
BOOK REVIEWS COMPTES RENDUS CRITIQUES 

An Introduction to Differential Geometry, by T . J . Willmore. 
Oxford at the Clarendon P r e s s , 1959. 317 pages. 35 shillings. 

It is a mat ter of record that American Universities have been 
steadily dropping geometrical disciplines from their undergraduate 
curricula or employing such subjects as examples illustrative of 
either algebraic or analytic theorems. The reason for this is perhaps 
found in the prevalent opinion that the only significant geometrical 
results are essentially algebraic or analytic anyway and that the 
outstanding problems of geometry are of the Mpush-back-the-decimal-
point" type. Most of the standard text books on geometrical subjects 
were written at least twenty-five years ago and tend to lend credence 
to these opinions. To the geometer, then, it is heartening to observe 
the recent appearance of a number of texts whose contents and style 
of presentation should counteract the above cr i t ic isms. In the opinion 
of the reviewer, Willmore1 s book is such a text. 

The book was written for senior honours undergraduates or post 
graduate students. An agreeable blending of classical and modern 
techniques is used in the development of each topic. Many computational 
results which are commonly found in the body of a text are here 
relegated to the exercises which appear at the end of each chapter. 
Several comparatively lengthy proofs are included in appendices so 
that the geometrical train of thought may not be interrupted. Unsolved 
problems are frequently mentioned as well as references to other books 
for more extended coverage of specific topics. The reviewer feels 
that a student should be brought to the threshold of current research 
by a diligent perusal of this book. 

The book is divided into two par ts , each of which comprises four 
chapters. The first part deals with three dimensional Euclidean spaces. 
In the first chapter of this part we find a more than usually careful 
treatment of curves and their arc-lengths leading up to the Serret -
Frenet formulae and the fundamental existence theorem. The second 
chapter covers the local intrinsic properties of a surface with the same 
care as was used in the previous chapter. The standard topics of 
surface theory occur here as well as various results concerning 
correspondences such as isometr ies , conformai and geodesic maps. 
No attempt is made to conceal the difficulties inherent in the precise 
approach to geodesies. Examples are quoted to indicate the types of 
circumstances that may ar i se and certain unproved theorems concerning 
surface neighbourhoods are mentioned. Chapter three contains local 
non-intrinsic propert ies of surfaces and is based on a discussion of the 
second fundamental form. The equations of Gauss, Weingarten and 
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M a i n a r d i - C o d a z z i a r e developed and the fundamenta l e x i s t e n c e t h e o r e m 
for s u r f a c e s p roved . C h a p t e r four i s devoted to the g e o m e t r y of 
s u r f a c e s in the l a r g e . Th i s r a t h e r s u r p r i s i n g inc lus ion i s r e m a r k a b l y 
wel l handled a l though it was obviously n e c e s s a r y to p r a c t i c e a good 
deal of r e s t r i c t i o n in the choice of top ics and to s ta te s e v e r a l r e s u l t s 
without proof. C o m p a c t and comple t e s u r f a c e s a r e defined and 
Hi lber t 1 s t h e o r e m on the n o n - e x i s t e n c e of a c o m p l e t e ana ly t i c sur face 
of cons tan t nega t ive c u r v a t u r e i s p roved . The p r o b l e m of the " s e c o n d " 
v a r i a t i o n in the ca l cu lu s of v a r i a t i o n i s u s e d to d i s c u s s conjugate poin ts 
of g e o d e s i e s . F o r l a t e r p u r p o s e s the i n t r i n s i c defini t ion of a mani fo ld 
is given a s we l l a s that of a two d i m e n s i o n a l R i e m a n n i a n mani fo ld . 
T r i angu l a t i on , the genus of a su r f ace and i t s connec t ion with the E u l e r 
c h a r a c t e r i s t i c and p r o b l e m s of embedd ing a r e m e n t i o n e d b r i e f ly wi th 
a p p r o p r i a t e r e f e r e n c e s . 

