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On saturated formations whose

projectors are complemented

A.R. Makan

I t i s shown that a saturated formation F has the property that

in each group G each F-projector of G i s complemented i f

and only i f F i s the formation of f in i t e soluble TT-groups for

some set ir of primes.

All groups considered here are f in i te and soluble. A formation is a

class of groups which is closed under taking homomorphisms and subdirect

products. A formation F is said to be saturated i f a group G € F

whenever G/t>(G) € F , where *(G) denotes the Fra t t in i subgroup of G .

A subgroup F of a group G is called an f-projector of G i f

(1) F € F and

(2) FN = H whenever F < H S G , N <a H and H/N € F .

Gaschutz showed in [5] that i f F i s saturated, then the F-projectors of

G always exis t and constitute a single conjugacy class of subgroups of

G . Corresponding to a saturated formation F , G also has another

canonical conjugacy class of subgroups called the T-normalizers of G

(see Carter and Hawkes [1]) .

In [2] the authors have shown that i f F is a saturated formation,

then F has the property that in each group G each F-projector has a

single conjugacy class of complements i f and only i f F = S^ , the class of

a l l soluble ir-groups, for some set IT of primes. In Section 2 of the

present note we show that one can drop the assumption that each projector
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has a single conjugacy class of complements and assume only tha t each

projector i s complemented. As will be seen, our methods yield the same

resu l t i f we assume that in each group G each F-normalizer of G i s

complemented.

Throughout F wi l l denote a saturated formation and (F(p)} the

family of f u l l , integrated formations, one for each prime p , which

defines F local ly (see Section 2 in Doerk 141). Moreover, TT wi l l

always denote the set of a l l those primes p such that F(p) t 0 , the

empty se t . For convenience, F wi l l be said to have the property C i f

in each group G each F-proJector of G i s complemented.

1 . Some lemmas

In th i s sect ion, we wi l l prove four elementary lemmas which we require

in the next section for the proof of our main r e su l t . We begin with the

following

LEMMA 1.1. Let G be a group with a unique minimal normal subgroup

N which ie complemented in G , and let |# | = p , a > 0 , p a prime

number. Then ihere exists a faithful GF(p)[G]-module W with the

properties:

(i) y has a unique irreducible submodule U ;

(ii) U is trivial for G j and

(iii) UN j the restriction of V to N , is the unique irred-

ucible submodule of W .

Proof. Let K be a complement of N in G , V the t r i v i a l ,

i r reducible GF(p)[c]-module and W = [uK)G . Since core^W = 1 , W is

clear ly a fa i thful GF(p)[G]-module. Also, by a resul t of Mackey (see Satz

V.16.9 in Huppert [ 6 ] ) , W^ i s the regular GF(p)[tf]-module. Hence, W^

has a unique i rreducible submodule V , say. In fact , V = V^ . For, by

a r e su l t of Nakayama (see Satz V.16.6 (a) in Huppert [6]) and the

i r r educ ib i l i t y of U , U i s a submodule of W . Thus, since V is the

unique irreducible submodule of W^ , we have V' = V . The res t of the
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lemma now fol lows.

Next, we show

LEMMA 1.2. Suppose F has the property C and let Hi?. If V

is a faithful, irreducible GF(r)[H]-module for some r € IT and if

(r, \H\) = 1 3 then the semidireat product K = [V]H of V by H belongs

to F .

Proof. Suppose to the contrary that K {• F . Then, since V i s a

minimal normal subgroup of K , clearly H i s an F-projector of K. .

Also, H £ F(r) . Let L = H ^r' , the F(r)-residual of H . Since V

i s the unique minimal normal subgroup of K which i s complemented in K

and has order r , g > 0 , K has, by Lemma 1.1, a faithful GF(r)[X]-

module W with the properties:

( i ) W has a unique irreducible submodule U ;

( i i ) U i s t r i v i a l for K ; and

( i i i ) Uy is the unique irreducible submodule of W .

