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Abstract

In this paper we show that the Lorentz space LWi i (0, oo) has the weak-star uniform Kadec-Klee property
if and only if \nfl>o(w(at)/w(t)) > 1 and sup(>o(0(<«)/#(O) < 1 for all a € (0, 1), where <t>(t) =
fj,w(s)ds.
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1. Introduction

For a measurable function / defined on (0, oo), we define the distribution of | / | by
df(t) = \{x : \f(x)\ > t}\, 0 < t < oo, where \A\ denotes the Lebesgue measure of
the set A, and we define the decreasing rearrangement of | / | by /*(?) = inf{s > 0 :
dfis) < t}.

Let w : (0, oo) —> (0, oo) be a decreasing function satisfying lim,^0 w{t) = oo,
lim^oo w(t) — 0, /„' w{t)dt — 1, and /0°° w(t)dt = oo. Define the Lorentz space
Lwl(0, oo) as the space of all (equivalence classes of) measurable functions / on
(0, oo) for which

11/11= / f*(t)w{t)dt <oo.
Jo

Lwj is sometimes also referred to as A^, where

Jo
= / w{s)ds (t >
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These spaces were introduced by Lorentz in [15] and were studied recently in [6].
Lwi is a non-reflexive separable dual Banach space. Its natural predual contains the
integrable simple functions as a dense subspace.

A dual space has the weak-star uniform Kadec-Klee property if, given e > 0, there
exists <$(«) > 0 such that for every sequence (/„) with | | /J | < l,infm^n | | / n - / m | | > e,
and /„ - • / in the weak-star topology, we have | | / | | < 1 - S(s). This property was
introduced by Huff in [10]. See [3, 7, 10, 12] for an introduction to the uniform
Kadec-Klee and related properties.

Sedaev [16] proved that strict concavity of </> is a necessary and sufficient condition
for LWti to have the (non-uniform) weak-star Kadec-Klee property: that is, if /„ —*• f
weak-star and if || /„ || —>• || / 1 | , then || /„ — / 1 | —>• 0. In this paper we give necessary
and sufficient conditions for LWiX to have the weak-star uniform Kadec-Klee property.
Section 2 gathers together the calculations which are used in Section 3 in the proof of
our main result (Theorem 3.2). The proof of the sufficiency of the conditions is based
on the proof which is given in [5] for the special case of Lp i (0, oo). The main result
implies a fixed point theorem for non-expansive mappings (Corollary 3.3). See for
example [3, 5, 9, 12, 13] for further results about the uniform Kadec-Klee property in
classical spaces.

Throughout the paper I (A) will denote the characteristic function of a set A c
[0, oo). If 0 < \A\ < oo, we write e(A) = I(A)/<j>(\A\) (so that e{A) is of norm one
in LWti). We also write Ac to denote the complement of the set A.

Finally, we wish to thank Chris Lennard and both referees for their many helpful
suggestions.

2. Preliminaries

The proof of the following lemma can be found in [6].

PROPOSITION 2.1. Let f be a nonnegative function on (0, oo) with \\f\\ = 1. Then
there exist a collection ofBorel sets [A ("))u>0 and a probability measure /x on (0, oo)
with the following properties:

(1) A{u) C A{v), except for a set of measure zero, ifu < v;
(2) \A{u)\=u;

/•OO

(3) / = / e(A(u))dfi(u);
oo

(4) / * = /"%((O,ii))dA*(«).
Jo
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DEFINITION 2.2. Let C\ be the class of weight functions w satisfying

kx(a) = sup-—— < 1

for all a e (0, 1). In the literature these are called the regular weights (see for example
[4, 8]).

REMARK. If w e C\, then, clearly, k\ (a) —> 1 if and only if a —»• 1. Moreover, it
is easily seen that

and hence kx(a) -> 0 as or ->• 0. It is also well-known that w e Cx if and only if
k\{a) < 1 for some a < 1.

DEFINITION 2.3. We say that LB]1 has property P if whenever we are given two
sequences (/„) and (gn) such that ||/n|| = 1, ||/B + gn\\ -> 1 as n -> oo, and /„, gn

are disjointly supported for each n, then ||gn || —> 0 as « —> oo.

Note that property P is an abstract form of 'lower p-estimate' (see [14, p.82]).

LEMMA 2.4. Let w e Cu and let A, E be sets such that \\e{A)l{E)\\ > 1 - e for
some e > 0. Then ||^(i4)/(£c)|| < 8x{e) for some 8\{e) > 0, where Si(e) —>• 0 as

£->0.

