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LIMIT THEOREMS FOR RANDOM
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Abstract

In this paper we study a generalized P6lya urn with balls of two colors and a random
triangular replacement matrix. We extend some results of Janson (2004), (2005) to the
case where the largest eigenvalue of the mean of the replacement matrix is not in the
dominant class. Using some useful martingales and the embedding method introduced
in Athreya and Karlin (1968), we describe the asymptotic composition of the urn after
the nth draw, for large n.
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1. Introduction

We consider a generalized Pdlya urn with balls of two colors, say white (W) and black (B).
The urn is initially nonempty. At each time n, a ball is drawn from the urn uniformly at random
and its color is observed (i.e. a ball is drawn, looked at, and then placed back into the urn). If
a white ball is drawn then it is replaced in the urn with X,, white balls; if a black ball is drawn
then it is replaced in the urn with Y,, white balls and Z,, black balls. The random variables X,,,
Y,, and Z,, are independent copies of some nonnegative, integer-valued random variables X,
Y, and Z, respectively.

The evolution rule at time # is then summarized by the 2 x 2 random matrix

W B
W X, O
B < Y, Z, )
where the rows indicate the number of balls added to the urn and the columns indicate the
number of balls drawn. Thus, the composition of the urn after n draws is represented by the
vector (W,,, B,), where W,, and B, are the numbers of white and black balls, respectively, in
the urn. The urn starts with a given vector (W, Bg), which we assume is nonrandom.
The assumption that X, Y, and Z are nonnegative, integer-valued random variables guaran-

tees the nonextinction of the urn. Furthermore, in order to avoid any explosion of the urn, we
suppose that X, Y, and Z have finite variances. We define

nx = E(X), ny = E(Y), nz =E(Z2),

0)2( = var(X), 0,% =var(Y), O’% =var(Z2),
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and, for every integer n, the ball addition matrix or the replacement matrix is

R(n) = ();,: Zon> .

Eggenberger and P6lya [6] were among the first to study urn models, dealing with the fixed

schemata
s 0
0 s/°

This urn is known as the Pdlya—Eggenberger urn. In 1931 this model was discussed by
Pdlya [15]. Bernstein [5] and Savkevitch [16] then generalized this model to the case where s
balls of the same color and a balls of the antithetical color are added:

)

These two models have been studied and generalized in later papers (see [1], [4], [7], [8],
and [9)).

Several P6lya urn models with various settings for the ball addition matrix have been studied
by many authors. In particular, in the case when the mean of the replacement matrix is
irreducible, Janson [11] carried out a study in which he characterized the number of balls
of each color. In the case when the replacement matrix is triangular, not irreducible, and
nonrandom, Janson [12] characterized the limit law and the almost-sure limits of the number
of balls of each color. The aim of this paper is to extend these results to the case when the
replacement matrix is assumed to be random.

To attempt our goal, we will use the embedding method of Athreya and Karlin [2], [3]. We
study the urn process by embedding it into a multitype continuous-time Markov branching
process X (t) = (W (t), B(t)) with initial condition X (0) = (W (0), B(0)) = (Wy, By). In the
continuous process we assume that every ball of type i (where white balls are of type 1 and
black balls are of type 2) has an exponentially distributed lifetime with mean 1, i.e. it dies with
intensity 1, and when it dies, it is replaced by a set of balls with distribution (3;, ;) j=1,2, where,
if we note by £ the distribution,

d11 =L(X+1), 812 = L(0), 821 = L(Y), 822 =L(Z+1).

We shall assume that all lifetimes and offspring compositions are independent.

Let0=1 <171 <17 <--- <71, <--- be the splitting times of the process X. Athreya
and Karlm [2] proved that the process (X(‘L’n))n>() has the same law as ((W,, B,))»>0; hence,
since T, % oo as n — oo, limit theorems for (W,,, B,;) can be derived from limit theorems
for X(t). By ° L3 we denote almost-sure convergence.