Thus, i f M = [W]K and C = Cy(L) , then clearly C > V > 1 and V i s

the socle of WV • Moreover, by Hilfssatz 2.6 in Doerk [4] and by Theorem

5.6 of Carter and Hawkes [ J ] , F = CH i s an F-projector as well as an

F-normalizer of M . Hence, also C < W since otherwise

H ••£ M/WV € F(r) , W being the intersection of the centralizers of the

r-chief factors of M , and we have a contradiction. Let AT be a

complement of F in M . Since X i s an r-subgroup of M and since WV

i s the normal Sylow r-subgroup of M , X 2 WV . Therefore, since F

avoids WV/U , X covers the l a t t e r . Also, since C < W , we have

|#| > | V| , and so, X n W > 1 . But then X n W > y since C/ i s the

unique minimal normal subgroup of WV and X r\ W i s 7-invariant. Hence

J ' n F ^ 1 , contrary to X being a complement of F . With th is

contradiction the lemma i s proved.

The following lemma is a consequence of Lemma 3.2 in C7], but for the

sake of completeness we wil l prove i t here.

LEMMA 1.3. Let G be a group whose Fitting subgroup F ie an

elementary abelian p-group and let S be an elementary abelian
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8-subgroup of G of order sn , n > 0 , where s 4 p . Then

\F : Cf(5) | >prm , where m is the smallest positive integer such that

pm = 1(8) .

Proof. We wi l l prove th is lemma by induction on n . Since

CG(F) = F , we observe f i r s t that Cp(S) < F . Thus i f n = 1 , the lemma

i s certainly true in view of Maschke's Theorem and Satz II .3 .10 in Huppert

[ 6 ] . Hence assume n > 1 and let I7 be a maximal element in the set

{S* \ S* < S and Cp(S) < Cp(S*)} .

By Lemma 3.2 in [ 7 ] , S/T i s cyclic of order 8 . Hence, | r | = e""1 ,

and so , by the induction hypothesis, \F : Cp(T)\ > p^n~ 'm . But then,

since \cp(T) : C_(S)| t p as before, we already have

| f : Cp(S)\ > p , as required.

Final ly, we show

LEMMA 1.4. Let G be a group, M < G , M < Z(G) , the centre of

G , and H a permutation group on the finite set SI . Let W = G *v> H ,

the wreath product of G by H according to the given permutation

representation of H , and let D be the subgroup of the base group B of

W generated by all elements ( / , l ) such that f(i) = ( / ( i+ l ) ) " 1 € M

for some i € Si and f(k) = 1 if k € Si and i t k t i+1 . Then D * W

and B/D is isomorphio to the central product with respect to M of \Sl\

copies of G .

Proof. Let Si = { l , 2, . . . , « } and, for each i = 1, 2, . . . , «- l ,

l e t D- be the subgroup of B consisting of a l l elements ( / , l ) ,

where f(i) = [fd+l))'1 and f{k) = 1 if k € Si and i t k i- i+\ .

Then D = D x D x . . . x D , and, for each i = 1, . . . , n-1 , D. S M .

Let ( / , 1) € D^ , (e, h) € H < W , and ( / , i)^e'h' = (ff, i ) , where

= / b for each j € Si . Clearly,
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(g, 1) = [fv l)[fl+1, 1} . . . {fk_lt 1) ,

where I = min{in, (i+l) } , k = max{i , (i+l) } and (/ , l) € D for

m = I, l+l, . . . , k-1 . Moreover, A(^) = /(*) or /(i+l) according as

Z = ih or Z = (i+l)/l , and fj.ni) = ( /^(w+l)) for

m = I, l+l, ..., k-1 . Thus, D i s normalized by H . Since also

D 5 Z(B) t i t follows now that D < W . Finally, one can easily check that

G. '^ G.D/D for each i € fi , and, furthermore, i f AT is the direct

product of n copies of M in B then AT = DM. for each i € ft and

CO n C J = 0 for each pair i , j Z SI , i ± j . This final remark

completes the proof.

2. The main result

In this last section we will prove our main result of this -paper,

namely:

THEOREM. F has the property C if and only if F = S^ .