PROOF. Let \A\ = u. Since w e Cu we have

\Ar\E\\ <t>(\AnE\)
- L) > K,, , } = \\e(A)I(E)\\ >\-s.

\A C\E\ \A H f10!
Therefore 1 < n(e), for some n(e) > 0, and so < n(e). Thus

u u
we have

0 ( | A n £ | )
\\e(A)I(Ec)\\ = n ' ' ; <

0(M)

<*i

where 5i (s) —> 0 as £ —> 0.

LEMMA 2.5. Suppose w € Clt f = f\ +f2, where \\f\\ = 1 and f\, f2 are disjoint.
IfWM > 1 - £2. then ||/2|| < 82(e), for some 82(E) > 0, w/im> 52(e) -> Oas e -+ 0.
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PROOF. By Proposition 2.1, / = /0°° e(A(u)) d[i(u) for some family of Borel sets
(A(M))M > 0 and some probability measure /x on (0, oo). Since f\ and f2 are disjoint
there is a set E such that / , = / / ( £ ) and f2 = fI(Ec); it follows that

fi = (f e(A(u))dMu)\l(E) = J e{A(u))l(E)dn(u).

Since ||/i || > 1 — £2, we have
/»OO

e2 > 1 - | | / / (£) | | > 1 - / \\e(A(u))l(E)\\ dn(u)
Jo

/•oo

= / (l-\\e(A(u))l(E)\\)dfi(u).
Jo

Therefore, by Chebyshev's inequality,

M({M : \\e(A(u))l(E)\\ > 1 - e}) = n({u : 1 - ||e(i4(ii))/(£)|| > £}c) >l-e.

Let 6i (e) be as in Lemma 2.4; then

/x({« : | |e(A(«))/(£c) | | <<5,(e)}) > 1 - e.

Thus,

/

OO /»O0

e(A(M))/(£c)^(«)||< / \\e(A(u))l(Ec)\\dn(u)
Jo

Clearly, S2(e) -> 0 as £ ->• 0.

PROPOSITION 2.6. LK , has property P ifand only ifw e Cx.

PROOF. The fact that if w e C\ then L w l has property P follows easily from Lemma
2.5. Conversely, suppose w £ C\; then sup/>o(</>(af)/0(O) = 1 for some a e (0, 1).
Let (tn) be a sequence such that limn-*.oo(0(a!O/</)(/n)) = 1. le t fn = e((0, atn)), and
let g,, = I((atn, tn))/<p(tn). Then | | / J | = 1 and

by the concavity of <p, and /„, gn are disjoint. But

II f , II 1 , <t>(tn) ~ <l>(C<tn)
\\fn+gn\\ = 1 + TT-T .

which converges to 1 as « —>• oo. Thus LWiX does not have property P.
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REMARK. For related results in Lorentz sequence spaces see [1,2].

DEFINITION 2.7. Let C2 be the class of weight functions w satisfying

. w(at)
k2(a) = inf — — > 1

<>0 U){t)

for all a e (0, 1).

REMARK. It is clear that, for each w e C2, k2(a) ^ 1 if and only if a -> 1.

EXAMPLE 2.8. Neither C\ nor C2 contains the other.

(a) w(t) = ) e C, \ C2.

PROOF. Itiseasytoseethatlim^oo^aOA/KO) = a,andthatlim,^o(0(aO/0(O)
= V«- So sup,>0(</>(<*0/</K0) = ^i(«) < 1, and thus w e Cx. But w <£ C2

since lim^ocCiuCaO/^CO) = 1, which implies that infl>Q(w(at)/w(t)) = 1 for all
a e (0, 1).

(b) 0'(O 6 C2 \ d for 0(r) = Vlogd + 0-

PROOF. Clearly, linWooCyiogO +af )/v/log(l + 0) = 1, and so sup,>o(0(aO/0(O)
= 1 for all a e (0, 1). Hence <f> £ Cx.

Since lim,^.oo(K;(a0/^(0) = l / a > 1, and Iimr_>0(w(«0/w;(0) = l /V« > 1,
we have m£t>o(w{cit)/w(t)) > 1. Thus <p 6 C2.

LEMMA2.9. Lef w e Cxf)C2 ande > 0. Suppose that A c [0, oo), f to |A| =
u > 0, and that /0°° e(A)(t) d<p{t) > 1 - e. Then \A \ [0, u]\ < ^E)U for some

<53(e) > 0, and hence \\e{A) — e((0, M))|| < 84(8) for some 84(e) > 0. Moreover,

83(e), 84(8) —>• 0 as e —>• 0 (through positive values).

