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ON STRENGTHENED WEIGHTED CARLEMAN’S INEQUALITY

ALEKSANDRA CIZMESUIIA, Josip PECARIC AND LARS-ERIK PERSSON

In this paper we prove a new refinement of the weighted arithmetic-geometric mean
inequality and apply this result in obtaining a sharpened version of the weighted
Carleman’s inequality.

1. INTRODUCTION

oo
Let (as)nen be a sequence of non-negative real numbers, such that the series }_ a,
n=1
converges. Then the well-known Carleman inequality

o0 n l/n oo
(1) Z(Hak) < eZa,.

n=1 k=1 n=1
holds, unless a,, = 0 for all n € N. Moreover, the constant e on the right-hand side of (1)
is the best possible, that is, it cannot be replaced by any smaller constant. The relation
(1) was discovered by Carleman in his paper [1] on quasi-analytic functions, where he
gave necessary and sufficient conditions for a function not to be quasi-analytic (see [6]
and [10] for further details).

Since its publication in 1922, the inequality (1) has been generalised in various ways
by many different authors and has found a wide range of applications. The study of
Carleman’s inequality is also covered by a rich literature. Here we just mention the
recent review papers 7, 8, 12], which give a comprehensive history, several proofs and
some new developments related to Carleman’s inequality and its integral analogue - the
so-called Pélya-Knopp’s inequality, and also many further references.

A possible way of generalising Carleman’s inequality is either to obtain its finite
sections, that is, to restrict the infinite series on its both-hand sides to a finite number
of terms, to enlarge the left-hand side of (1) by adding suitable non-negative terms, or
to find refinements of (1) by decreasing the weight coefficients in the series on its right-
hand side. Moreover, although the constant factor e is optimal, Carleman’s inequality
can be strengthened by finding some appropriate approximations of this constant, as it
was shown in a recently published sequence of papers dealing with such improvements:
2, 3,4, 7,8, 9, 12, 14, 16, 17, 18].
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In particular, in [9] Kaijser, Persson, and Oberg proved the following theorem:

THEOREM A. Let (an)nen be a sequence of non-negative real numbers and let
(z})nen be the non-increasing rearrangement of the sequence (z,)neN, Where z,
=n(1 + 1/n)"a,, n € N. Then the inequalities

n {n/2|

@ S (ITo)"+ 3 s 2o (Vo - VA’
<$2( g) 0 b3

n=1

n
1)a"

hold for all N € N.
N
The factor 1 — n/(N + 1) in (2) means that the usual partial sum ) a, on the

n=1
right-hand side of Carleman’s inequality has been replaced by the corresponding, but
strictly smaller Césaro sum, that is, the partial sums of the original sequence have been
arithmetically averaged. Furthermore, if the sequence (@, )nen from Theorem A is such
o0

that the series ) a, is convergent, then by letting N — oo in (2) we obtain the relations

© n Un n/2}
;(gak)/ +Zn(n+1)z(° Aks1 \/—)
<i(1+ )an<eZan,

which may be regarded as refinements of (1).

On the other hand, since the inequalities on the right-hand sides of the relations (2)
and (3) were derived from the rough estimate (1 + 1/n)" < e, it is evident that they can
be improved by using sharper approximations of e. Guided by this idea, in the paper
[17] Yang obtained the following series expansion.

LEMMA A. Ifz >0, then

(4) (142 =) —e[ i T ]

k=1

where all the coefficients oy are positive and given by the recurrence formula

1

1 @i
H = - keN.
2 W k+1(k+2 i=lk+2—i)’ €N

Q) =
In particular, o, = 1/24, a3 = 1/48, a4 = 73/5760, and as = 11/1280.

The same result was proved also by Gyllenberg and Yan in [4], as an answer to an
earlier question raised by Yang in [16].
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If we denote

[><]
(5) =y ——= a — o ©>0

k:l
where the coefficients oy are defined as in Lemma A, then by combining (2), (4) and (5)
we have

N n/2)

(© ;(gak)""+;n(nil)§ (Voo — V3L )’
<ed(1- N+1)[1—<p(n) an<eZ(1— l)a,,

n=1

and, under the assumption that the series Z an, is convergent, by taking hm also a
n=1

corresponding result to (3).

A weighted version of (1) was noted already by Hardy in [5, p. 156].- (However,
he said that it was G. Pélya who pointed out this fact to him.) A much more general
weighted Carleman’s inequality was recently proved by Yang in [17]. His result show

THEOREM B. Let (a,)nen and (w,)nen be sequences of real numbers, such that

o0

an 20,0 < wpy1 Swp,n €N, and ) wyan, < 0o. Then

n=1
(7) f:w,.“(ﬁ a;"’k)vw" < i(l + vu;/—:) Wﬂ/w"wnan = eZ[l - ( )]wnan,
n=1 k=1 n=1

n
where ¢ is defined by (5) and W, = }_ wy, n € N.
k=1

Our aim in this paper is to state, prove and discuss a generalisation of Theorem A to
the case with weights, which also may be seen as a sharpening of Theorem B (see Section
3). As a crucial step of the proof of our main result, and also of independent interest,
in Section 2 we shall prove a new refinement of the weighted arithmetic-geometric mean
inequality.

