Bull. Aust. Math. Soc. 86 (2012), 327-338
doi:10.1017/S0004972711003455

ON PERIODIC SOLUTIONS FOR FIRST-ORDER
DIFFERENTIAL EQUATIONS INVOLVING THE
DISTRIBUTIONAL HENSTOCK-KURZWEIL INTEGRAL

WEI LIU®, GUOJU YE, YING WANG and XUEYUAN ZHOU

(Received 27 October 2011)

Abstract

The purpose of this paper is to study the existence of periodic solutions and the topological structure of the
solution set of first-order differential equations involving the distributional Henstock—Kurzweil integral.
The distributional Henstock—Kurzweil integral is a general integral, which includes the Lebesgue and
Henstock—Kurzweil integrals. The main results extend some previously known results in the literature.
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1. Introduction

In this paper, we consider the periodic boundary value problem (PBVP) for the first-
order differential equation

Dx=f(t,x), x(0)=x(T), (1.1)

where Dx stands for the distributional derivative of x € C([0, T]), 0 < T < o0, and f is
a distribution (generalised function).

Distributions and their derivatives are defined at the beginning of Section 2. The
notion of a distributional derivative is very general, including, for example, ordinary
derivatives and approximate derivatives. The first-order PBVP for ordinary differential
equations

dx
o [t %),  x(0)=x(T), (1.2)

with ordinary derivative dx/dt and f : [0, T] X R” — R”" has been studied extensively
in recent years; see, for example, [4, 5, 10, 11, 16]. However, as far as we know, few
Supported by NNSF of China (10871059) and the Fundamental Research Funds for the Central
Universities.

(© 2012 Australian Mathematical Publishing Association Inc. 0004-9727/2012 $16.00

327

https://doi.org/10.1017/5S0004972711003455 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972711003455

328 W. Liu, G. J. Ye, Y. Wang and X. Y. Zhou 2]

papers have applied distributional derivatives to study PBVP. In this paper, by using
distributional derivatives, we study the PBVP (1.1) and obtain some interesting results.

This paper is organised as follows. In Section 2 we introduce a general integral
called the distributional Henstock—Kurzweil integral or Dyg-integral. We say that a
distribution f is Dyg-integrable on [a, b] C R if there is a unique continuous function
F on [a, b] with F(a) =0 whose distributional derivative is f. From the definition of
the Dyg-integral, we know that the Dyg-integral includes the Riemann, Lebesgue,
Henstock—Kurzweil (HK) and wide Denjoy integrals (for details, see [2, 6, 7, 14, 15]).
The space of integrable distributions is a Banach space and has many good properties;
see [8, 9].

In Section 3, with the Dyg-integral and the distributional derivative, we generalise
the PBVP (1.2) to (1.1) and apply the well-known Schauder fixed point theorem
to study the existence of multiple solutions of (1.1). More precisely, by using the
Vidossich theorem, we show that the solution set is an R, that is, it is homeomorphic
to the intersection of a decreasing sequence of compact absolute retracts. Results in
this paper are generalisations of corresponding results in the references.

2. The distributional Henstock—Kurzweil integral

In this section, we present the definition and some basic properties of the
distributional Henstock—Kurzweil integral.
Define the space

C> ={¢p:R—>R|¢eC™ and ¢ has compact support in R},

where the support of a function ¢ is the closure of the set on which ¢ does not
vanish, denoted by supp(¢). A sequence {¢,} C CZ° converges to ¢ € C° if there is
a compact set K such that all ¢, have supports in K and, for every m € N, the sequence
of derivatives q)ﬁlm) converges to ™ uniformly on K. Denote C° endowed with this
convergence property by D. Also, ¢ is called a test function if ¢ € D. Distributions are
defined to be continuous linear functionals on D. The space of distributions is denoted
by 9, which is the dual space of D. That is, if f € 9’ then f: D — R, and we write
(f,d)eR, forp e D.