- I
Jo

PROOF. Suppose that \A \ [0, u]\ = au. Then

e{A)(t)d(P(t)

= </.(«)-' I d<j>(t) - <t>(uTl I d(j>(t)
Jo JAau pu(\+a) \

d(j>(t) - I d(/>(t)
(l-a) Ju )
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W(t)dt- W(t)dt)

a"

(l-a)
w(t)dt - / w(t + ctu)dt

J
(
u(\-a)

f (wif) - k2(-^—) w(t)) dt

O"*^!?^^

Hence a < 83(e), where <53(6) —>• 0 as s —> 0. Therefore

g((0 ,«) ) | |= / \e{A)-e({O,u))\*{t)d<t>(t)<\ V \
Jo ./o

It is easy to see that <54(£) —> 0 as e —> 0.

We can now deduce the main technical ingredient in the proof of Theorem 3.2.

PROPOSITION 2.10. Suppose that w e Cx f] C2 and that \\f\\ = l.Lete>0. If

/0°° f(t)d<t>(t) > l-s2,then\\f-f*\\ < 85(s) for some 85(e) > 0, where 85 (e) ->• 0
a5 £ —> 0 (through positive values).

PROOF. Let / + and / ~ denote the positive and negative parts of / . We have

f+(t)d(t>{t)> / f(t)d<Kt)> l - £ 2 .

By Lemma 2.5, there exists 86(e) > 0 such that | | / - | | < 86(s), whence 11/ - 1/III <
2^6(£). We can associate with | / | a Borel probability measure /x and a collection of
sets (/4(M))M > 0 having the properties described in Proposition 2.1.
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Thus

f(t)d<P(t) > 1 - / \f{t)\d<j>(t) = / ( / ' ( 0 - \f{t)\)d<f>{t)

Jo Jo

= 1 1 {e((O,u))-e(A(u)))(t)dix(u)dcf>(t)
Jo Jo

/

oo />oo

I (e((0, «)) - e(A(«))) (0 <ty(O <*/*(«)•
Jo

Hence £2 > J? g(u)dn(u), where #(«) = /0°°[e(0, u)-e(A{u))]{t)d<l>{t). Observe
that 0 < g{u) < 2, and so /x({w : g(w) > £ } ) < £ by Chebyshev's inequality. Let

be as in Lemma 2.9. Then

li({u : ||e((0, «)) - e(A(u))\\ > «4(e)}) < e.

Thus we have
/.OO

l l l / | - / * l l < / \\e(A(u))-e((0,u))\\dn(u)<2e + 84(e).
Jo

So

11/ - / I < 11/ - I/Ill + 11/* - I/Ill < 2S6(e) + 2e + «4(e) = 55(e),

and 55(£) —»• 0 as s —> 0.

3. Main results

The following lemma is taken from [5].

LEMMA 3.1. Let f be a nonnegative function on (0, oo). Given s > 0, there exists
a positive surjective isometry T of LWti, which is also a weak-star automorphism,
such that T{f)* = /* and \\T{f) - f*\\ < e.

THEOREM 3.2 (Main Theorem). The Lorentz space L^^O, oo) has the weak-star
uniform Kadec-Klee property if and only ifw belongs to both C\ and C2.

PROOF. We first prove the sufficiency. Let e > 0 be given. Suppose that || /„ || = 1
for all n, that \\fn — fm\\ > e, (m ^ n), and that (/„) converges weak-star to / . We
may assume that | | / | | = 1 — 8, and we shall show that 8 > 8(e) > 0. The quantities
Si, 82, etc. which arise in the proof depend only on 8 and all approach zero as 8
approaches zero.
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1°. We m a y a s sume that / > 0 and by L e m m a 3.1 that \\f - f*\\ < 8.
2°.

/

OO /-00 />OO

f(t) d<Kt) = / /•(*)d<t>(t) - I (f*(0 - / ( 0 ) d<f>(t)
Jo Jo

> II / I I -n / -n i> i-25.
3°. Choose 0 < m, M < oo such that f^ f(t)d<p(t) > 1 - 3 5 . Recall that

fn —* f weak-star simply means that /0°° fn(t)g(t)dt —> /0°° f(t)g(t)dt, for all
g belonging to the predual of Lwj. In particular, /0°° fnl((m,M)){t)d<p(t) —>
fo°° / ^ ( ( m . M))(t)d<t>(t). Therefore, by passing to a subsequence, we may assume
that /m

M /„(*) dt/>(t) > 1 - 48 for all n.
Since ||/n|| = 1 and since (by Proposition 2.6) property P holds, we have

Thus
poo
/ fn(t)d(t>(t)>l-48-8l for all n.
Jo

4°. By Proposition 2.10, we have \\fn - f*\\ < S2.
5°. By Helly's Selection Theorem we may assume, by passing to a subsequence, that

/„* —> g pointwise and, in particular, that f* -*• g weak-star. Since f* — fn->g — f
weak-star, we have ||g - / 1 | < liminf^^ | | / ; - /„ || < 82. Hence ||g|| > | | / | |-«52 =
l - 5 3 .