2. A REFINEMENT OF THE WEIGHTED ARITHMETIC-GEOMETRIC MEAN INEQUALITY

Before presenting our idea and results, we need to introduce some notation. For a
given sequence a = (a,)nen Of non-negative real numbers and a sequence w = (wp)nen
of positive real numbers, by 4,(g;w) and G,(g; w) we denote respectively the weighted
arithmetic and geometric mean of g with the weights w, that is,

A Zwkak, g Q = (Ha )VW"’

"k_
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n
where W,, = 3" wy, n € N. We also put Wy = 0. Further, if S, is the symmetric group
k=1
of degree n, then for arbitrary 7 € S, and k € {1,2,...,|n/2]} let

Wr g = Wr(2k-1) + Wr(2k),

1
Arx(a;w) = [Wr(ek-1)8r(2Ek-1) + Wr2k)Bn(2k)]
Ty
and
Wa(2k-1) _ Wr(2k)]1/Wn,
Gri(gw) = [a,5) "o, ] "

Especially, observe that if all weights in the sequence w are equal, their value w
= w; = wy = ... will not affect the value of the related means, that is, A,(g; w) = An(g;1)
and Gp(g;w) = Gn(g;1), where 1 = (1,1,...) . In this case we can without loss of
generality assume that w = 1 and denote

An(a) = Anlg;1) = %Zah Gnla) = Gala;1) = (H ak)l/n, neN.
k=1 k=1

Now, we can state our first result. The following lemma gives a new generalisation
and refinement of the weighted arithmetic-geometric mean inequality:

LEMMA 1. Let a = (an)nen be a sequence of non-negative and w = (wWy)nen Of
positive real numbers. Then the inequality
{n/2)
(8) A ( ) G ( _ma-x Z wﬂ'k 1rk av ) - G'lr.k(.@;ﬂ)]

W, n€8a

holds for all n € N.

PROOF: First, suppose that the number n is odd. For an arbitrary permutation
m € S, then we have

A a Z w,,(k)a,,(k)

"kl

(n/2f

1

= W{ Z [wn(Zk—l)ar(%—l) + w1r(2k)a'1r(2k)] + wﬂ(n)aw(n)}
A k=1

n/2)
= [Z Wy, kAvr k(e w ) + wﬂ(n)an(n)]

In/2)
= _Zwﬂ'k[Aﬂ'k Grilg; )]
W, k=1
1 [n/2]
(9) + W [wn(n)aﬂ(n) + Z Wy, kG k(a w)}

k=1
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{n/2)
Since Wa(n)+ E wyx = Wh, applying the weighted arithmetic-geometric mean inequality
to the sum of |_n/2J + 1 terms in the last row of (9) we obtain that A,(a;w) is not less
than

[n/2j [n/2

_ul/_ E Wa gk [Anp(a; ) — Grpla; w)] + [ :(",S" H Gr (g U))w' '"] v
k=1

tn/2} n
1 w 1/Wh
ZW’Z nkaw) rka: [H ,r(w]:;)]
1 In/2) .
== Z w-rrk[An k(g w) - (a' ‘U))] + Ga(g; w).
Wa k=1

The inequality (8) now follows by taking the maximum over all # € S,,. If the number n
is even, the proof is similar or even simpler. 0
REMARK 1. Note that in the case when all weights are equal we have w,; = 2 and
W, = n, so the right-hand side of the relation (8) becomes

1 [n/2]
— max ; [an(2k—1) + Gnak) — 21/Bn(Ze—1)Cr(zk) |
1 n/2) 1 n/2) )
= max [var@—1) — \/aw(Zk) = Z Ve in— Ve ]
k=1 k=1

where (a})nen denotes the non-increasing rearrangement of the sequence a. Hence, we
obtained the relation

in/2] 2
An(a) — Gala %;(\/nk+l \/a‘_l‘c)’

which was proved previously by Kaijser, Persson and Oberg in the paper [9]. Therefore,
our Lemma 1 may be seen as a weighted generalisation of their result.

REMARK 2. It is evident that the inequality (8) is also an improvement of the relation

An(g;w) - Calgiw) > —

w;a; + w;a; W .
a,w a;, w max (w; w].) [;__u - (aty-ajz)l/(w.+w,)]’
W, 1<iign

w; + wj !

known in the literature as Popoviciu’s inequality (see for example [11]).