For all f € 9, we define the distributional derivative Df of f to be a distribution
satisfying (Df, ¢) = —(f, ¢'), where ¢ is a test function. With this definition, all
distributions have derivatives of all orders and each derivative is a distribution.

Let (a, b) be an open interval in R. We define

D((a, b)) ={¢: (a,b) > R| ¢ € C° and ¢ has compact support in (a, b)}.

The dual space of D((a, b)) is denoted by D’((a, b)).
Define C([a, b]) to be the space of continuous functions on [a, b], and

Bc={FeC(la, b]) | F(a) =0}.

Note that B¢ is a Banach space with the uniform norm ||F||. = max, ) |F|.
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We are now able to introduce the definition of the Dyg-integral.

Dermvition 2.1. A distribution f is distributionally Henstock—Kurzweil integrable (or
Dpyg-integrable) on [a, b] if f is the distributional derivative of a continuous function
F € Bc.

The space of Dyg-integrable distributions is defined by
Dug ={f € D'((a, b)) | f = DF for some F € B¢}.

With this definition, if f € Dyg then, for all ¢ € D((a, b)),

b
(f. ¢) =(DF, ¢) = —(F, ¢'>=—f F¢'. 2.1)

a

The Dpyk-integral of f on [a, b] is given by (Dgyk) fa b f=F(b), where F is called
the primitive of f and ‘(Dyk) f > denotes the Dyg-integral. As usual, if a function

F e C([a, b)) and (Dyg) fa b f =F(b) — F(a), then the function F' is a primitive of f.
Notice that if f € Dyg then f has many primitives in C([a, b]), all differing by a
constant, but f has exactly one primitive in Bc.

REmARrk 2.2. Integrals defined in the same way have also been proposed in other
papers. For example, Ang et al. [1] defined an integral in the plane and called it the
G-integral, and Talvila [15] defined the Ac-integral on the extended real line. In fact,
these two integrals are equivalent to the Dyg-integral for one-dimensional intervals.

The following result is known as the fundamental theorem of calculus.

Lemma 2.3 [15, Theorem 4].
(a) Let f € Dyg, and define F(t) = (Dyk) fat f. Then F € B¢ and DF = f.
(b) Let F € C(la, b]). Then (Dyk) fat DF = F(t) — F(a) forall t € [a, b].

ExawmpLE 2.4. We know that the primitive function F of the HK-integrable function f
is ACG™ (generalised absolutely continuous; see [6, 14]). In [6, Example 6.6], Lee
pointed out that if F is a continuous function and pointwise differentiable nearly
everywhere on [a, b], that is, everywhere except perhaps for a countable number of
points in [a, b], then F is ACG*. Furthermore, if F is a continuous function which
is differentiable nowhere on [a, b], then F is not ACG*. Therefore, if F € C([a, b])
but is differentiable nowhere on [a, b], then DF exists and is Dyg-integrable but not
HK-integrable. Conversely, if F'is ACG* then it also belongs to C([a, b]). Therefore,
F’ is not only HK-integrable but also Dyg-integrable. Here, F” denotes the ordinary
derivative of F.

This example shows that the Dyg-integral includes the HK-integral, and hence the
Lebesgue and Riemann integrals.
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We now give some other results about the distributional derivative and the Dyg-
integral.
Let F, G be two functions, and denote by F o G the composition of F and G.

DeriniTion 2.5 [15, Definition 10, Derivative of composition of continuous functions].
Let F, G € C([a, b]). Then (DF o G)DG := D(F o G), that is, for all ¢ € D((a, b)),

b
((DF 0 G)DG, ¢) =(D(F 0 G), $) = —(F 0 G, ¢") = - f (F o G)(D)¢' (1) dt.

Lemma 2.6 [15, Theorem 11].  Suppose that f € Dyx and DF = f, where F €
C(a,B]), —o<a<fB<+o0. Leta<a<b<p. IfGeC(a,b]) then

G(b) b
L() f=f (f ©G)DG = (F o G)(b) — (F o G)(a).
If G € C((a, b)) and lim,_,,+ G(¢) = @ and lim,_,;,- G(t) = 3 then

b
ff=f(foG>DG=F(ﬂ>—F<a).

