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Abstract

We study positive integers n such that n¢(n) = 2 mod o(n), where ¢(n) and o-(n) are the Euler function and
the sum of divisors function of the positive integer n, respectively. We give a general ineffective result
showing that there are only finitely many such n whose prime factors belong to a fixed finite set. When
this finite set consists only of the two primes 2 and 3 we use continued fractions to find all such positive
integers n.
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1. Introduction

We write ¢(n) and o (n) respectively for the Euler function and the sum of divisors
function of the positive integer n. There are many open problems concerning the
characterization of the positive integers n fulfilling certain congruences involving ¢(n)
and o(n). For example, a known open problem due to Lehmer asks if there are
any composite integers n such that n = 1 mod ¢(n) (see [6]). A different problem
due to Subbarao concerns finding composite integers n such that no(n) = 2 mod ¢(n)
(see [8]). See also [3, Section B37] for other problems and results of a similar kind.
In this paper, we study a congruence similar to Subbarao’s congruence, namely

ng(n) =2 mod o(n). (1)

Congruence (1) was recently proposed and investigated by Diaz (unpublished). It
is easy to see that prime numbers n satisfy (1). Diaz showed that the only positive
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integers n which are prime powers but not primes that satisfy (1) are n =8, 9. It was
also shown that if n is a composite integer satisfying (1) and if we put

. ne(n) — 2
k:= —a'(n)

then n can be bounded in terms of k. This follows from the minimal order ¢(n) >
n/ log log n of the Euler function, as well as the maximal order o-(n) < n log log n of
the sum of divisors function, which together imply that

k= né(n) —2 > ng(n) > n ’
o(n) o(m) — (loglog n)?

yielding that n < k(log log k).

Here, we prove two results about congruence (1). First, weletP ={p;, ..., pr} bea
finite set of primes and let Sp = {p{" - - - pzk : a; > 0} be the set of all positive integers
whose prime factors belong to . Our first result is the following theorem.

THeorReM 1. For any finite set of primes P there are only finitely many positive integers
n € Sp satisfying congruence (1).

For a positive integer n let P(n) be the largest prime factor of n. Theorem 1 has the
following immediate corollary.

COROLLARY 2. P(n) — oo as n goes to infinity through solutions of congruence (1).

The proof of Theorem 1 uses a result of Herndndez and Luca [5] whose proof uses
Schmidt’s subspace theorem and finiteness results about the number of nondegenerate
solutions to S-unit equations. As such, it is ineffective. That is, given P, we do not
know how to write down a specific upper bound depending on % on the largest solution
n € Sp of congruence (1). Our next result is an effective version of Theorem 1 when
P = {2, 3}. Quite likely, our method of proof extends to all sets £ consisting of only
two primes but we have not worked out the details of such an extension.

THeorREM 3. If P = {2, 3}, then the only n € Sp satisfying congruence (1) are 1, 2, 3, 8
and 9.

2. The proof of Theorem 1

First we comment on the situation when n = p* for some prime p and exponent a
greater than 1. Put
a+l _ 1

r_--
p—1

Then p™! =1 mod D. But also n¢(n) =2 mod D, or p**~!(p — 1) =2 mod D. Hence,

p?@D(p — 1) =2p* mod D. Using also p**! = 1 mod D, we see that 2p* = p — 1 mod

D. Thus, D |2p® — p + 1. The expression 2p> — p + 1 is never 0, so D <2p* — p + 1.

Thus,

D:=o(p*) =

P =1<(p-D2p*-p+1).
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If a>4, then p’ — 1< p™! —1<(p-1)Q2p*> - p+ 1), which is impossible. Thus,
a€{2,3}. If a=2, then p>+p+1|2p>—p+1, which leads to p> +p+1|p—3.
This is possible only when p =3, which gives the solution n=9. If a =3, then
PP+ p>+p+1]2p°—p+ 1, from which we see that p> + p> + p+1[2p?> +3p + 1.
Thus, p* < p? + 2p, so p < 2. This leads to the solution n = 8 to congruence (1).