In order to study the process X (t) = (W(¢), B(t)), we define a suitable martingale ¥ (¢).
The martingale that we use is a standard one in branching process theory. Let

. T _ (X MKy
A:=E(R (n) = ( 0 /tz)’
and define Y (r) = e’ A ()T, where M T denotes the transpose of the matrix M. Let ¥; be
the o -algebra generated by the family {(W (s), B(s)), s < t}.
Using the Markov property, in the following theorem we extend a fundamental, well-known
result described in [11, Lemma 9.8], and [3, Theorem V.7.2]. The proof of this result will be
relegated to Section 3.
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Theorem 1. If ux > wz, the martingale {Y(t), ¥;, t = 0} isan éz—bounded martingale, and,
hence, converges almost surely and in L. Moreover, Y(t) = E(Y/%;), where

- (1)

is the almost sure and L*-limit of Y(t). Here W and B are two random variables.

Remarks. 1. We still get an almost sure and L'-convergence of the martingale Y(z) if we
replace the assumption that X, Y, and Z have finite variances by

EXInX)+EX InY)+E(ZInZ) < oo.
However, for our main results, we need the Lz-assumption.
2. Using Theorem 1, we can prove the following statements.
o If ux > uz, we have
My
exp(—tux)W(t) + ————(exp(—tux) — exp(—tuz))B(r)
Mx — Mz
— W almost surely and in L2, @))

exp(—tuz)B(t) — B almost surely and in L2. )

As proved in Theorem 3.1 of [11], we have the functional limit theorem. In DJ[O0, 00),
the space of all right-continuous functions [0, co) — C with left-hand limits,

£L
exp(—txux) W (tx) + ﬁ(exp(—th) — exp(—txp2)) B(tx) —5> W,
X — MKz

exp(—txuz)B(xt) i) B.
o If ux = uz, we have
exp(—tux)W(t) — uytexp(—tux)B({) — W almost surely and in L%, (3
exp(—tux)B(t) — B almost surely and in L?, 4)
and, in D[0, c0),
exp(—xtux)W(xt) — uyxtexp(—xtuyx)B(xt) i> w,
exp(—xtux)B(xt) -5 B.
By £,> We denote convergence in law.

3. By Theorem 1, B is a nonnegative random variable with E(B) = By. Using Theorems I11.4.1
and I11.7.2 of [3], we deduce that

P(B=0)=0.
4. Let gz(s) = sE(s%) be the probability generating function of Z + 1, and let ¢p(u) =
E(e™*B). Then (see [10] and [13])

71
—1 1 . nz
pg (v)y=( v)exp(/v |:s—1 gz(s)—s:|ds>’ O<v<l.

5. The author has been unable to characterize the distribution of W in all cases.
Theorem 1 is the basis of all our results for the branching process and generalized Pélya
urns.
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The paper is organized as follows. In Section 2 we give our main results after having
specified the notation. Section 3 deals with the proof of Theorem 1. Finally, the proofs of the
main results are given in Section 4.

2. Main results

In the following, & (A) denotes a Poisson random variable with parameter A and N (u, o?)
denotes the normal law with mean x and variance o2. Let B, and W, denote the numbers of
black and white balls, respectively, in the urn after n draws, and let B and W denote the limiting
random variables defined in Theorem 1. For n > 1, we denote by §,, the total number of balls
in the urn after the nth draw. We have S,, = W,, + B, and So = Wy + Byp. Let N,Y" and N,]?
denote the numbers of white and, respectively, black balls drawn in the first n draws. We have
NB 4+ NV =n. Let rlw <. < TI\VVW and rF <. < 1'1]\3,3 be the splitting times, before 7,,, of
the N,V white balls and the N2 black balls, respectively. The basic hypotheses of this section
are as follows (collectively referred to as (H)).