Lemma 2.7. Let f, g be the distributional derivatives of F, G, respectively, where
F,GeC(la, b]). Then
D(FG)=fG+ Fg. (2.2)

Proor. It follows from the definition of distributional derivative and (2.1) that
b
(DFG).8) = ~(FG.8) =~ [ FGo)

b b b
__ f F(D(G) - g6) = - f FD(Go) + f Fgo

b b b
=f fG¢+f Fg¢=f(Fg+fG)¢

=(Fg+ fG,¢).
Consequently, the result holds. |

If g : [a, b] — R, its variation is Vg = sup ), |g(t,) — g(s,,)|, where the supremum is
taken over every sequence {(f,, s,)} of disjoint intervals in [a, b]. If Vg < co then g
is called a function with bounded variation. Denote the set of functions with bounded
variation by B8YV. As it is known that the dual space of Dy is BV (see details in [15]),
we have the next result.

Lemma 2.8 [15, Definition 6, Integration by parts]. Let f € Dyg and g € BYV. Define
fg=DH, where H(t) = F(t)g(t) — fat Fdg. Then fg € Dy and

b b
f fo = F(b)g(b) - f Fdg.
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For f € Dyg and F € B¢ with DF = f, we define the Alexiewicz norm by

A1l = IFllo = max |F].
[a.b]

The following result has been proved.
Lemma 2.9 [15, Theorem 2]. With the Alexiewicz norm, Dyg is a Banach space.

It is known that there is a pointwise ordering in C([a, b]) (so it is with B¢), that is,
u <vin C([a, b)) if and only if u(¢) < v(¢) for every ¢ € [a, b]. We now impose a partial
ordering on Dyg: for f, g € Dyg, we say that f > g (or g < f)ifand only if f —gisa
positive measure (see [12, Definition 1.18] for the definition of positive measure) on
[a, b]. By this definition, if f, g € Dyg then

b b
(DHK)f fz(DHK)f g whenever f > g. (2.3)

According to the definition of this ordering, we also have the following result.

Lemwma 2.10 [1, Corollary 1]. If fi, f5, f3 € D'((a, b)), fi = f» = f3, and if f1 and f5 are
Dy-integrable, then f, is also Dyg-integrable.

We say that a sequence {f,,} C Dyg converges strongly to f € Dy if ||f, — fll = 0
as n — oo. The following two convergence theorems hold.

LemMma 2.11 [1, Corollary 4, Monotone convergence theorem for the Dyg-integral].
Let {f.},", be a sequence in Dyg such that fo<fi <---<f,<---, and that
(Dyk) fabf,, — Aasn— oo, Then f, — fin Dyg and (Dgg) fabf=A.

Lemwma 2.12 [1, Corollary 5, Dominated convergence theorem for the Dyg-integral].
Let {fu},, be a sequence in Dyg such that f, — f in O'. Suppose that there
exist f_, fv € Dug satisfying f- < f, < f., for all neN. Then f € Dyg and

lim,, 00 (Dprx) fab o= Dug) fab /.

3. Periodic boundary value problems

In this section, we shall study the first-order PBVP
Dx = f(t,x), x(0)=x(T), (1.1)

where Dx denotes the distributional derivative of x € C([0, T']) and f is a distribution.
Throughout this section, we denote by Dy (respectively HK, L) the space of Dyg-
(respectively, HK-, Lebesgue) integrable functions and by ‘() f ” the =-integral.

We now impose some assumptions on the distribution f.