Now let P ={p1, ..., pr}. We assume that p; < pp <--- < pr. There is no loss of
generality in assuming that # consists of all primes p < py, and hence p; is just the
Jjth prime number. Now suppose that n = p?l‘ e p?: € Sp satisfies the congruence (1),
where 1 <i; <--- <i; <kand the a; are nonnegative for j=1, ..., s. There is no loss

of generality in assuming that s > 2. Put u; := p?;/ﬂ for j=1,..., sand put
J

vi=ng()/2=pi" " pl Ty = D (= D2

Observe that u; and v are all members of Sp for j=1,...,s. Moreover, u; and v are
multiplicatively independent, namely there do not exist integers x and y not both zero
such that 17 =17, because u; is a prime power and v has at least two distinct prime
factors, namely p; and p;,. Let j be such that u; = max{u, : 1<r<s}. We may
assume that a; > 3, otherwise u, < pi, foralli=1,...,s, so there are only finitely
many possibilities for n. Then

2a 2a 2 2 2k
v<p e pt <uy g <uy,

giving that u; > v!/?*. Since (u; — 1)/(p;, — 1) divides 2(v — 1), it follows that

ui—1
j >l s U

ng(uj_l’v_l)ZZ(p,»j—l) ;

where we used the fact that a; > 3. However, a result of Herndndez and Luca from [5]
asserts that if & > 0 is fixed, then there are only finitely many pairs of elements (u, v)
in Sp such that

ged(u — 1, v — 1) < max{u, v}°,

and such that « and v are multiplicatively independent. Note that u; <v for a; > 3.
Since we have already established that u; and v are multiplicatively independent, the
above result applied with £ :=1/4k gives us only finitely many possibilities for v.
Hence, there are only finitely many possibilities for n¢(n), and in particular for n,
which is what we wanted to prove. Theorem 1 is therefore proved.

3. Proof of Theorem 3

We assume that n = 2*3”, where a and b are positive integers. Let M := 21 — 1
and N := (3%*! = 1)/2. Then 2**! =1 mod M and 3°*! = 1 mod N. But also n¢(n) =
2 mod MN, which gives 22¢3%*~! =2 mod MN. Thus, 22@+D32¢+D =216 mod MN.
Since 2¢*! = 1 mod M, we see that 320+D =216 mod M. Also, since 3**' = 1 mod N,

https://doi.org/10.1017/51446788712000614 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788712000614

88 A. Dujella and F. Luca [4]

it follows that 22@*D =216 mod N. Since M divides 22¢*D — 1 and N divides
326+D) _ 1 it follows that both M and N divide

22(a+1) + 32(b+1) - 217.

Let us now show that a and b are both even and that M and N are coprime. Let
D :=gcd(M, N). Then 2! =3"*! =1 mod D, so D divides 1 +1-217=-215=
—5x43. But if 5 divides M, then 4 | a + 1, so, in particular, 2 | a + 1, which implies
that 3| M. This leads to 3 | n¢(n) — 2 = 22¢3?=1 — 1, which is false. Hence, D cannot
be a multiple of 5 and a + 1 is odd, therefore a is even. If 43 divides M, then
2¢*1 = 1 mod 43, which implies again that a + 1 is even, which is a contradiction.
Hence, M and N are coprime and a is even. Let us show that b is also even. If not,
then b + 1 is even, so 3”*! — 1 is a multiple of 8. Thus, 4|N|2%?3%~1 — 2, which is
impossible. Hence, b + 1 is odd and therefore both M and N are odd. Since MN
divides 2%@+D 4 32(+1) _ 217 and this last number is even, we deduce that this last
number is a multiple of 2MN = (2¢*! — 1)(3”*! — 1). Let x := 2**! and y := 3**!. Then
the equation

P +y =217=c(x- Dy -1) )

holds, for some positive integer ¢. Since a and b are even, we have the following
congruences: x=0mod 8, y=3mod 8, y> =9 mod 16, x=2 mod 3, x> =1 mod 3,
y =0 mod 3. Using these congruences, from (2), we conclude that ¢ =0 mod 8 and
¢ =0 mod 3; that is, ¢ = 0 mod 24.
We shall next ‘diagonalize’ equation (2). Namely, let
X:=cy—c—2x, 3)
Yi=cy—c—-2y. 4)

