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SIMPLE LINKS IN LOCALLY COMPACT CONNECTED 
HAUSDORFF SPACES ARE NONDEGENERATE 

DAVID JOHN 

1. Introduction. The fact that simple links in locally compact con­
nected metric spaces are nondegenerate was probably first established by 
C. Kuratowski and G. T. Whyburn in [2], where it is proved for Peano 
continua. J. L. Kelley in [3] established it for arbitrary metric continua, 
and A. D. Wallace extended the theorem to Hausdorff continua in [4]. 
In [1], B. Lehman proved this theorem for locally compact, locally con­
nected Hausdorff spaces. We will show that the locally connected property 
is not necessary. 

2. Definitions. A continuum is a compact connected Hausdorff space. 
For any two points a and b of a connected space M, E(a, b) denotes the 
set of all points of M which separate a from b in M. The interval ab of M 
is the set E{a, b) U {a, b}. 

The following theorem appears in [7], where it is proved only for the 
metric case. The proof of the non-metric case was established in [5]. 

THEOREM 1. If M is a connected space, a and b are points of M, p is a 
point of M not in the interval ab of M, and M is semi-locally connected at p, 
then there exists a closed connected subset N of M such that a and b are points 
in Nand Nis a subset of M-{p). 

The following theorem appears in [6]; however, it is stated only for 
metric spaces and only a suggestion for the proof is given which does not 
generalize to non-metric spaces. 

THEOREM 2. / / the connected space M is semi-locally connected at p and 
M-{p) has exactly k components, then for each open set U containing p, there 
exists an open set V containing p such that V C U and M — V has exactly 
k components. 

Proof. Let 

M - {p} = U Ku 

where K{ is a component of M-{p\ for i = 1, . . . , k. Let U be an open set 
containing p and let pi be a. point of Kt• for i — 1, . . . , k. There exists 
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an open set W such that p Ç W, W C U, pi& Wîor i = 1, . . . , ft, and 

M- W = \J Cj, 

where Q is a component of M — W for j = 1, . . . , n. Now n ^ ft, and 
each C3 is a subset of some Kt. Let Xj be a point in Cjîor j = 1, . . . , n, 
and let {Cj\l ^ j ^ w} be the collection of all components of M — W 
that are subsets of K\. Since p is not in the interval XiX, forj = 2, . . . , 
ra, it follows from Theorem 1 that there exist closed connected sets Aj for 
j = 2, . . . , m such that xx and x, are points in A3 and p Q Ar Let 

Bi = U ^ r 

Thus B\ is a closed connected set. 
Now for each i = 1, . . . , ft, there exists a closed connected set $ f such 

that if Xj Ç i£ t, then Xj £ Bt and p (t Bt. There exists an open set G 
such that 

h 

peG,GCW,G(^\J B , = 0, 

and M — G has only finitely many components, Dit . . . , Dh. Clearly 
h ^ ft. Since i?* is a connected subset of M — G for i = 1, . . . , ft, let Bt 

be a subset of Dt for i = 1, . . . , ft. 
Let {Cr\r = 1, . . . , / } be the components of M — J^such that Cr ^ Bt 

^ 0 for a fixed i, where 1 g i g fe. Since CT C M = W<md U l i Cr U 5 , 
is connected, 

U CrKJBiCDi. 

Let 

7 is open and 

k 

M - V = M -WKJ \J Dt. 

Now 
n 

M - W = U Cj and 
j 

n k 

i 4=1 
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Hence 

k 

M - V = U Dt, 

and it follows that M — V has exactly k components. 

THEOREM S. If p is a non-cut point of the connected space M, and M is 
semi-locally connected at p, then for each open set U containing p, there 
exists an open subset V of U containing p such that M — V is connected. 

Proof. Since M-{p} has only one component, let k = 1 in Theorem 2. 

Definitions. If {Ma, a Ç s/} is a net of sets, then lim inf Ma is the set of 
all points p such that for each open set U containing p, there exists b £s/ 
such that for each a > b, a Ç se, Ma intersects U. The lim sup Ma is the 
set of all points p such that for each open set U containing p and for each 
b € se, there exists a £ s/ such that a > b and Ma intersects U. If 

lim inf Ma = lim sup Ma = L, 

then L is denoted by lim Ma and {Ma, a £ sé\ is said to converge to L. 
A nondegenerate continuum K in a space Af is a continuum of convergence 
if and only if there is a net {Xa, a Ç J / } of continua such that for each 
a i n j / , 

KC\Ka = 0 and i£ = lim #«. 

THEOREM 4. If M is a locally compact connected space, and M is not semi-
locally connected at the point p in M, then there exists an open set U con­
taining p such that if V is a proper open subset of U containing p, then 
M — V has infinitely many components that intersect both dU and dV. 

Proof. Since M is locally compact and not semi-locally connected at p, 
there exists a proper open subset U of M such that p € U, Û is compact, 
and for each open set G with p £ G and G C U, M — G has infinitely 
many components. Let G be an open subset of U containing p. Assume 
there exist only finitely many components that intersect both dU and 
dG. Let *$ be the collection of all components of M — G. Let 

J T = {c e tf/crsdG = 0}, 
j f = {C e tf/Cr\ dU = 0 and Cr\dG^0}, and 

i f = {CG ^/CC\ dU^id and C n < 9 G ^ 0 } . 