(D1) f(, x(+)) is Dyk-integrable for every fixed x € C([0, T]).
(Dy) f(t, ) is continuous for all ¢ € [0, T'].
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(D3) There exist y, z € C([0, T]), with y(0) < y(T') and z(0) > z(T), such that
Dy < f(-,x) <Dz forall x€[y,z],

where Dy and Dz are the distributional derivatives of y and z respectively, and
the ordering interval [y, z] = {x € C([0, T]) | y(¢) < x(¢) < z(¢) for all ¢t € [0, T']}.

Before coming to the main results in this paper, we give a result following from
Lemma 2.3—that is, the PBVP (1.1) can be converted to an integral equation.

Lemma 3.1. Let the distribution f satisfy (D;)—(D3). A function x:[0,T] >R is a
solution of the PBVP (1.1) on [0, T] if and only if x satisfies the integral equation

x(t) = e " (Dyx) f PO (f (s, x(5)) + p(s)x(s)) ds
0

3.1
PO

T
+ = (D) fo e"O(f(s, x(5)) + p(s)x(s)) ds

forany p(t) € HK, p(t) 2 0 on [0, T with P(t) = (HK) fot p(s)dsnonzeroatt=T.

Proor. Let p(t) € HK, p(1) > 0 on [0, T satisfy P(T) = (HK) [, p(s) ds # 0. Assume
first that x:[0, 7] = R is a solution of PBVP (1.1). Then x € C([0, T]). Hence,
by Lemma 2.3, the distributional derivative Dx of x exists and is Dyg-integrable.
Applying (1.1), we obtain

e"D(Dx + pt)x) = "O(f(t, x) + p(H)x). (3.2)

By Lemma 2.7 and integrating (3.2),

x(1) = e "Ox(0) + e " (D) f t e"O(f(s, x()) + p(s)x(s)) ds
0
and ,
1
x(0) = X(T) =~ (D) fo e"O(f(s, x(5)) + pls)x(s)) ds.

Thus x is a solution of the integral equation (3.1).
Conversely, assume that x satisfies (3.1), or equivalently, the integral equation

ePOx(t) = (Dyk) f ePO(f(s, x(5)) + p()x(s)) ds
0 (3.3)

1 T o
+ eP(T)——l(DHK) j(; ep(s)(f(S, x(s)) + p(s)x(s)) ds.
Differentiation of (3.3) gives
ePO(Dx + p(t)x) = "O(f (1, x) + p(r)x) forall r € [0, T1.

Hence, x satisfies the differential equation (1.1) on [0, T]. Moreover, inserting ¢ = 0
and r =T in (3.1) yields x(0) = x(T"). Thus x is a solution of the PBVP (1.1). O
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We now give the well-known Schauder fixed point theorem, which is used to prove
the existence of solutions of the PBVP (1.1).

Lemma 3.2 ([13, Theorem 6.15], Schauder theorem). Let M be a convex, closed subset
of a normed vector space X. Let </ be a continuous map of M into a compact subset
K of M. Then <f has a fixed point.

We are now ready to give our main results.

TueorREM 3.3. If the distribution f in the PBVP (1.1) satisfies assumptions (D;)—(D3),
then there exists at least one solution of the PBVP (1.1).

Proor. Let
g, x)=f(t,x)+ p(H)x, t€[0,T],x€[y, zl, (3.4

where p(f) € HK, p(t) > 0 on [0, T] and P(T) = (HK) foT p(s)ds # 0. It follows from
(D1)—(D3) that g(-, x(-)) € Dyg for all x € [y, z], g(t, -) is continuous for all ¢ € [0, T']
and

Dy + py<g(,x)<Dz+ pz, foreachxely,z]. (3.5)

Define a mapping 2 on [y, z] by

A x(t) = e " (Dyg) f e"Vg(s, x(s)) ds
0

(3.6)
0] T o
+ eP(T)——l(DHK) [) e Vg(s, x(s))ds, te€l0,T].
It follows from (3.6) that, for each x € [y, z],
D(/ x) = g(-, x) — p«/x on|0,T], 3.7
2 x(0) = & x(T). '
Letw = &y — y. Then, by (D), (3.4) and (3.7),
Dw+pw>=0, w(0)=w(T), (3.8)
It follows from (3.8) that
e"Dw(r) > w(0), rel0,T]. (3.9)
Lett =T in (3.9), and note that w(0) > w(T'). Then
e"Dw(0) > " Dw(T) = w(0),
which implies that
w(0) > 0. (3.10)