Proof. Assume f i r s t that F has the property C . In order to show

F = S i t wi l l suffice to show that F(p) = F for each p € IT . Suppose

to the contrary that F(p) c F for some p € ir and l e t G € F\F(p) be of

minimal order. Since F(p) i s a formation, G has a unique minimal

normal subgroup N , say. Let \N\ = q , a > 0 . Since F(p) i s fu l l ,

certainly q t p . We consider now two cases:

Case (a), IT i s not the set of a l l primes.

Let 8 be a prime number not in v and l e t 5^ be a cyclic group of

order a . Since 8 $ v and G € F , we have 8 \ \G\ and, in

par t icu lar , 8 ? p . Let H = S' x G , the direct product of S and G .

Then H has at most two dis t inc t minimal normal subgroups. Also,

0 (H) - 1 , where 0 {H) i s the largest normal p-subgroup of H . Hence,

by Hilfssatz 1.3 of Doerk [4] , S has a fai thful , irreducible GF(p)[fl]-

module M , say. Let K = [M]H . Clearly M i s the unique minimal normal
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p-subgroup of K which is complemented in K . Hence, by Lemma 1.1, there

exis ts a fai thful GF(p) [K] -module W v i th the propert ies:

( i ) V has a unique irreducible submodule V ,

( i i ) W i s t r i v i a l for K , and

( i i i ) v^nJM ^ s the unique irreducible submodule of V .

Next, l e t S- be another cyclic group of order s and V a

fa i th fu l , i r reducible GF(p) [sj-module. Let A =S * K and l e t

B = [V]A , where V = U # W , the outer tensor product of V and W ,

which i s clearly a fai thful GF(p) U]-module (see Section k3 in Curtis and

Reiner [3 ] ) . Since

Vj.= W @ ®W ,

the direct sum of &iiW,/ \(U) copies of V , and since Cy(K) > W > 1 ,

we have Cy(GF ( p )) = Cy(N) > 1 . Dius, E = C7(GF ( p ))c > G . Also, since

CAG ^ ) = 1 , i t follows, by Hilfssatz 2.6 in Doerk [ 4 ] , tha t G i s an

F-projector of K , and, hence, E i s an F-projector of B . Let X be

a complement of E in B which contains S = S * S . We wi l l show that

y = X n VMG covers A/K/7 and Y n V # 1 .

Since VMG < B , clearly [/, 5] 5 J . Moreover,

[Y, S] 5 [Y/W, S] <JW . Hence, [Y, 5] < WV n Y , and so,

S) . Ihus VMG = XE = (A/7ny)Cy(5)£ . But CS(S) = G * S .

For clearly £„(£) - c x S • However, since

K,, = V © ©1/

and Gy(S2) = 1 , we have Cy(S2) = 1 and, therefore,

S Cy[S2) = 1 . Similarly, since CyiS-J = 1 , we have

5 ^ ( S , ) = 1 . Thus, CB(S) = G x S , as claimed, and hence

VMG = (MVrtf)E . Since Y n E = 1 , an order argument now shows that
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MV n y = Y . Therefore, since E avoids MV/V and E n V < V (the

•latter since V = 0 , (VG) , the largest normal p-nilpotent subgroup of

VG , and G $ F(p) ) i t follows that Y covers MV/V and 7 n V # l ,

as required. In par t icu la r , Y n V i s a non-t r iv ia l GF(p)[M]-submodule

of Vy, , and so,

Y n \wQ@ @WJ * {0} .

But then Y n E f 1 since

and we have arrived at a contradiction. Thus, we must have F(p) = F in

this case.

Case (b). v i s the set of a l l primes.

g
Let p be the order of a Sylow p-subgroup of G . We observe f i r s t

that 6 > 0 . For, since 0 (G) = 1 and G has a unique minimal normal

subgroup, i t follows, by Hilfssatz 1.3 of Doerk [4] , that G has a

fai thful , irreducible GF(p)[G]-module U . Thus, i f B = 0 , then, by

Lemma 1.2, H = [U]G € F , and so, G = B/U = H/0 , (H) € F(p) , a

contradiction. Therefore, 6 > 0 , as claimed. Next, l e t r be a prime

such that

( i ) ( r , \G\) = 1 ,

( i i ) r > 26 and

( i i i ) the order m of p modulo r i s greater than 26 .