By assumption, ££ is finite. 
If H G ^ , then H does not contain a limit point of KJ Ctf. MK^X, 

then K does not contain a limit point of ^J^f. Suppose there exists a point 
x in U^f5 P\ U j T . L e t ^ be the collection of all open sets containing x. 
For each W mW, let xw 6 U,^7 P\ [/ H Wand let Cw be the component 
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of U — G containing xw. Since Cw is a connected subset of M — G, Cw lies 
in some element of 34?. Now, Cw Pi dG = 0, and hence 

cwr\ au ?* 0. 
Consider the net \CW, w 6 if). Since x Ç lim sup Cw, some subnet of 
{Cw, w £ if) converges to a continuum C containing x. Now C C\ dU 9^ 0, 
but C lies in some element of 3ti?, which is a contradiction. Hence 

u ^ n u j f = 0. 

Suppose there exists a point y in U34? H Ujj?. Let <f be the collection 
of all open sets containing y. For each £ in $, let yE £ U . j f C\ U C\ E, 
and let C# be the component of Û — G containing yE. Since C^ is a 
connected subset of M — G, CE lies in some element of 34?. Now CEC\ dU 
= 0, and hence CE C\ dG 9^ 0. Consider the net {C#, £ Ç <f}. Since 
3> £ lim sup Ctf, some subnet of { CE, E £ S) converges to a continuum D 
containing y, D C\ dG 9^ Q, but D lies in some element of 34?, which is a 
contradiction. Hence VJ34? P U j f = 0. Therefore KJ34? is separated 
from U X. 

Suppose Jf7 is infinite. Since Jzf is finite, there exist separated sets A and 
B such that 

U T VJ \J<£ = A\J B and U ^ 7 C 5 . 

Then M = A U VJjf U B \J G and ^ is separated from \JX \J BKJ G, 
which is a contradiction. Hence 34? is finite. Suppose ^? 9^ 0. Then \Jffl is 
separated from \J££, and hence \J34? is separated from \J3ti? \J \J*£ \J G. 
However, 

M = Wjf U UjT U US? U G, 

which is a contradiction, and thus 34^ = 0. Therefore 

If = \JX U US? VJ G. 

Let 

7 = M - \J^ = U T U G. 

Now F is the union of G and all components of M — G lying entirely in U. 
Since each element L in J?f is closed, F is open, and p £ V and F C U. 
Now If — F = Uêf has only a finite number of components, which 
implies M is semi-locally connected at p, but this is a contradiction. 
Hence the theorem is proved. 

THEOREM 5. Let M be a connected space, and let U be a proper open 
subset of M such that Û is compact. If V is an open subset of U and C is a 
component of M — V such that C C\ dV 9£ Q and C P dU 9^ 0, then there 
exists a component K of Û — V such that K C C, K C\ dV 9^ 0, and 
KC\ dU 9± 0. 
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Proof. Let C, Uy and V be as described in the hypothesis. Assume no 
component oi C C\ Û intersects both dU and dV. Suppose L is a com­
ponent of C P Û such that L P d F = 0 and L P d Z 7 = 0. Then L is a 
component of U — V. U — F is a proper open subset of M, and U — V 
is compact, which implies L has a limit point in d U — V. Hence L has a 
limit point in dU or in dF. Since L is a closed subset oi C C\ Ù, C C\ dU 
^ 0 o r C P d F ^ 0 , which is a contradiction. Thus each component of 
CC\Û intersects d U or d V. 

Let J ^ be the collection of all components of C P V that intersect d U, 
and let Jti? be the collection of all components of C P Ë7 that intersect d F. 
S u p p o s e d = 0. If J^7 is finite, then UJÏ? is separated from C — 0 and 
WJ^ U (C — V) = C, which is a contradiction. Hence J ^ is infinite. 
Since U J ^ U (C — C7) = C and \Jffl is not separated from C — Û, 
\J3tif has a limit point p in d£/. Since each element of ^ is a continuum 
in Ë7, some net of elements of ^f converges to a continuum A containing 
p. Each member of this net contains a point of dV. Hence A intersects 
both dU and dV. C C\ Z7 is closed, and therefore A C C P Û, which 
contradicts our assumption t h a t J t = 0. UJrf? — 0, then C = U j f U 
(C — V) does not intersect dU. Hence Jlf ^ 0. 

Suppose UJ^7 contains a limit point g of U j ^ . Then some net of ele­
ments of K converges to a continuum B containing q. Since each element 
of this net contains a point in dU, B P dU ^ 0. However, J5 must be 
a subset of the element of Jl? that contains g, which implies some element 
of Jlf intersects d £7, and this is a contradiction. Hence U j ^ Pi Ujf7 = 0. 
Similarly, UjT Pi U J ^ = 0. Now U ^ is separated from C — Û, and 
thus yjJ^ is separated from VJJ^ U (C — C7). However, 

UJf7 U U # U (C - t7) = C, 

which is a contradiction. Hence some component of C P £7 intersects 
both a t / a n d <9F. 