In view of (3.9) and (3.10) we then have w= &y —y >0, that is, y < .@/y. We
can similarly verify that 27z < z. Hence (3.6) defines a mapping <7 : [y, z] — [y, zl.
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Since y, z are continuous functions on [0, T], they are also bounded on [0, T']. Thus,
& ([y, z]) is uniformly bounded on [0, T for all x € [y, z].
Let t1, 1, € [0, T]. Then, by (3.6), for each x € [y, z],

I x(ty) — A x(tr) = e P (Dyk) f | e"g(s, x(s)) ds
f (3.11)

+ (PP _ 1) of x(ty).

Since p(t) € HK, p(t) =0, P(t) = (HK) fot p(s)ds is continuous and so is uniformly
continuous on [0, T']. Then, for all € > 0, there exists 6§ > O such that

PPl _ 1| <& whenevert, 1, €[0,T] and |t, — #;] < 6.

It is easy to see that ¢ € C([0, T]) N BV (and the same is true for e *”) on [0, T].
Hence, there exists M > 0 such that

1
— <P <M, tel0,T]
M
The result ¢’ € BV on [0, T] implies by Lemma 2.7 that e’@g(z, x(t)) is Dyk-

integrable on [0, T'], because g(-, x) is Dyg-integrable for all x € [y, z]. This result
and the monotonicity of g(z, -) for all 7 € [0, T] imply that

(Dix) f | "Og(s, ¥(5)) ds < (Dug) f P Og(s, x(s)) ds

< (Dyk) f | e"Wa(s, z2(s)) ds.

On the other hand, the properties of .7 imply that
W(12) < A x(tr) < z2(ta).

Since y, z € C([0, T]), there exists N > 0 such that

+ Ne

| x(t) — o x(t2)| < M'(DHK)f] e"Vg(s, x(s)) ds

SM('(DHK) f | e"Dg(s, y(s)) ds (3.12)

" ‘(DHK) f | FOg(s, (s)) ds

)+N£.

Since e"Pg(t, (1)) and e Dg(t, z(1)) are Dyg-integrable on [0, T], the primitives of
ePDg(t, y(1)) and ePVg(t, z(1)) are continuous and so are uniformly continuous on
[0, T]. Hence, by inequality (3.12), <7 ([y, z]) is equiuniformly continuous on [0, T
for all x € [y, z]. In view of the Ascoli—Arzela theorem, .27 ([, z]) is relatively compact.
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According to Lemma 3.2, we now only need to prove that .7 is continuous.
Let x € [y, zl, {xn}men be a sequence in [y, z] and x,, — x as m — oo. According to
condition (D5),
G xm) = f(,x)  asm — oo,

Thus, by (3.4),

eP(')g(', Xm) = eP(')g(-, X) asm — oo,

Hence, by Lemma 2.12 and (3.5),

f f
lim f "D g(s, xu(s)) ds = f e"Da(s, x(s)) ds, te[0,T].
m—oo 0 0

Therefore, lim,,, o & x,,(-) = & x(+), which implies that .2/ is continuous. Thus, <7 is
a compact mapping. The result implies that .7 satisfies the hypotheses of Lemma 3.2,
whence 7 has a fixed point, which is also the solution of PBVP (1.1). O

We now consider the topological characterisation of the solution set of PBVP (1.1).
First, we present the well-known Vidossich theorem.

Let Cy(K, Y) be the space of all continuous mappings x: K — Y, where K is a
compact convex subset of a normed space and Y is a metric space equipped with the
topology of uniform convergence. Denote by B(#, €) the closed ball with centre 7, and
radius €. Denote by x|4 the restriction of the map x to A.