(H1) X,Y,and Z are nonnegative, independent, integer-valued random variables satisfying
(i) ox +oy +0z < 00,
(i) ux = pz,
(i) px(uy +pz) > 0.

(H2) The initial composition of the urn is (Wy, Bg), with By > 0.
The main results of this paper are Theorems 2—5 and Proposition 1, below.

Theorem 2. Consider a generalized Polya urn with two colors and a triangular random

replacement matrix
X 0
Y z)°
nz
10 =

Hy wr
— and K = (,bbx)’oB<W + —B) .
nx nx — MKz

Let

Under hypotheses (H) and the fact that wy > 0, we obtain the following results.
1. Foruyxy > uz > 0,
(1) we have, almost surely,
W, = uxn + o(n), B, = Kn” + o(n”),

K K
NY =n— —n” +o(n"), NE = —n’ +o(n”),
Hz Hz

@) ifp < % then

Wy —nux

Jn

K L
- E(uy — 1) (p=1/2) —> N (0, 03),
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(iii) if ¥ < p < 1 then
W, —nux » K
— > —(uy — ux),

nf Hz
P . .y
where ‘—’ denotes convergence in probability.
2. For ux = uz > 0, we have, almost surely,

2
n n
W, = uxn +o(n), Bn=&_+0<_>-
wy Inn Inn

Remark. Kotz et al. [14] gave exact formulae and some asymptotics for 2-type urns. They

remarked that the
1 0
1 1

case gives asymptotics ‘of an essentially different character’. They proved, ‘heuristically’, that
E(By) is of order n/In n. This is expressed by part 2 of Theorem 2.

An interesting exceptional case is when Z = 0, where ‘=" denotes almost-sure equality. In
this case the number of black balls remains unchanged, i.e. B(t) = Bg. The number, W (¢), of
white balls in the branching process is a generalized Yule-type process with immigration. We
obtain the following limit results.

Theorem 3. Consider a generalized Polya urn with two colors and a triangular random

replacement matrix
X 0
Yy 0/)°

Under hypotheses (H), we have
1. W, = uxn + o(n) almost surely,
2. ifox # 0 then we have the central limit theorem

Wiy —uxn » 2
”T = N(0,0%),

3. if X = a # 0 is nonrandom then

1 Ky — o ) £ < 2 230>
W, —no — Bolnn ) — N0, (65 + —a))— .
m( ) o 0 (oy + (ny ))a

Remarks. 1. The ux < wz case has been studied by Janson [11].
2. In(3),if Y = y = constant almost surely, we recover the result of Janson [12, Remark IV.4].
The next result deals with the diagonal case: Y 0.

Theorem 4. Consider a generalized Polya urn with diagonal replacement matrix

(6 2)

Let p = uz/ux, and let D = M@BW”).

https://doi.org/10.1239/jap/1253279854 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1253279854

832 R. AGUECH

1. When ux > nuz > 0,
(i) almost surely as n — +00,
Wy, = uxn +o(n), B, = Dn” +o(n”),
@) f0<p < %, we have, as n — —+00,
Wp —nux wx - £
2R S P BW T P s ) =5 N (0, 02),
z

NG Iz

(iii) zf% < p < 1, we have, as n — 400,

Wy ;pnux RN _MQZ_);BW,,;.
2. When nuyx = z almost surely as n — 400,
W = fx e+ 0(0), By = jix o + o(n).
W+ B W+ B

Remarks. 1. The branching process (W (t), B(¢)) consists of two independent generalized
Yule processes; thus, the limits W and B are independent and P(B > 0)P(W > 0) > 0 (recall
that uxuz > 0).

2. Let fx(s) = sE(s¥) and gz (s) = sE(s%) be the probability generating functions of X + 1
and Z + 1, respectively, and let oy (1) = Ele *"]and op(u) = E[e*8]. Since the conditions
E[X In X] < oo and E[Z In Z] < oo are fulfilled, we deduce from the results of [10] and [13]

that
_ v m 1
o' = -ves( [ - ) o<us,

N v pz 1
g W)= v)exp(/1 [gz(s)—s s_l]ds>, O<v<l.