Whyburn [6] established the following: 

THEOREM 6. If the locally compact connected metric space M is not semi-
locally connected at a point p G M, then p lies on a continuum of convergence 
ofM. 

Theorem 6 need not be true for non-metric spaces. However, we do 
get the somewhat weaker result. 

THEOREM 7. If M is a locally compact space and M is not semi-locally 
connected at the point p, then there exists a net that converges to a nondegener-
ate continuum K containing p such that each member of the net is a con­
tinuum of convergence. 

Proof. By Theorem 4, there exists an open set U containing p such that 
Û is compact and if F is an open set with p Ç F and V C U, then 
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M — V has infinitely many components that intersect both d U and d V. 
Let *V be the collection of all open subsets of U such that for each element 
V i n ^ , p G V and V C U. Let F be a fixed element of *V, and let <% be 
the collection of all components oil] — V that intersect both d [7 and à V. 
By Theorem 5, each component of M — V contains at least one member 
of 97. Hence ^ is infinite. V — V is closed, and so each member of ^ is 
a continuum in the compact space V. Hence there exists a net of elements 
of *£ that converges to a continuum Kv. Since each member of the net 
intersects both d U and d V, Kv intersects both d U and d V. There exists 
at most one element of C of this net that intersects KV1 and therefore if we 
delete C from this net and denote the resulting net by N, then Kv is a 
continuum of convergence of N in V — V. 

Consider the net [KV} v G T^j of continua in the compact space U. 
Some subset of {Kv, V G *V\ converges to a continuum K in Û. Since 
each Kv intersects dU, K intersects dU. Now let W be an open set con­
taining p. There exists an element V in7^ such that p Ç V and V C W. 
Hence KVC\W ^ 0. Therefore £ G lim i£„ = i£, /> ^ dU, and thus X is 
nondegenerate. 

Definitions. Two points a and b of a connected space i f are said to be 
conjugate if no point of M separates a from b in Af. If £ is neither a cut 
point nor an end point of a connected space M and p £ M, then the set 
consisting of p and all points of M conjugate to p is called the simple link 
of M generated by p. 

Theorem 8 was established in [6] for metric spaces. In proving this 
theorem, Whyburn utilizes Theorem 6, which is proved using sequences. 
His proof does not generalize to non-metric spaces. 

THEOREM 8. / / a point p of the locally compact connected space M is 
neither a cut point nor an end point of M, then there exists a point q of M 
such that p 9^ a and p is conjugate to q. 

Proof. Let p be a non-cut point of M. Suppose p is not conjugate to any 
other point of M. Assume M is not semi-locally connected at p. Then by 
Theorem 7, there exists a net of continua {Ka, a Ç S$\ such that each Ka 
is a continuum of convergence and {Ka, a G sé\ converges to a non-
degenerate continuum K containing p. Let g be a point in K different 
from p. Since p is not conjugate to q, there exist a point x in M and two 
separated sets A and B such that M — {x} = A U B, q G A, and p G B. 
Now x must be a point in K. A is an open set containing q and q G lim Ka, 
and so there exists an a in s/ such that for all a ^ eu, Ka P\ A 9^ 0. 
Similarly, there exists an a2 in s$ such that for all a ^ a2, Ka C\ B ^ 0. 
Let b É J / such that b ^ cti and b ^ ct2. Then 

KbC\A 9^0 and Kh D B 9^ 0. 
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Suppose x d Kb. Then Kb is a connected subset of M-{x) which implies 
Kb C A or Kb C -S, but this is a contradiction. Hence x G i£&. Now x 
separates two points in Kb, and Kb is a continuum of convergence, 
but this is impossible. Hence M is semi-locally connected at p. 

Let U be an open set containing p such that 0 is compact. By Theorem 
3, there exists an open set V such that p £ F, F C £/, and M — V is 
connected. Also, V is compact. Let C be the component of V containing 
p. Since dV Pi C 9e 0, there is a point s in dV Pi C. Now since z is not 
conjugate to p, there exist a point y and two separated sets E and T7 

such that M-{y] = EU F, p £ E, and s £ F. U y $ C, then C is a con­
nected subset of M-{y\, and C U {z\ is a connected subset of M-{y\, 
which is a contradiction. Hence y 6 C, and therefore AT — F C ^, which 
implies £ C F. £ is open and dE = {^}. Thus £ is an end point of M, 
and the theorem is proved. 

THEOREM 9. Every simple link of a locally compact connected space M is 
nondegenerate, and every point of M is a cut point, an end point, or a point 
of a simple link of M. 

Proof. Let Lp be the simple link of M generated by p, By Theorem 8, 
p is conjugate to some point q in M different from p. This implies q Ç Lp, 
and hence Lp is nondegenerate. If p G M, and p is not a cut point and 
not an end point of M, then there exists a point q in M such that p is 
conjugate to q. Hence p is a point in the simple link of M generated by g. 
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