy the estimate
lea] < Cd(x, D).

The form (V.33) is clearly valid for ¢, = ¢. Assume it is valid for ¢ ;. Then
it will also be valid for ¢, since by definition, ¢;,, = L'¢;. If we now
choose k = N+1, (V.32) and (V.33) imply that

/ / | £(x, t)|¢k+1( )t “dxdr

<C / / ey (x, 1)) dxdr (V.34)
0 YB(0,a)

(x ) L'®* (x, 1) dxdt| <

B(0.a

<C ¥ [ deBDg)]dx.

|| <k+1" B(0:a)

Thus the second integral on the right-hand side of (V.27) also satisfies an
estimate of the kind in (V.31). Consider now a compact subset K C F with
Lebesgue measure |K| =0 and choose a sequence

0<¢.(x) =1 eC*(B(0,a)) e—0,

such that (i) ¢.(x) =1 for all x € K; (ii) ¢ (x) =0 if d(x, K) > €; (iii)
|D*¢,(x)| < C, el Note that ¢, (x) converges pointwise to the characteristic
function of K as € — 0 while D*¢.(x) — 0 pointwise if |a| > 0. Let ¢ €
C*®(B(0,a)) and use (V.31) and (V.34) with ¢ = ¢_i) keeping in mind the
trivial estimate d(x, F) < d(x, K). By the dominated convergence theorem,

(e by — [ W

while
|d(x, K)' DS ()|l < 1€ DS b ()]0 = O

as € — 0 (when « = 0 one uses the fact that |K| = 0). Thus, (V.31) and (V.34)
show that

fkt//du=0, W € C*(B(0, a)),

which implies that the same conclusion holds for any continuous function ¢
on K (first extend ¢ to a compactly supported function on B(0, a) and then
approximate the extension by test functions). Thus the total variation |u|(K)
of w on K is zero and by the regularity of w it follows that |w|(F") =0
whenever F' C F is a Borel set with |F’| = 0. This proves that . is absolutely
continuous with respect to Lebesgue measure. O
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We now consider the set
Fy={xeB(0,a): 3e>0:b;(x,1)=0,Vre[0,¢€], j=0,...,n}
which is a countable union of the closed sets
F,={xeB(0,a): bi(x,1)=0,V0=<t< %, j=0,...,n}

to which we can apply Lemma V.7.2 and conclude that w, is absolutely
continuous with respect to Lebesgue measure. Thus, wy, is also absolutely
continuous with respect to Lebesgue measure and the Radon—Nikodym theorem
implies that there exists g € Ll (B(0, a)) such that

loc
Mo, (X) :/ g(x)dx, X c B(0, a) a Borel set.
X

Theorem V.6.9 and Lemma V.7.2 imply Theorem V.7.1:

End of the proof of Theorem V.7.1. We may assume that the vector field
has the form

L= 8+'b( t)a
T TPV

where b(x, 1) is real and smooth on a neighborhood of U = B(—a, a) x
(=T, T) of the origin in R?. Since the trace bf is a measure, by the Radon—
Nikodym theorem, we may write

bf =g+np

where g is a locally integrable function and w is a measure supported on a
set E of Lebesgue measure zero. Suppose x, is a point for which we can
find a sequence t; converging to 0 with b(x,, ;) # 0. Let Z(x, t) be a first
integral satisfying Z(x,,0) =0, and Z,(x,, 0) = 1. If IZ,(x,,0) # 0, then L
will be elliptic in a neighborhood of (x,, 0) and so by the classical F. and M.
Riesz theorem, we can conclude that bf is absolutely continuous near (x,, 0).
Otherwise, the proof of Theorem V.6.9 shows that the FBI transform with this
Z as a first integral and arbitrarily large k decays exponentially in a complex
conic neighborhood of (x,, &), for some nonzero covector. By theorem 2.2
in [BCT], it follows that near the point x,, modulo a smooth nonvanishing
multiple, the trace bf is the weak boundary value of a holomorphic function F
defined on a side of the curve x — Z(x, 0). But then, again by the classical
F. and M. Riesz theorem, bf is locally integrable near x,, that is, x, € E.
Hence the set E is contained in the set

Fy={xeB(0,a): 3Fe>0:b;(x,1)=0,Vt€[0,€],j=0,...,n}.
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But we already observed that the restriction of bf to F; is absolutely contin-
uous with respect to Lebesgue measure which implies that u is zero.

Notes

For a more detailed account of CR manifolds the reader is referred to
the books [Bog] and [BER]. The book [T5] contains a detailed discus-
sion of hypoanalytic manifolds. The characterization of microlocal analyt-
icity (Theorem V.2.14) was proved by Bony. Microlocal analyticity was
generalized to microlocal hypoanalyticity in the work [BCT]. Several mathe-
maticians have used the FBI transform to study the regularity of solutions in
involutive structures and higher-order partial differential equations. Some of
these applications can be found in the works [BCT], [BT3], [BRT], [Hi] and
[HaT], [Sj1], and [EG1]. Theorem V.5.5 was proved by Chemin [Che] by
using para-differential calculus. The main ideas for the proof presented here
are due to Hanges and Treves ([HaT]), who proved the analytic version of
Chemin’s result. Subsequently, Asano [A] used the techniques in [HaT] to
give a new proof of Chemin’s result. Most of the material in Section V.6 is
taken from a paper of Eastwood and Graham ([EG1]). Section V.7 is taken
from [BH1]. For a generalization of the F. and M. Riesz theorem to systems
of vector fields, we refer the reader to [BH7].

https://doi.org/10.1017/cB &2 BRTIAAS BoRks Bnking G frembridas ddpivarsityress, 2009


https://doi.org/10.1017/CBO9780511543067.006