P a r t two is devoted to the g e o m e t r y of n - d i m e n s i o n a l s p a c e s , 
beginning with a c h a p t e r on t e n s o r a l g e b r a . H e r e a n ice b a l a n c e i s 
ma in t a ined be tween pu re ly a l g e b r a i c c o n s i d e r a t i o n s and componen t 
r e p r e s e n t a t i o n s . The c h a p t e r ends with a d i s c u s s i o n of G r a s s m a n n 
a l g e b r a and i t s a p p l i c a t i o n s . In the second c h a p t e r of t h i s p a r t we 
e n c o u n t e r g e n e r a l m a n i f o l d s , i n t r i n s i c a l l y defined. Th i s i s followed 
by a d i s c u s s i o n of the p o s s i b l e m e t h o d s of defining tangent v e c t o r s 
ending with the l i n e a r mapp ing a p p r o a c h . The w o r k of the p r e c e d i n g 
c h a p t e r i s then appl ied to obtain the p r o p e r t i e s of t e n s o r f i e lds . In 
the s ec t ions on affine connec t ions and c o v a r i a n t d i f fe ren t ia t ion which 
follow, we find, a s we l l a s the usua l work , b r i e f r e f e r e n c e s to f i b r e -
bundles and p o s s i b l e e x t e n s i o n s of the concept of connec t ion . The 
t h i r d c h a p t e r dea l s with R i e m a n n i a n g e o m e t r i e s in which the m e t r i c 
m a y not be pos i t ive def ini te . The Chr i s to f fe l s y m b o l s o c c u r a s the 
unique s y m m e t r i c m e t r i c connec t ion p a r a m e t e r s of such a s p a c e . 
A d i s c u s s i o n of c u r v a t u r e , g e o d e s i e s and spec i a l s p a c e s now a p p e a r s . 
S e v e r a l s ec t ions a r e then devoted to the c o n s i d e r a t i o n of p a r a l l e l 
d i s t r i bu t i ons (fields of r - d i m e n s i o n a l "p l anes " ) and r e c u r r e n t t e n s o r s . 
The l a t t e r s e c t i o n s of th i s c h a p t e r a r e devoted to a b r i e f expos i t ion of 
E. C a r t a n ' s a p p r o a c h to R i e m a n n i a n g e o m e t r y and a s t a t e m e n t of 
c e r t a i n r e s u l t s ( such a s Hodge* s t h e o r e m ) of global g e o m e t r y . The 
l a s t sho r t c h a p t e r con t a in s a r e v i s i o n of the su r f ace t h e o r y of E 
in t e n s o r i a l f o r m . 

Although the o v e r a l l i m p r e s s i o n left by th i s book i s c e r t a i n l y 
f avourab le , t h e r e a r e a n u m b e r of c r i t i c i s m s which come to mind . 
In g e n e r a l the au thor 1 s s tyle i s such that d e t a i l s a r e often deal t with 
in a r a t h e r c a v a l i e r fashion. Th is a l lows h i m to c o v e r a good deal of 
ground but it i s s o m e t i m e s t r y ing for the r e a d e r . S ingu la r po in t s of 
c u r v e s in E a r e not c o n s i d e r e d even though t h e s e o c c u r in a n a t u r a l 
way when c u r v e s a r e p r o j e c t e d onto the p lane d e t e r m i n e d by i t s n o r m a l 
and b i n o r m a l . The t r e a t m e n t of the fundamenta l e x i s t e n c e t h e o r e m for 
s u r f a c e s in E and the d e r i v a t i o n of the Weinga r t en equa t ions e t c . 
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could p e r h a p s have been m a d e l e s s r epe t i t i ve . The proof that v a r i o u s 
c h a r a c t e r i z a t i o n s of a comple te sur face a r e equivalent ( chap te r IV, §6) 
i s somewhat vague and in one spot (top of p. 135) defini tely m i s l e a d i n g . 
T h e r e a r e too few e x e r c i s e s appended to the c h a p t e r s of the second 
p a r t and those that do a p p e a r c o v e r only a s m a l l p a r t of the m a t e r i a l 
in the t ex t . S e v e r a l of these contain m i s p r i n t s o r incomple te f o r m u l a ­
t i ons . The d i s c u s s i o n of e x t e r i o r d i f ferent ia t ion i s e x t r e m e l y shor t , 
cons ide r ing i t s i m p o r t a n c e for l a t e r t op ic s . In view of the ca lcu la ted 
c o n c i s e n e s s of m o s t of the p r e s e n t a t i o n s it could poss ib ly be a r g u e d 
tha t too m u c h space i s taken up with a d i s c u s s i o n of p a r a l l e l f ields of 
p l a n e s and d i s t r i bu t i ons ( a l m o s t a s m u c h a s the whole final c h a p t e r ) . 