Lemma 3.4 ([17, Corollary 1.2], Vidossich theorem). Let K be a compact convex
subset of a normed space, Y a closed convex subset of a Banach space Yy, F a compact
mapping C,(K, Y) — C,(K, Y). Suppose that there exist ty € K and yy € Y such that the
following two conditions hold.

) Fx)(to) =yo (x€ C(K, Y)).

(il) Forevery e >0,

Xk, =Ylk, = FOlk, = Flk, (x,y € C(K, T)),
where K, = B(ty, €) N K.
Then the set of fixed points of F is an Rs.

Recall that if a set is an Ry, it is homeomorphic to the intersection of a decreasing
sequence of compact absolute retracts. Furthermore, Vidossich [17] pointed out that
R;s is a nonempty, compact and connected set.

We are now in a position to give the second main result.

TueOREM 3.5. Under the above assumptions (D)—(D3), the solution set S| of
PBVP (1.1) on [0, T] is an Rs.

Proor. In Theorem 3.3, we have proved that the mapping <7 :[y,z] — [v,z] is
compact. According to the proof of Theorem 3.3, it is also easy to see that conditions
(i) and (ii) of Lemma 3.4 hold. Thus, by Lemma 3.4, the solution set S is an Rs. The
proof is therefore complete. O
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CoROLLARY 3.6. Assume that q(x) is continuous with respect to x, where x € C([0, T]),
and u(t) is Dyg-integrable on [0, T)]. Then the PBVP

Dx +q(x) = u(1), x(0) = x(T), (3.13)
has at least one solution. Moreover, the solution set is an Rs.
Proor. Let
J(t, x) = pu@) — gq(x)
and
g+ = llg(X)|lo-

Then, by the assumptions, it is easy to see that the distribution f satisfies (D), (D»)
and

u—q+ 2 fC,x)pu+q., forall xeC([0,T]). (3.14)
Let

Y0 = e PO(Dyrx) f POu(s) - gs + p()x(s)) ds
0

3.15)
e—P(Z‘) Ps)
b e (D) f ((s) - g1 + px(s) ds
and
0= ¢ D) [ ) + g+ plo)a(5) ds
U0 (3.16)

e

+ s (D) f "Iu(s) + gs + p()x(s) ds,

where p(t) € HK, p(t) >0 on [0, T], with P(¢) = (HK) j(; p(s)ds nonzero at t=T.
Thus, by Lemma 3.1 and Theorem 3.3, PBVP (1.1) has at least one solution, and
by Theorem 3.5, the solution set is an Rs. The proof is therefore complete. |

REmARrKk 3.7. According to Corollary 3.6, Theorem 3.3 generalises [11, Theorem 7]
and Theorem 3.5 extends [10, Theorem 5.1], because the Dyg-integral includes the
Lebesgue integral and the distributional derivative contains the ordinary derivative.

We now give an example to illustrate the above results.

ExawmpLE 3.8. Consider the PBVP given by

Dx + arctan x = DS, x(0) = x(2), 3.17)
where x € C([0, 2]) and DS is the distributional derivative of
— sin 7"nt
S = . 3.18
) Z; 5 (3.18)

Then the PBVP (3.17) has at least one solution. Moreover, the solution set is an R;.
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[11] On periodic solutions for first-order differential equations involving the Dyg-integrals
Proor. The PBVP (3.17) can be regarded as a PBVP of the form (3.13), where
u=DS, gqg(x)=arctanx, t¢€]l0,2],xeC(O0,?2].

It is easy to see that u(f) and g(x) satisfy the hypotheses of Corollary 3.6. Hence, the
result holds. O

It is well known that the Weierstrass function S(¢) in (3.18) is continuous
but differentiable nowhere on R (for details, see [3]). Then, by Example 2.4,
the distributional derivative DS is neither HK-integrable nor Lebesgue integrable.
Hence, [11, Theorem 7] and [10, Theorem 5.1] are not applicable in this case.
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