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Abstract

Many marine ecosystems have the remarkable property that the abundance of organisms
of a given body size is approximately proportional to the inverse square of that size.
Size-structured models have been developed for which this “invariance-of-biomass”
state is an equilibrium solution. These models are built on the coupling of predator
growth to prey abundance, where prey suitability is determined by a size-based function
referred to as a feeding kernel. In this paper, the local stability of the equilibrium state
is investigated in a limiting case where predators only consume prey of a preferred size.
In this special case, it is shown analytically that the equilibrium state is always unstable.
It is concluded that some degree of diet breadth, in terms of the range of prey sizes
consumed by a predator, is an essential prerequisite for the invariance-of-biomass state
to be stable, as widely observed in the field.
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1. Introduction

A remarkable pattern observed in marine ecosystems is that if the organisms contained
in some volume of the sea are binned into logarithmic intervals of body mass, the total
biomass in each of these intervals varies relatively little over orders of magnitude of
body size [8, 20, 31, 32]. For instance, the total biomass of organisms with body mass
between 1 g and 10 g is roughly the same as that of organisms with body mass between
10 g and 100 g, and so on. This pattern can be equivalently expressed in terms of a
“size spectrum”, in which abundance density φ(w) (number of organisms per unit body
mass per unit volume of water) is related to body mass w via a power-law relationship:

φ(w) ∝ w−γ, (1.1)
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where the exponent γ is approximately 2 [16, 25, 28, 30]. This empirical pattern has
motivated the development of theoretical models that focus on body size, rather than
species identity, as the most important factor in predator–prey interactions in marine
ecosystems [2, 4, 22, 33]. This contrasts with the more traditional perspective of food
webs structured by species [1]. The size-based approach allows organisms to grow
through orders of magnitude of body size as they feed, changing their prey as they do
so.

Most models of size spectra use the well-known McKendrick–von Foerster
equation [23, 36] to describe the dynamics of a community with size-dependent
growth and mortality rates. Growth rates are typically determined by the abundance
of prey; the range of suitable prey sizes is controlled by a feeding kernel. Datta
et al. [12] showed that the McKendrick–von Foerster equation is actually a first-
order approximation to a more general jump-growth equation, which is based on the
assumption that predators increase in size by a finite amount as a result of consuming
a prey item. The jump-growth model accounts for variations between individuals
more accurately than the McKendrick–von Foerster equation. For instance, under
the McKendrick–von Foerster equation, a cohort of fish initially all of identical size
will always remain of identical size; under the jump-growth equation, the cohort will
become distributed over a range of sizes as it grows [12].

The existence of a power-law steady state of the form described by equation (1.1)
has been demonstrated in models based on the McKendrick–von Foerster equation [2,
4] and the jump-growth equation [10, 12]. However, the factors affecting the stability
of this steady state have been less well studied. Law et al. [21] used numerical
solutions to show that the steady state of the McKendrick–von Foerster equation
can be unstable, in the sense that the system does not return to the steady state
following a small perturbation. Datta et al. [13] studied the stability of the jump-
growth equation and obtained an integral expression for the eigenvalues of small
perturbations to the steady state. Numerical evaluation of these eigenvalues showed
that, as with the McKendrick–von Foerster equation, the steady state can be stable
or unstable depending on model parameters. Capitan and Delius [10] investigated
stability in a model incorporating terms for metabolic losses and reproduction and
also obtained integral expressions for the eigenvalues. These and other studies of
stability (for example, in a pelagic–benthic system [7]) have used numerical techniques
either to solve the time-dependent system or to calculate eigenvalues of an appropriate
operator.

All models of size spectra make some assumption about the range of prey sizes
consumed by a predator. Possibly the simplest assumption is the one made by
Camacho and Solé [9] that a predator indiscriminately consumes any prey smaller
than itself. However, empirical data indicate that mean prey size is approximately
proportional to predator size [11, 35]. The mean predator-to-prey mass ratio (PPMR)
is approximately 100 [17, 18], with some spread about this mean value [5, 19]. This
is intuitively reasonable: most predators are limited by gape size and are therefore
unable to consume prey that are too close to their own size [29]; conversely, the
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amount of energy gained from prey smaller than a certain size will not justify the
energy expenditure required to catch them [34].

Benoît and Rochet [4] modelled the distribution of prey sizes targeted by a predator
using a feeding kernel, which was assumed to be a gamma distribution of PPMR.
More recently, most models have used a log-normal distribution for the feeding
kernel [2, 6, 15, 21, 26]. The mean and standard deviation of this log-normal
distribution are model parameters that respectively define the mean PPMR and the
“diet breadth”, that is, the range of prey sizes consumed by a predator.