These two expressions give the characterization of W’s and B’s distributions. As a consequence,
in case 2 of Theorem 4, W and B have the same law.

In the deterministic case, where X and Z are constants, we find that W and B are beta
distributed.

We also present some results about the splitting times (t,),>1. It is known (see [3, Sec-
tion II1.9]) that 7,, tends almost surely to co as n — oo. We define, for all positive integers n,
the process {(T, $n)}n>1 by

n—1
Ty=1— Y (W(r))+ B(z;)™",

j=0

where G, is the o -algebra generated by 7y, ..., t,, W(11), B(11), ..., W(1,—-1), and B(t,—_1).
We have the following result.

Theorem 5. Under hypotheses (H), the process (T, $n)n>1 is an L2-bounded martingale;
consequently, it converges almost surely and in L* to some random variable (T, G00) € L>.
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Using Theorem 5, we obtain an asymptotic expansion of ;.
Proposition 1. Under hypotheses (H), we have

T 1
— = — +o(l) almost surely.
Inn  puyx

This extends the results of Athreya and Ney [3, Theorem V.7.3] and Janson [11, Lemma 11.1].

3. Proof of Theorem 1
Let

f@

f@O=EW@®),  g0)=EB®), and H(@)= <g<f>

) = E(X ().
The Markov property and the Chapman—Kolmogorov equation imply, this is a classical result,
that

d
H' (1) = a]t’(t) = AH(1) (5)
and that Y(¢) is an F;-martingale. By integration, (5) implies that
H(t) = "2 H(0) = e"*(Wo, Bo) "

3.1. ux > pz case

Consider the processes {B(s), s > 0} and {W(s), s > 0} at time ¢ + &¢, where &7 is
an infinitesimal increment of time. Given B(z) and W (¢), the numbers of black and white
balls at time ¢ + §¢ are equal to the numbers at time ¢ plus the numbers of black and white
balls, respectively, added during the infinitesimal period (¢, ¢t + §¢). For each ball among the
S(t) := B(t) + W(¢) black and white balls, the number of splittings that happen in the time
interval (z, ¢ + &¢) follows a P (6¢)-distribution; some of the resulting children may themselves
produce children, but their number has an O (87)? average and square mean. Furthermore, any
two different balls have independent birth processes. Therefore, given B(¢) and W (¢), B(t +5t)
and W (¢ + 6t) satisfy

B(t) #; (1)

B(t+8) =B+ Y > Zrj+ 0@ (6)
j=1 k=1
and
W(t) P;(61) B(t) #;(81)
Wi+ =Wo+ > > Xej+y. > Yij+0@0) (7)
j=1 k=l j=1 k=1

where the #;(5t) are independent and identically distributed (i.i.d.) random variables that have
a P (8t)-distribution, and Zy ;, X j, and Yi ; are i.i.d. random variables that respectively have
Z’s, X’s, and Y’s distribution and are independent of B(#) and W (¢). Upon squaring (6) and
(7) we obtain equations of the conditional second moments:
E(B%(t + 6t) | B(t)) = B2(t) + 2B*(1)8tjuz + 112 B(t)8t
+ /LZZ(StB(t)((StB(t) — 1)+ 0((1)?)
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and
E(W2(t +81) | B(t), W(1)) = W2(t) + 2(W(t)ux + W (t) B(t)uy)5t
+ WOy + Bt)uy2)8t + O((81)%).