Then
(c+2)Y? — (c — 2)X* — (—860c + 1736)
=—4(c-2)(x* +y* =217 —c(x - D(y - 1)) =0.
Hence, we arrive at the Pellian equation
(c+2)Y% - (c - 2)X? = —860c + 1736. 5)

From (5), we see that X/Y is a good rational approximation of the irrational number

V(c + 2)/(c — 2). More precisely,

’X c+ 2‘ 860c — 1736 < 860(c—2) 860

— = = < < —.
Y Ve-21 (Vex2v+vVe—2X)Ve—2Y V2 —4y2 Y2

The rational approximation of the form

X c+2| 860
VS < ©
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is not good enough to conclude that X/Y is a convergent of continued fraction
expansion of y(c +2)/(c —2), but by Worley’s theorem [9, Theorem 1] (see also [1,
Theorem 1]), we know that

X _ rpe upy

Y rgqea :ugp
where k> —1 and r and u are nonnegative integers such that ru <2 x 860 = 1720.

Since c is even, we have the continued fraction expansion

c+?2

o [1,(c—-2)/2, 2]

(see, for example, [4]). Let X =d(rpis1 = upy), Y = d(rqis1 + uqy), where d*ru <
1720. Then, by [2, Lemma],

(¢ +2)Y? = (c = 2)X* = d* (=) (uPtys1 + 2ruspsr — r*lsn), (7

where {si}r>—1 and {f};>-1 are sequences of integers appearing in the continued
fraction algorithm for quadratic irrational v(c + 2)/(c — 2). From [4], we learn that
Sk =c— 2,y =c — 2, thyy1 = 4. Let us check whether it is possible that the expression
on the right-hand side of (7) is identically equal to the right-hand side of (5); that is,
to —860c + 1736. If k is even, then d>((4u® — 2ru + 2r*) + c¢(2ruc — r?)), while if k is
odd, then —d?(c(u* + 2ru) — (47> + 4ru + 2u?)). Comparing these two expression with
—860c + 1736, we first see that d = 1 or d = 2, and then that in both cases the resulting
system of two equations has no integer solutions.

It remains to consider all possible triples of integers d, r, u satisfying d*ru < 1720,
and check whether the corresponding right-hand sides of (7) have nonempty integer
intersection with —860c + 1736, and lastly compute the corresponding positive integer
c. There are many such c (the largest is 739 586), but only three of them satisfy the
condition ¢ = 0 mod 24. These ¢ are 48, 288 and 23 328.

Let us solve the corresponding three Pellian equations. The equations are:

25Y% - 23X%> =-19772, (8)
145Y% — 143X% = =122 972, 9)
11665Y% — 11 663X% = —10 030 172. (10)

Using bounds for the fundamental solutions of Pellian equations (see, for
example, [7]), we find that all solutions of equation (8) are given by (Xo, X|) =
(58, 192) or (192, 58) and X; = 48X—; — Xy, for all k > 2, and by (Yy, Y1) = (48, 182)
or (182,48) and Y, =48Y;_; — Y, for all k > 2. Assume now that for X and Y defined
by (3) and (4) there exists an index k such that X = X; and Y =Y. Then (X, Y) =
(10, 0), (0, 38), (0, 10) or (38, 0) modulo 48. But on the other hand, X = 0 mod 16 and
Y =0 mod 6, and none of these four pairs satisfies this condition.

Completely analogous arguments apply to the other two equations, since both other
c are also divisible by 24. The fundamental solutions of (9) are (X, X;) = (38, 1992)
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and (Yo, Y1) = (24, 1978), and we see that (X, Y) = (14, 0), (0, 10), (0, 14) or (10, 0)
modulo 24, while the fundamental solutions of (10) are (Xy, X;) = (218,23 112) and
(Yo, Y1) =(216,23 110), and so (X, Y) = (2, 0), (0, 22), (0, 2) or (22, 0) modulo 24. In
both cases, none of the pairs modulo 24 satisfies the conditions X =0 mod 16 and
Y =0 mod 6. This completes the proof of Theorem 3. O
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