In this paper, a limiting case of the log-normal feeding kernel is investigated: a
Dirac delta function. This is useful as it allows us to obtain analytical results that would
be difficult or impossible to obtain in the more general setting. These analytical results
are valuable as they help to eliminate the possibility of inaccuracy in numerical results.
The limiting case also has a clear biological meaning, which is that predators only eat
prey with exactly the preferred size, that is, they have zero diet breadth. An analytical
argument is presented showing that the power-law steady state of the jump-growth
equation is always unstable in this case. This confirms previous numerical results
showing that a narrow range of prey sizes can cause a switch to instability [13, 24].
It also shows definitively that some variability in prey size selection is an essential
prerequisite for a stable ecosystem.

2. Model

The model considered here is the jump-growth model developed by Datta et al. [12].
The central assumption of the model is that when a predator of body mass w consumes
a prey item of body mass w′, the prey dies and the predator’s mass increases to
w + Kw′, where K is a constant representing the proportion of prey biomass that
is converted to predator biomass. The state of the system at time t is described by
the abundance density φ(w, t), where φ(w, t) δw is the number of organisms per unit
volume of water, whose mass lies in the range [w, w + δw], in the limit δw→ 0. For
notational simplicity, the argument t is omitted in the following and the abundance
density is denoted simply by φ(w).

There are three main ways in which the abundance density of organisms of mass w
can change: (i) an organism of mass w eats a prey item and grows to a larger mass; (ii)
an organism of mass w is eaten by a larger predator; (iii) an organism grows to mass
w as a result of eating a prey item. These three processes, illustrated in Figure 1, give
rise to three integral terms in the jump-growth equation developed by Datta et al. [12]:

∂

∂t
φ(w) =

∫ (
−

growth to larger mass︷                  ︸︸                  ︷
T (w, w′)φ(w)φ(w′) −

death due to predation︷                  ︸︸                  ︷
T (w′, w)φ(w′)φ(w)

+ T (w − Kw′, w′)φ(w − Kw′)φ(w′)︸                                     ︷︷                                     ︸
growth from smaller mass

)
dw′ − µφ(w)︸︷︷︸

intrinsic mortality

. (2.1)
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Body mass

w

w

w

w

(ii) Death due to predation:
w  eats w

(i) Growth to larger mass:
w eats w

(iii) Growth from smaller mass:
w – Kw  eats w  and
grows to w

w w – Kw 

w

F 1. Predator–prey interactions corresponding to the three integral terms in the jump-growth
equation (2.1). Interactions (i) and (ii) reduce the abundance of organisms of mass w; interaction (iii)
increases the abundance of organisms of mass w.

The integral kernel T (w, w′) in equation (2.1) describes the feeding rate of predators
of mass w on prey of mass w′. This is a combination of the volumetric search rate of
a predator of mass w and the selectivity of a predator of mass w for prey of mass w′.
Following Andersen and Beyer [2] and Benoît and Rochet [4], we model the former
as an increasing power-law function of predator mass w, and the latter as a function of
the PPMR w/w′:

T (w, w′) = Awαs(w/w′),

where A and α are positive constants. The function s is referred to as the feeding
kernel. The final term in equation (2.1) represents intrinsic mortality (that is, death
from causes other than predation), which is assumed to be independent of mass.

It is convenient to introduce the new variables

x = ln(w/w0), u(x) = w0exφ(w), (2.2)

where w0 is some arbitrary weight. In these new variables, and with a suitable change
of integration variable, equation (2.1) becomes

∂

∂t
u(x) = Awα

0 eαx
∫

s(er)[−u(x)u(x − r) − eαru(x)u(x + r)

+ e−αψ(r)u(x − ψ(r))u(x − r − ψ(r))] dr − µu(x),
(2.3)

where eψ(r) = 1 + Ke−r is the factor by which a predator’s mass increases as a result of
consuming a prey item with a PPMR of er.
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3. Steady state

This section provides an outline of previous work in which the steady state of
equation (2.3) has been determined and solutions obtained for the linearized system
close to this steady state. Full details are given by Datta et al. [13].