3. A STRENGTHENED CARLEMAN’S INEQUALITY

Our main result in this paper reads:
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THEOREM 1. Let a = (an)nen and w = (wy)nen respectively be a sequence of
non-negative and a sequence of positive real numbers, and let the sequence @ = (@ )neN
be defined by @, = Wy (1 + wyy1/W,)"*/¥~a,, n € N. Then the inequality

N
(10) anHG a; w) + Z le';nlﬂ < Zl(l - WW;H) (1 + w&:l)wn/ "wnan,

where

n/2]
Tp = rré%x Wy k[ k(G W) — Gr (@ ﬂ)] 20,
k=1

holds for all N € N.
PROOF: Let n € {1,2,...,N}. Since

Gn(g;w) [H W (1 4 wvl‘c;:)w akk] 1/ W

- [ ()™ =
k=1

Lemma 1, applied to the sequence @ instead of g, yields

'rn w, Wi Jwi
Win1Gnl(a; w) + A W Z’kak(l'*' v‘k,:l) Ok

nk_

N
By multiplying this relation by wn41/Whp4, taking the sum ), and then reversing the
order of the summation we get n=1

Z Wn+1Gnl(a; w) + Z Ww;lj,:ﬂ

_ Wny1 W1 Welwe
< wi(1+52)
Z WaWoi Zwk A Gk

2

>
- w1+ 552) Fa 2t
=S (1422) a3 (- L)
=3 (1= ) (1 552) " e

x
L
—
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so (10) is proved. 0
REMARK 3. Observe that the first inequality in the relation (2) is only a special case
of the inequality (10), obtained when all the weights in w are equal. Hence, considering
also Remark 1, we see that Theorem 1 is a weighted generalisation of Theorem A.

Theorem 1 is also a sharpening of Theorem B. In fact, we have:

COROLLARY 1. Letga = (an)nen ad w = (w,)neN be sequences of real numbers,
such that a, > 0 and 0 < wy41 € wy, n € N. If the sequence r = (ry)nen is defined as in
Theorem 1 and the function o is given by (5), then the inequality

w N W w Wa/wn
anﬂa sw) + Z = ;Ij,.lﬂ g(l - W~+1)(l + WZ) Wnn
N

m S0 3 (BLCR | (RCLY

n=1

holds for all N € N.

PRrOOF: The first relation in (17) follows directly from the fact that theé sequence w
is non-increasing, while the second one is a consequence of Lemma A. 0
REMARK 4. Suppose that the sequences g and w from Corollary 1 are such that the
series io: wyay, is convergent. Let W = i wy. Since 0 < W < oo, by taking 1\}1_1'101° in

n=1 n=1
(10) and (17) we have

an.HG a;w) + Z Ww;;:“

ol (S R

TS (] ) AP Y2, W

Therefore, the inequalities in (12) give a refinement and improvement of Theorem B.
Moreover, as a special case of the relation (12) we obtain the non-weighted results de-
scribed in the Introduction.

Instead of using the series expansion (4) or its finite sections (see, for example [13,
15, 16, 18)), the factor (1+1/z)* can be estimated by different types of approximations.
In particular, in the paper [14] Yan and Sun proved that

1+ ) ce(1+—L )" 23
T (T

( + :z:) z+1/5 ~

and applied this relation to obtain the Carleman type inequality

(13 S ([Te) " <eX-(1+775) o

n=1 k=1
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(=]
for a sequence g = (an)nen Of non-negative real numbers such that the series 3 a, is

convergent. In [9], the relation (13) was sharpened as follows: =t

[n/2]

;(gak)l/n+zn(n+l) Z Vg1~ \/—)
eZ(l—N—H)(1+n:_c.)—l/20m

(14) < e;(l - .Tv'%) (1 += +11/5)_1/2an,

where the sequence (z})nen is defined as in Theorem A and

8 —¢?
* = =~ 0.1802696.
(15) c o 0.1802696

It was also shown that the constant c* from (15) is the best possible for the relation

(16) (1+%)"<e(1+ 1 )_1/2

n+c*

to hold for alln € N, that is, it cannot be replaced by any smaller constant. Consequently,
the relation (14) cannot be further improved by an approximation of the form (16).
Observing that

1\2 1 \-1/2
inf{cGR:(1+—) Se(1+ ) ,x?l}
T z+c

1
=S — = c*
i Freyr e R

since the function under the sign of sup is decreasing on [1 00), we obtain the following
weighted generalisation of (14):

COROLLARY 2. Suppose @ = (Gn)nen a0d w = (wn)neN are sequences of real
numbers, such that a, 2 0 and 0 < wp41 € Wy, n € N. If the sequence r = (73)nen is
defined as in Theorem 1 and the constant c* is given by (15), then the inequality

Z wns1Cnlaiw) + Z Ww{;::u i(l - Wvl‘:L )(1 + %) W"/"’"wnan

n=1
N
W, 1 -1/2
17 <e (1 - ) (1 + ) Wya,
( ) = g WN-H %:4—6' ntn

holds for all N € N and the constant c* is the best possible.
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