Take expectations, and letting §+ — 0, we obtain

d
9O =2nz00) + g(to3 (8)

and
d
ax(t) =2uxx () +2uyy () + ux2 f(t) + ny28(),

where ¢(t) = E(B%(1)), x(t) = E(W2(1)), and ¥ (r) = E(B(t)W(r)). The solution of (8) is
easily seen to be

o2 o2
p(t) = Bo<1 + —Z) exp(2uzt) — Bo—% exp(uuzt). ©)
Hnz Kz
We prove similarly that 1 (¢) satisfies the differential equation

d
VO =z + p)y @) + pye).

After computation of ¥ (¢) and x (#), we easily conclude that (Y(¢), t > 0) is L2-bounded.

3.2. ux = uz case

By (9), also available in this case, the process (exp(—tux)B(t), t > 0) is L?-bounded. As
in the first case, we prove that the process

M(t) :=exp(—tux)W(t) — nuyt exp(—tux)B(t)

is L2-bounded.

4. Proofs of the main results

4.1. Proof of Theorem 5

For all integers n > 1, let v, = 1,, — 7,,—1 be the holding time between the (n — 1)th and
the nth splits and let v9 = 0. Given §,_1, v, is an exponential random variable with mean
(Sp—1)"", where, forall j >0, S i = W; + Bj. The martingale property follows from the fact
that, foralln > 1, 1, = Z?:o v;.

In the following we will prove that the process (7},, $») is L2-bounded. Using Equation (4)
of [3, p. 121], we have

n—1
2 -2
E(T?) = ZE(S]. ).
j=0
Define, foreachi € N, R; = min{X;, Y;+Z;}. Therandom variables {R; }{;>1) are independent

with the same law as R = min{X, Y + Z}.
By hypothesis (H1) we obtain

P(R>0)=P(X > 0)P(Y +Z > 0) > 0.
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Then
ur =ER)>0 (PR=0)<1).

From Theorem I11.9.4 of [3] and the strong law of large numbers, we obtain

i E< n? ) 1
1m — = | = 5.
o \(So+ 2 R ug

Since the initial total number of balls equals Sy, we obtain S,, > Sp + er'l:l R;, so that

n2 l’lz
E(§>§EQ&+Zﬁﬂ&V)

Consequently, the sequence E(Tnz) converges.

4.2. Proof of Proposition 1

We prove this proposition in two steps.
Step 1. Consider uy > pz. For a continuous-time process 4 and a positive real #y, we
define
AS(ty) = lim [8(tg + &) — 8(tg — &)].
e—0t

We interpret A4(tp) as the jump at time #o of the process (8(t));>0.
Let S, = W, + B,,. We can write, forn > 1,

NV NB
S S() 1 n 1 n
T T L AWE D) (ABGP) + AWGP)

i=1 i=l
NB
So 1« 1 <&
=7+;21:Xi+;2(zi+yi—xi)-
i= i=

From Theorem 1 and the almost-sure limit

o B _
lgln Nr]? - MZv
we can deduce the following lemma.
Lemmal. If uy > uz >0,
B K P p
N, = —n” +0o(n”) almost surely,
nz
where p = uz/ux € (0, 1) and K is the random variable defined by
Hy w
K = (MX)”B<W + —B> .
mx — Hnz
Using this result and the strong law of large numbers, we deduce that
1 T
- X, = +o0(l) and - Zi+Yi — Xi) = O(n”™ ") almost surely.
=D Xi=px +o(l) =) (Zi+Yi= X = 0w y

i=1 i=1
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For large n, we can write
1
— = — ({1 + +o(1)) almost surely.
ux

Using Theorem I11.9.4 of [3], we conclude that
y ! <£ _ L) as.

n\S, wux '

where C’ is a finite random variable. This equality implies that, as n — +00,

n—1 1 1
Z(—> — — Inn = 0().
o\Wi+ B/ nx

Using the fact that 7,, is an almost surely convergent martingale, and putting T, as the
corresponding limit, it follows that

n—1

1
rnzzs—j—i—Too—i-o(l):

Inn

— 4 o(nn) almost surely.
— ux

j=1

Step 2. Consider ux = pz. From (3) and (4), we prove that

eXp(—pxDW (1) as

lim uyB. (10)
t—00 t
Replacing ¢ by 7, in (4) and (10), we derive
lim /s
n—oo 1, B, = Hr
We will prove at the end of Section 4.3 that
W,
lim —= = ux almost surely, (11D
n—oo n
which implies that
lim — & BY (12)
n—o00 1, By nx

Again, using (4), we conclude that

 neXp(—pxTa) as My
n—00 Tn X

B.