6°. Select 0 < mu Mx < oo such that \\gl((mu M,))|| > 1 - 283. By Egorov's
theorem,

||/;/((m1? A/,)) - gl((mu Af,))|| - • 0.

So by passing to a subsequence we may assume that

( ) ( ! , Af,))|| <3 3 for all/z.

hi particular, we get that ||/n*/((w!, Afi))|| > 1 - 353.
7°. Since ||/n|| = 1 and \\g\\ < 1 it follows from property P and from step 6° that

HA* - / ; / ( ( « i . M,))\\ < 84 and ||^ - gl((mu M0)|| < 84. Consequently,

\\f:-g\\ < \\f; - f;i{(mu M,))\\ + \\f;i((mu M,)) - gl((mu M^W

u MO) - g|| < 8, + 83 + 8, = 85.

8°. I I / ; - /;n < II/ ; -g\\ + \\g - f:\\ <
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9°. Finally, combining steps 4° and 8° and the hypothesis \\fn — fm\\ > e,m ^ n,

we have

e<\\fn-fm\\< \\fn - /;n + II/; - /;n +11/; - / J I < 2s2 + 2s5.

Since 282 + 255 ->- 0 as 8 -+ 0, it follows that 8 > 8(e) as required. This proves that
the conditions are sufficient.

We now prove that the conditions are necessary. First suppose that w £ C\, that
is, that there exists a € (0, 1) such that sup(>o(0(aO/<KO) = 1- Therefore there is a
sequence (tk) such that (<p(cetk)/<j>(tk)) ->• 1. Consider the Rademacher functions

Let

rn(t) = sign sin(2n nt), /i = l , 2 , . . . , ? e [ 0 , l ] .

rn((t - atk)/(tk - atk)), t e [atk, tk],
0, t i [atk, tk].

Clearly, yk<n —> 0 weak-star. Let

Then

Hence

and

say. Thus,

and

xk{t) =
2, te[0,atkl

0, t e 0t, oo).

+ tk)/2],
tk)/2, oo).

=4>(atk)+(j){tk),

xk + yk,n
ak

= 1,

If*
\ak

and finally (by concavity of <f>)

a*

ak " ak

(j>(atk)+(p(tk)

24>«utk+tk)/2)'

- g)ft/2)

+ a)tk/2)

— weak-star,
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for/z 7̂  m.

Since 4>(atk)/(j>(tk) -*• 1, and since (j> is an increasing function, it follows that
Il-Wa*ll ~*• 1 a s ^ "*• °°- Hence, for e = (1 — a ) / ( l + a), we can find sequences
(xk + yic,n)n lying on the unit sphere of LWti such that {xk+yk<n)/ak —> x^/a* weak-star

n

for all k, and such that ||^>n — yk,m\\/ak > s (m ^ «). Since ||x,tMtll —>• 1, there
cannot exist 8(e) > 0 for which ||x*M:ll < 1 — S(e) for all k. Therefore LwA does
not have the weak-star uniform Kadec-Klee property.

Now suppose that w <£ C2, that is, that there exists a € (0, 1) such that
inft>o(w(at)/w(t)) — 1. Thus there is a sequence (tk) such that w(atk)/w(tk) -»• 1.
Observe that this implies that

as k -*• oo.

Let .x*, j i „ be defined as above. It follows from the above observation that, for
each n, we have

lim U m i

t™ \\xk + yk,nII ^ /; '* 2u>(t)dt + £ + a ) " / 2 2w(t)dt

So Lu,,i does not have the weak-star uniform Kadec-Klee property, which completes
the proof.

Let A" be a closed bounded convex subset of a Banach space (X, || • ||). A mapping
T : K -*• K is said to be non-expansive if \\Tx — Ty\\ < \\x — y\\ for all x, y in K,

and K is said to have the fixed point property if every non-expansive mapping on K

has a fixed point. By van Dulst and Sims [7], who utilized Kirk's important concept
of normal structure [11], we have the following corollary.

COROLLARY 3.3. If w e C\ P) C2 then all weak-star compact convex subsets of
Lwj have the fixed point property. In particular, ifw e Cif] C2, then the closed unit
ball of Lwl has the fixed point property.
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