In conc lus ion , the r e v i e w e r fee ls that th i s book d e s e r v e s to be 
expanded in c e r t a i n p a r t s and that m i n o r de t a i l s should be c la r i f ied but 
that i t i s the b e s t book of i t s kind ava i lab le to Eng l i sh r e a d e r s . 

J . R. Vans tone , Un ive r s i t y of T o r o n t o 

A Modern View of G e o m e t r y , by L. M. B lumen tha l . F r e e m a n , 
San F r a n c i s c o , 1961 . xii + 191 p a g e s . $ 2 . 2 5 . 

Like B. S e g r e , the au tho r t akes the word m o d e r n (as appl ied to 
geome t ry ) to m e a n "ove r a field that i s not n e c e s s a r i l y c o m m u t a t i v e . " 
The f i r s t s ix of the eight c h a p t e r s cons t i tu te a carefu l ly p r e p a r e d 
account of the r i g o r o u s in t roduc t ion of coo rd ina t e s in the m a n n e r 
developed by M a r s h a l l Hal l , Skornyakov, and B r u c k . The h i s t o r i c a l 
in t roduc t ion inc ludes G a u s s ' s r e m a r k , "I c o n s i d e r the young 
g e o m e t e r Bolyai a genius of the f i r s t rank, " and Hi lber t 1 s evaluat ion 
of the invent ion of n o n - E u c l i d e a n g e o m e t r y a s "the m o s t sugges t ive 
and notab le a c h i e v e m e n t of the l a s t cen tu ry . " A d i s c u s s i o n of infinite 
s e t s and t ru th t ab l e s l e a d s na tu r a l l y to the idea of a s y s t e m of a x i o m s 
(or " p o s t u l a t e s " , a s the au tho r p r e f e r s to ca l l t h e m ) . T h i s idea is 
i l l u s t r a t e d by the finite p l anes PG(2, 2) and EG(2, 3). The au thor 
r e m a r k s that "the pe r i od f rom 1880 to 1910 saw the publ ica t ion of 
1, 385 a r t i c l e s devoted to the foundations of g e o m e t r y . " He c i t e s 
abso lu te g e o m e t r y a s "a good example of pos tu la t iona l s y s t e m that 
i s v e r y r i ch in c o n s e q u e n c e s and [yet] i n c o m p l e t e " (that i s , not 
c a t e g o r i c a l ) . 

In C h a p t e r V, he c o n s i d e r s the poss ib i l i ty of in t roduc ing , into a 
" r u d i m e n t a r y affine p lane , " c o o r d i n a t e s x and y in t e r m s of which 
a l ine h a s a l i n e a r equat ion . He finds a n e c e s s a r y and sufficient 
condi t ion to be the " f i r s t D e s a r g u e s p r o p e r t y " (i . e. , D e s a r g u e s ' s 
t h e o r e m for t r i a n g l e s that a r e congruen t by t r a n s l a t i o n ) . F o r the 
c o o r d i n a t e s to be long to a field (not n e c e s s a r i l y c o m m u t a t i v e ) , a 
n e c e s s a r y and sufficient condi t ion i s the " th i rd D e s a r g u e s p r o p e r t y " 
(i. e. , D e s a r g u e s 1 s t h e o r e m for nomothe t ic t r i a n g l e s ) . The a u t h o r 
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