This means that

S (13)
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4.3. Proof of Theorem 2
Part 1(i). By (1) and (2), we can write
a.s. W

W) ny ux/
(BQ))ixliz +,U«X — (exp(—t(ux —pmz))—1)(exp(—tuz)B(t)) ~Hx/htz = —(B)MX/MZ'

(14)
Replace ¢ by 7, in (14); since (W,,, B,) = (W (z,), B(t,)) almost surely and since t, tends
almost surely to co as n tends to oo (see [3, Section II1.9]) we obtain

W, ny _
Bz T e =g P Ty = 12)) = D(exp(—Tuptz) By) X
n
a.s. W

—_
(B)Hx/1z
Using (11), we conclude that
nix As Ky BWz—rx)/1uz o W B—Hx/iz,
(By)rx/nz wx — 1z

This proves the second equation of 1(i). Then we deduce the fourth equation of 1(i) from the
fact that B, /N, B L% wz. The third equation of 1(i) follows from the fact that N, W N, B —n.
Finally, we conclude the first equation of 1(i) using the fact that W,,/ N 25 uwx

Part 1(ii). We have W, —Wo—}-zl ]Xw—f—Z 3 1 Y;5. Then

Wn —nux _ 1 Wo
= Z(Xw wx) + Z(YB wo +

With the help of the identity N,Y" = n + o(n) and the central limit theorem, we deduce that

P ‘ )
7 i;(x,l_w 1x) = N(0,0%).

Using 1(i), we deduce that, if p < %, almost surely,

NP

1i,£n%j2_;(YB—Mx)—hm BZ<YB ux) =0 x (uy —px) =0
and, if p = 1,
o
7 IX%(Y B — px) — —(uy — px)

N3 Z(Yt,-B — 1y) + N (uy — px)

NB 1 NB K
\/_ Z(Y B — My) + (ﬁ — m—) (ny — px).
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The desired result can be established using the facts that

Ny K 250 and - i(y ) 250
oy B — .
ﬁ mz NB ki Hy

Part 1(iii). In this case we have % < p < 1. Splitting W, as in 1(ii),

W NB
W, — nux NB Wo
—— = Z(X w—,ux)+—Z(YB—My)+—(My—Mx)+—
j=1
The first term on the right-hand side tends in L? to 0:
T 2 NY
— 52 2 1-2
E(np 2;()( W Mx)) = aXE(ngp> <oin'"% 0. (15)
1
By the strong law of large numbers and 1(i), we conclude that
NB Ny B
1 a.s. N a.s. K
— _”_ — _n — j—
Z(Y B o) =L ;(Yfl_s py) =0 and T (uy = pux) =
Part 2. Tt follows from (3) and (4) that
W, 5. w
x5 = wy n(By) = px— =y n(B). (16)
n

This leads to the following result.

Lemma 2. Under the conditions of part 2 of Theorem 2,we have, almost surely,
lim — = oo, N,\;V =n+o(n), and N,l? =o(n).

Proof. Because of (2), B(t) ~ B exp(tuz) when ¢ tends to oo, so that B, tends to co when
n tends to co. Thus, (16) implies that W,/ B,, tends almost surely to oo as n tends to co. But,
forn > 1,
N Ny b
i= Jj=
so B,/NB 25 pz and the first assertion of this lemma yields W, /N, B 2% 0. This implies

that

NV s,
B —> OQ.
Nl’l

The result of Lemma 2 follows using the identity N¥ + N2 = n.