Since 0 (C) = 1 and G has a unique minimal normal subgroup, i t follows,

by Hilfssatz 1.3 of Doerk [4] that G has a fa i thful , irreducible

GF(r)[C]-module T . Let K = [T]G . By Lemma 1.2, K € F . Also, since

0 (K) = 1 and K has a unique minimal normal subgroup, another

application of Hilfssatz 1.3 of Doerk [4] yields that K has a fai thful ,

irreducible GF(p)[X]-module V .
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Let L = [V]K . Since V is the unique minimal normal subgroup of L

which i s complemented in L and i s of p-power order, i t follows, by

Lemma 1.1, tha t L has a faithful GF(p)[L]-module W with the

proper t ies :

( i ) W has a unique irreducible submodule M ,

( i i ) M i s t r i v i a l for L , and

( i i i ) My is the unique irreducible submodule of Wy .

Let B = [W]L and l e t ft = ( l , 2 n} , where n = \K : G\ .

Then K i s a primitive subgroup of S~ , the symmetric group on ft . Let

i? = B ^ K , the wreath product of B by # according to the given

permutation representation of K and l e t Y be the subgroup of the base

group B* of R generated by a l l elements ( / , l ) of R such that

f(i) = ( / ( i + l ) ) " 1 € M for some i € SI and /(fe) = 1 i f k € ft and

i t k ± i+1 . By Lemma l.U, Y <i R and £*/y is isomorphic to the

centra l product with respect to M of n copies of B . Let

W* = ^ x . . . x wn < B* , l e t V* = ^ x . . . x Kn < S* and l e t

« • = « x . . . X « K <fl* , Let D be the diagonal subgroup of B* and l e t

A/Y = (W*V*DK)/Y < i?/y .

Since («, p) = 1 , we have M*/Y 5 DY/Y , and so, #*/* S Z(/l/y) .

Thus, i f F/Y = Y(K*K)/Y , where K i s a subgroup of D isomorphic to

K , i f E/Y i s the F(p)-residual of F/Y and i f C/7 = Cf/H.y(F/l') , then

C/y 2 M*/r , and hence, also F/Y = {C/Y){F/Y) > M*/Y . On the other hand,

since T i s the unique minimal normal subgroup of K which is non-central

and since K £ F(p) , we have E/Y > TY/Y , and therefore, since T i s

t r ans i t ive on ft , W < DY/Y . Similarly, E/Y > TY/Y , where T i s the

subgroup of K isomorphic to 1 in K , and so, Cy^^.yiE/Y) = 1 .

Hence, since ?/Y € F , i t follows, by Hilfssatz 2.6 in Doerk [4 ] , that

F/y i s an F-proJector of V*F/Y , and therefore, by the same re su l t , F/Y

i s an F-proJector of A/Y .

Let X/Y be a complement of F/Y in A/Y . Clearly X/Y i s a

p-subgroup of A/Y of order p |V* | ' | v | /p , where
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p 6 = \(W*nDY)/Y : C/Y\ . Since E/Y > TY/Y , i t follows, by Lemma 1.3,

applied to (W*nDY)T/Y , that p > p2^ . Thus, certainly X/Y does not

avoid W.Y/Y for each i = 1, 2, . . . , n . Moreover, since n > r > 23

and since |X/YW*/Y| 5 p 6 |j/ |W~1/p"~1 , i t follows that X/Y covers

? . = W*[V x . . . x V.)/W*[v x . . . x 7 ) for some j , 1 5 j < n .

Hence, i f Q = [(/JT/y]7. , then */y n V.7/y is a non-t r iv ia l ? . -
0 3 3 3

invariant subgroup of Q , and so, X/Y n W JT/y 2: JKJ/y = M*/y since

M Jl/Y i s the unique minimal normal subgroup of Q . But Af*/̂  S

whence F/Y n AT/̂  > 1 and we have arrived at a contradiction. Hence,

= F in th i s case too.

Finally, s ince, by the well-known resul ts of P. Hall, F has the

property C i f F = S^ , the proof of the theorem is complete.
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