In the new variables defined by equation (2.2), a power-law size spectrum of the
form (1.1) becomes

us(x) = u0e(1−γ)x. (3.1)

This is a steady state of equation (2.3) provided that

e(−γ+α+1)x
∫

s(er)[−e(γ−1)r − e(−γ+α+1)r + e(γ−1)r+(2γ−α−2)ψ(r)] dr − η = 0, (3.2)

where η = µ/(Awα
0 u0) is a dimensionless parameter describing the strength of intrinsic

mortality relative to predation. If there is some intrinsic mortality (that is, η > 0) then
equation (3.2) implies that γ = α + 1 and∫

s(er)[−eαr − 1 + eα(r+ψ(r))] dr − η = 0. (3.3)

The integral in equation (3.3) is monotonically increasing with respect to α. Hence,
for given values of η and K and a given choice of feeding kernel, this equation
determines a unique value for the search rate exponent α (and hence the steady state
exponent γ). This imposes a constraint on the ecological parameters that must be
satisfied in order for equation (2.1) to have a power-law steady state [10, 24]. This
is an additional model assumption that may not always be ecologically realistic [13].
However, parameter values satisfying this constraint (see Section 4) are within ranges
estimated from empirical data [5, 37]. In light of the widespread evidence for power-
law size spectra [16, 25, 28, 30], it is assumed from now on that this constraint is
satisfied.

The stability of the steady state (3.1) may be investigated by seeking time-dependent
solutions to equation (2.3), linearized about the steady state. These solutions take the
form of plane-wave perturbations with respect to the body mass variable x:

u(x, t) = u0e(1−γ)x(1 + εeikx+λ(k)t), (3.4)

where ε > 0 is small. Importantly, a plane-wave perturbation with wavenumber k will
grow in amplitude if the real part of the eigenvalue λ(k) is positive and decay if it
is negative. Hence the real parts of the eigenvalues λ(k) determine the stability of
the steady state. By substituting equation (3.4) into equation (2.3) and linearizing
(neglecting terms of order ε2 and higher), Datta et al. [13] obtained the following
expression for the eigenvalues of these plane-wave perturbations:

λ(k) =

∫
s(er)(−eαr − eikr + eαr+(α−ik)ψ(r))(1 + e−ikr) dr − η. (3.5)
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4. Results

Combining equation (3.5) with (3.3) shows that λ(k) tends to η as the wavenumber
k tends to zero. Hence, if there is some intrinsic mortality (η > 0) then the steady
state is always unstable. However, arbitrarily small wavenumbers correspond to
arbitrarily long wavelength perturbations to the steady state. In reality, size spectra
consist of a finite range of body masses, and perturbations with a wavelength longer
than this range are not realistic solutions. Indeed, the solution corresponding to
k = 0 corresponds ecologically to a uniform change in abundance density across all
body masses. In general there are other factors that preclude such solutions. These
may include a limited supply of food for the smallest members of the community,
or senescent, nonpredation mortality that tends to prevent organisms growing past
a certain maximum size [15, 24]. It is therefore the eigenvalues corresponding to
wavenumbers above a minimum threshold value, determined by the range of body
masses in the ecosystem, that determine the stability of the steady state in real size
spectra.

Many recent models have assumed that the feeding kernel is a Gaussian function of
the logarithm of the PPMR [2, 6]:

s(er) =
1√
2πσ

exp
(
− (r − β)2

2σ2

)
, (4.1)

where β is the preferred PPMR and σ is the diet breadth parameter. In the remainder
of this section, we investigate the limiting case of σ→ 0, which gives a Dirac delta
feeding kernel:

s(er) = δ(r − β). (4.2)

This represents a community where predators feed exclusively on prey with body mass
a factor of eβ smaller than their own.

It is now shown that there are eigenvalues with positive real part for arbitrarily large
values of the wavenumber k. The steady-state condition (3.3), in the case where the
feeding kernel is a Dirac delta function, is

−eαβ − 1 + eα(β+ψ) = η, (4.3)

where ψ = ln(1 + Ke−β). Now using equations (4.2) and (4.3) in the eigenvalue
equation (3.5) and taking the real part gives

Re(λ) = eα(β+ψ)(−cos(kβ) + cos(kψ) + cos(k(β + ψ)) − 1) + η cos(kβ). (4.4)

Consider first the case where η > 0 (that is, where there is some intrinsic mortality).
Choosing kψ = 2nπ for some positive integer n gives

Re(λ) = η cos
(2nπβ
ψ

)
.

Regardless of the value of β/ψ, this will be positive for some choice of n > 0, including
arbitrarily large choices of n (which correspond to arbitrarily large wavenumbers k).
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Now consider the case where η = 0 (no intrinsic mortality). Equation (4.4) shows
that when k = k∗ = π/β, Re(λ) is zero and

d
dk

Re(λ) = eα(β+ψ)β sin
(
πψ

β

)
.

This is nonzero unless ψ = nβ for some positive integer n. However ψ = ln(1 + Ke−β)
is less than β unless

e β ≤ 1 +
√

1 + 4K
2

.