By the strong law of large numbers and Lemma 2, we conclude that

Wy
lim — = pux almost surely.
n—oo n

The asymptotic of B, can be easily obtained using (12) and (13).
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4.4. Proof of Theorem 3

To prove Theorem 3, we first establish a corollary, which follows from Theorem 3, and a
lemma, which follows from (19) and (21), below.

Corollary 1. The process (exp(—uxt)(W(t) + wy/mx)) =0y is a positive martingale. Let

lim exp(—,uxt)<W(t) + ﬂ) —w4 B (17)
=00 129:¢ Hx

In particular,
y + ux

EW@) =2 - eXP(fo)—Z—;-

Lemma 3. Almost surely, asn — 400,

N B |
@) _ B0 Loty and 1, =" 4 o).
Inn nx mx

Proof of Theorem 3. Part 1. For t > 0, denote by N(t) := #{k: r,? < t} the number of
splits of black balls up to time ¢, and denote by 1, the time of the nth draw. Then

n—N(t,) N(ty)
W(ty) =W, = Wy + Zl Xw+ Z; Yp. (18)
j= =

Since (N (t)) (>0 is a Poisson process with intensity By,

N
N a5 1 ast - oo (19)

In particular, exp(—ux?) N (t) 2% 0ast — oo.
Then, from (17) and (18) and the fact that t,, 25 00, we deduce that

limexp(—uxt,)W, = W + ﬂ, (20)
n Hx

Ky
Mx'

li’?l pux exp(—uxt)n = W + (21)

Equation (20) can be written as

W, s. ny
exp(—uxTw) Wy = nitx exp(—pxTn) —— — W + —.
npx nx

Consequently, by (21), we conclude that

Wn a.s.

—> 1.
nux

Part 2. We have the following representation of W,,:

" N(z)
W, = W +I;Xk + 2 (Yes = Xp).
= ]=
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where the (X;)1<;<, and the (¥;);>1 are mutually i.i.d. as X and Y, respectively, and IP, e,
111\3, (1) re the orders of the black ball splits up to time t,.
Using Lemma 3 and the strong law of large numbers, the process

| MO
A(t) == —— Ys—X
O=3o Z( = Xop)
j=1
converges almost surely to uy — wx. The remainder of the proof of part 2 follows from the
identity

n
Wo —npx = Wo = Y (Xi = px) + N (@) A),
k=1
the central limit theorem, Lemma 3, and Slutsky’s theorem.
Part 3. Since (N (1)) >0) is a Poisson process with intensity By and 7, — oo whenn — oo,

we have
N(Tn) - BOTn

L
NG —> N (0, Bp). (22)

Consider

1 —
K, = (W,,—not—'uy aBolnn>

VInn o
(o ¥
= — | N@)(uy —a) — Bolnn + (Y5 — MY))
Inn =
N(z)
N(t;) — (By/a)Inn 1
= -« + Y — .
(ny —a) N N Z ( B Wy)

Let, fort € (—1, 1), ¢,(t) = E(exp(—tK})) denote the Laplace transform of K,, and ¢ (t) =
E(exp(—#(Y — py))) denote the Laplace transform of ¥ — uy. We have

N(z)
N(t,) — (Bo/a)Inn t
— E Y —
Inn )exp( VInn j=1( 7 MY)))

N(t,) — (Bo/a) Inn ' N (@)
=E<exp(_l(w_a) Inn )<¢<vlnn>> )
—E N(zty) — (Bo/a) Inn t
=E( exp| —t(uy — ) NEY exp| N(z;) In| ¢ NTY
B N(t,) — (By/a) Inn t B ~
‘E<‘”‘p( Jinn (”("’(r)) ey ‘”)))

o Buen(s( 1))

