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A NEW PROOF OF THE SNAKE THEOREM

BY
LEE L. KEENER

ABSTRACT. The Snake Theorem (terminology of Krein), due to
Karlin in its original form, has been periodically improved. The
theorem shows under appropriate conditions the existence of a
function p* from a Tchebycheff space T, with a graph that alter-
nately “touches” the graphs of functions f and g where f<g and
f=p*=g on a compact interval [a, b]. The number of “touchings”
depends upon the dimension of T. In this paper the conditions
assumed are not the weakest known (see Gopinath and Kurshan, J.
of Approximation Theory 21 (1977), 151-173), but the apparently
new proof offered is elementary and fairly short. f and g are not
assumed continuous.

1. One of the most beautiful theorems of analysis is the oscillation theorem
due to Karlin (3], [4], descriptively termed the “Snake Theorem” by Krein and
Nudel’man [6]. A number of alternate proofs of this theorem have appeared in
the literature, notably those of Krein and Nudel’'man [6], Pinkus [7], and
Gopinath and Kurshan [2]. In fact the last authors prove a generalized
oscillation theorem wherein Karlin’s original hypotheses are substantially
weakened. The snake theorem is usually considered a ‘“deep’ theorem and the
proofs in the literature are either long and complex [2], or rely upon other
“deep” theorems such as the Brouwer Fixed Point Theorem [4]. In this note we
use a different technique to prove the theorem in an elementary way. Our
hypotheses are weaker than those of [4] or [7], but stronger than those of [2].
The reader is referred to [4] for the definitions of Tchebycheff space, nodal
zero and related concepts. We assume the uniform topology is used on Cla, b].

2. DerNtTION. Two functions u and v, defined on [a, b], are said to touch at
Xo in [a, b] if there is a sequence (x;) in [a, b] such that x, — x, and
u(x;)—v(x)— 0.

TueoreM 1. Let f and g be two functions defined on [a, b] and let T be an
n-dimensional Tchebycheff space of continuous functions on [a, b]. Assume
there is a function w in T and £ >0 such that f(x)+ e =w(x)=g(x)—¢ for all
xela, b]. Then there is an element p* in T and points x; <x,<::+<x, in [a, b]
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such that
(a) f(x)=p*(x)=g(x) for all x in [a, b]
(b) f touches p* at x; for i odd, 1<i=<n.
(c) g touches p* at x; for i even, 2<i=<n.

Furthermore, there is a function q* in T that satisfies conditions (a’), (b), (c)
obtained from (a), (b), (c) by replacing p* by q* and interchanging f and g in (b)
and (c). The functions p* and q* are the only functions in T satisfying
(a), (b), (c) and ('), (b'), (¢) respectively.

Proof. We show only the existence of p*, the q* case being similar. The
uniqueness of p* and q* can be shown by standard zero-counting arguments;
(see [4], p. 70). Without loss of generality we may assume f <0, g >0 with both
f and g bounded away from zero. Let M < T be the set of all functions p in T
for which there exist n points in [a, b], z;<z,<-:-:<z, and n sequences
(z)i~1,7=1,2,...,n such that

(1) Z;—>Zi’ 1£]Sn
@) f(z})zp(zj)—%, jodd, 1=j=n, 1=i<e,
(3) g(zf-)sp(z,-)+% , jeven,2<j=n l1<i<oo.

The interpolation property of T guarantees that M is not empty. Define the
functional F for each p in M by

F(p) =max{sup{p(x)—g(x) : xe[a, b}, sup{f(x)—p(x) : xe[a, bT}}

The theorem will be established if we can show that F(p*) =0 for some p*e M.
Let p=inf{F(p) : pe M} and choose (p.) in M so that F(p,)— p. It can be
shown that if {||p.||) is unbounded, {p,(x)) is unbounded at all but at most n—1
points in [a, b], (see [5]), so we may assume {p,) is bounded. Since T is finite
dimensional, we may assume, by taking subsequences if necessary, that p, —
p e T. We show that e M. For each k, let (z},)i=, and z;, for j=1,2,...,n,
be the n sequences and sequence limits associated with p, from the definition
of M. Assume without loss of generality that |z}, — z;|=<1/i for all k and all j.
Again by taking subsequences if necessary, we may assume that z; — Z; for
1<j=<n, where Z;<z,<---=<Z, are in [a, b]. Finally, we may assume without
loss of generality that |z; —Z]|=<1/k for all k and j. For each j, we find a
sequence {y;")m-1 and a sequence (sj");,_; such that s]*— 0 and y"— Z; and
either f(y")=p(z;)—s" if j is odd or g(yj)=p(z)+sf" if j is even. Indeed
define (y")m-1 by y/" =z}, for all m. Then

- - 1 1 2
|z}:‘n—z,-|5|z}:‘"— im|+|z,.m~zjls;+; ;n—
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so y"— z; for each j. Suppose that j is odd. Then
1 - I _ 1
f(252) = P (2im) == P(2) = [(B(2) = D (2m)) + (D (2jm) = P (Zim )=

Setting s =[(5(Z;) — P(zjm)) + (P(Zjm) — Pm(Zim)) ]+ 1/m, we observe that s* — 0
for each j by the uniform convergence of {p,,) to p and the continuity of p. A
similar treatment is used for j even. By taking subsequences if necessary, we
may find sequences that satisfy the conditions in the definition of M. It is clear
from the continuity of p that we in fact have z,<z,<---<z,. Thus pe M. If
p =F(p) =0 we are done, so suppose for a contradiction that F(p)>0. Using
standard arguments and the fact that T is a Tchebycheff space, we may find n
disjoint intervals I;=[a;, b;], j=1,2,...,n and a §>0 such that Z, €I, and
p(x)=g(x)—6 if x¢ U{L :j is even} or p(x)=f(x)+8 for x¢ U{L : j is odd}.
Define the n-tuple (o4, 05,...,0,) by

1 if j is even and p(x)> g(x) for some x €I,
o;= 4—1 if jis odd and p(x) <f(x) for some x € I,

0 otherwise

Let d, =3(b; +a;,,) for j=1,2,...,n—1. It is possible to find an element h of
T such that h has a nodal zero at each d; for which |o; —0;,4|# 1 and has no
other zeros in [a, b]. ([8], theorem 6.5). By supposition, for some j = j*, o #0.
For sufficiently small £>0, p=p—eofsgn(h(zF)h is such that 0<
sup{p(x)—g(x) : xe [F}<sup{p(x)—g(x): xe I} if j* is even or 0<
sup{f(x)— p(x): x e [} <sup{f(x)— p(x) : x e I}} if j* is odd. From the defini-
tions of h and (o4, 05, . . ., 0,), we may further deduce by working step by step
from I¥ through the intervals to the right and left of IF, that for sufficiently
small £ >0, inequalities of the above form hold for all I; with o; # 0, that p € M,
that p(x) <g(x) if x¢ U{I : j even} and p(x)>f(x) if x¢ U{J : j is odd}. These
facts together imply that F(p)<p, a contradiction and the theorem follows.

We comment that if f and g are assumed continuous, the proof is substan-
tially simplified.

The technique used above can also be employed to prove an old result of
Davis [1], though it is not clear if the many more recent generalizations of this
result can be similarly achieved.
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