Since the biomass conversion efficiency K must be less than 1, this would require the
mean PPMR eβ to be less than 1.6. This is unrealistic: PPMRs observed in the field
are typically of the order 100 [17, 19]. Hence at k = k∗, Re(λ) is zero and has nonzero
derivative with respect to k. Therefore Re(λ) must be strictly positive for k in some
neighbourhood of k∗. Since Re(λ) is a periodic function of k with period 2π/(β + ψ),
there are always infinitely many values of k for which Re(λ) is positive, including
arbitrarily large values.

The above argument shows that the steady state (3.1), where α is constrained via
equation (3.3), is always unstable. The caveat to this is that, in the special case where
η = 0, it is seen from equation (3.2) that a power-law steady state exists for any value of
α. If α does not satisfy equation (3.3) then the linearized solutions are not plane-wave
perturbations and no analytical expression for the eigenvalues is available [13, 24].
Nevertheless, including some intrinsic mortality in the model is realistic [14], in which
case the instability result always holds.

Figure 2 shows the real part of the eigenvalues against wavenumber k for a Dirac
delta feeding kernel (given by equation (4.4)) and for a Gaussian feeding kernel
(calculated according to equations (3.5) and (4.1)). The Dirac delta feeding kernel
is a limiting case of the Gaussian feeding kernel as σ→ 0 and this is illustrated by
the graphs. When σ is relatively small (Figure 2, top panel), the eigenvalues for the
Gaussian kernel closely track those for the delta kernel for small wavenumbers (long
wavelength perturbations), but decay onto a monotonically decreasing curve for larger
wavenumbers. When σ is larger (Figure 2, bottom panel), this decay occurs sooner,
that is, for smaller wavenumbers. This allows for the possibility of a stable steady state
(Re(λ(k)) < 0 for all k) ifσ is sufficiently large, as found in numerical calculations [24].
Figure 2 confirms that, in contrast to the Gaussian kernel, the eigenvalues for the delta
kernel are always of positive real part for strictly positive values of k.

5. Discussion

This paper has focused on the jump-growth model for the dynamics of a community
with size-dependent predation and growth. The jump-growth model is a generalization
of the well-known McKendrick–von Foerster model for a size-structured population.
The jump-growth model incorporates higher-order, diffusion-like effects, for example
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F 2. The real part of the eigenvalue λ(k) against wavenumber k. The dashed curve is for a Dirac
delta feeding kernel (4.2); the solid curve is for a Gaussian feeding kernel (4.1) with σ = 0.1 (top panel)
or σ = 0.5 (bottom panel). Other parameter values: β = 5, K = 0.2, η = 0.1, α ≈ 1.3 (determined by (3.3)).

gradual spreading of the body masses within a cohort [12]. Indeed, retaining second-
order terms in the jump-growth equation results in the addition of a diffusive term to
the McKendrick–von Foerster equation that enhances stability of the steady state [13].

It has been shown in this paper that the steady state of the jump-growth model,
corresponding to the well-known power-law relationship between body mass and
abundance density described by equation (1.1), is always unstable in the case where a
predator only feeds on prey items that are a fixed proportion of its own body mass. This
result is significant because it highlights the importance of diet breadth in allowing a
stable size spectrum. This is in keeping with previous stability results [13, 24], but is
the first time that instability has been demonstrated analytically.

The results in this paper have been obtained for a system that spans an infinite range
of body mass. Restriction to the more realistic case where there is a finite upper limit
to body mass requires a more numerical approach [24]. However, the main conclusion
of this study should apply regardless of the range of body masses permitted. This is
because of the finding that eigenvalues with positive real part occur for arbitrarily large
wavenumbers, that is, perturbations whose wavelength with respect to log body mass
are arbitrarily short. This is consistent with numerical studies on finite body mass
ranges [21], which have shown that the steady state is unstable when the diet breadth
σ is sufficiently small.
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Although it has been the focus of this study, diet breadth is not the only factor in the
model that influences stability. For instance, increasing either the mean PPMR β or the
predator volume search rate exponent α can cause the steady state to lose stability [24].

The model considered here does not incorporate reproduction by mature adults.
This is in keeping with many models, which have assumed a constant abundance
density of organisms below a certain minimum size [6, 21], have assumed simple, zero-
growth dynamics for the abundance density of these organisms [4], or have considered
an infinite range of body sizes [2]. More recently, models that include reproduction
have been developed [3, 7, 15, 27]. The question of stability of equilibrium states in
these models remains largely unexplored.
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