For large n, we have
o - B(1- vt v — 4o
J— — —_— — j— ol —
JInn Ny Y Inn

- t? 2 (L
= —0 — .
2inn Y T \inn

$n(t) = E(SXP(—I(MY —a)
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It then follows that

— Innln = —t“oy +o(1).
o (¢(«/1nn >> 20 7 M
Consequently,

ex @lnnlnqﬁ ! —> ex @oztz asn — 00
P o JInn P 20 ¥ '

From Lemma 3 and (22), we derive

N(tp) — (Bo/a)Inn _ N(ty) — Bota | Bo(ty —Inn/a)

= +
VInn VInn VInn

N(ty) — Boty | T Bo(ty, —Inn/a)

RALE L +
NG Inn JInn
B
N N(O, —°>.
o

Then, when n — o0, it follows that

(o)) o) -0

Finally, we conclude that

B B
¢n(t) — exp —O(uy — oz)zt2 + —Oa,%tz .
2a 2a

4.5. Proof of Theorem 4

We study the asymptotic behavior of the numbers of black balls, B(¢), and white balls,
W (). We see that (B(t)) >0y and (W (¢))>0) are independent Yule-type branching processes.
Let " and F5 be the sigma fields generated by the processes (W(u), 0 < u < t) and
(B(u), 0 <u < t), respectively. We deduce from Theorem 1 that

E(B(t)) = Boexp(uzt), E(W(1)) = Woexp(uxt),

and
EW @ +5) | F") = expluxs) W),
E(B(t +5) | F7) = exp(uzs) B(1),

exp(—uxt)W(t) => W, exp(—uzt)B(t) = B. (23)

By (23) we conclude that
WY as. WP
—_— —.

B, B
Part 1(i) of Theorem 4 can be derived from (24) and the following lemma.

(24)

Lemmad4. If ux x nz > 0 then

|14 By as.
L+ 2= n40m) (n— o00).
wx Mz
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\\4 B
Proof. We have W, = Wy + Z,I{Vil X.w and B, = Bo + Z,&l Z5.

By the strong law of large numbers, and the fact that

lim N, W = 00, lim N, B _ = 00, almost surely,
n—oo n—oo
we deduce that
Wa s, Bu as,
NW ux, NB nz.
This implies, almost surely, that
W, B
L~ NY + o), L ~NB1om). (25)
115'¢ Mz

Using the fact that N2 + NV = n, and (25), we obtain the desired expansion. To prove
part 1(ii), observe from (25) and part 1(i) that

D
N, =n+ o(n), NB = —nf o). (26)
nz

Forn > 1, W, can be decomposed as

Vn Vn

By the central limit theorem we have

W, —nux W 1 « 1 <&
—=—+—§:x— ——ij.
\/’lezl( (o ﬁj:l i

f Z(Xk — 1x) =5 N, 0}).

Using (26) and the strong law of large numbers, if p < %,

NB B NB
1 & NB 1 &
— Y ' X5 = X, 0 =0
p Z p > 0x ux

n 4 ] T ﬁ n
and, if p = 3,
NB NB
D 1 & D NE 1
v IR ¥
x v 4 Kx Vi N 4

Part 1(ii) now follows using Slutsky’s theorem.
To prove part 1(iii), observe that

a.s.
XtB — 0.
J
1

w=—+—Z(Xk—MX)——ZXB

From (15),

1 « L2
— > X —x) =0,
k=1
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2
where ‘Lﬁ denotes L2-convergence, and, by (26),

o D
X a.s. mx
— B —> — .
nP i "z
j=1

We now prove part 2. Since t, — 400, we deduce from (23) that

W, w
22N 7 ifn— oo (27)
B, B

Using the relation N\ + N2 = n, and the facts that N> — oo and N\ — oo, we deduce from
(27) that, almost surely,

B w
N,]? = mi’l-l—O(l’l) and Nr\:v = mn+0(n)’

which concludes the proof of part 2.
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