
BOOK REVIEWS C O M P T E S RENDUS CRITIQUES 

R e p r e s e n t a t i o n T h e o r y of the S y m m e t r i c C r o u p , by G. de B . 
Robinson. T o r o n t o , Un ive r s i ty of Toron to P r e s s , 1961 . 
v i i i + 204 p a g e s . $ 6 . 0 0 . 

The s y m m e t r i c g roups prov ide a d isplay window for the 
r e p r e s e n t a t i o n t heo ry of finite g roups . T h e i r t heo ry is i n t r i c a t e and 
fasc ina t ing , and i t s o r ig ina l m e t h o d s and outlook m a y wel l lead to 
future deve lopmen t s in the g e n e r a l t heo ry of g r o u p s . T h e r e a r e 
app l i ca t ions to o the r p a r t s of m a t h e m a t i c s and p h y s i c s . P r o f e s s o r 
Robinson h a s ample r e a s o n , and qua l i f ica t ions , for wr i t i ng on the 
subjec t . His book goes beyond the p r ev ious ones in t r e a t i n g both 
m o d u l a r and o r d i n a r y t h e o r i e s . In sp i r i t it owes m u c h to A. Young' s 
fundamenta l work . 

The in i t i a l expose of g e n e r a l r e p r e s e n t a t i o n theo ry (Ch. I) i s 
often t e r s e , giving the i m p r e s s i o n of has t e to get on. T h e r e is one 
e r r o r (the account of reduc t ion (mod /6) on p. 22) and some o v e r s i g h t s 
(the m o d u l a r i r r e d u c i b l e s cannot be a s nea t ly p a r c e l l e d down the 
d iagonal a s 12 .11 i n d i c a t e s ; the mapping on p. 7, 1. 3 is not an an t i -
a u t o m o r p h i s m as c l a i m e d ) . Such l a p s e s a r e unfor tunate b e c a u s e 
they m a y d e t e r the r e a d e r f rom going on to the l a t e r , m u c h b e t t e r , 
c h a p t e r s . It r e m a i n s t r u e , however , that throughout the book a 
n u m b e r of exp lana t ions a r e r a t h e r u n c l e a r o r o v e r - c o n c i s e . Th is 
is p a r t l y due to the c o m b i n a t o r i a l n a t u r e of the a r g u m e n t s , which a r e 
difficult to c o m m u n i c a t e in w o r d s . In th i s r e g a r d , the many n u m e r i c a l 
i l l u s t r a t i o n s a r e v e r y helpful, often fo rming an e s s e n t i a l supp lement 
to the f o r m a l proof. 

C h a p t e r s II, III a r e conce rned with the o r d i n a r y r e p r e s e n t a t i o n 
t h e o r y of S n . Th i s i s developed on the b a s i s of two t h e o r e m s of 
Young, one giving the s e m i - n o r m a l fo rm for the i r r e d u c i b l e 
r e p r e s e n t a t i o n s and the o the r the a n a l y s i s of c e r t a i n n a t u r a l 
p e r m u t a t i o n r e p r e s e n t a t i o n s into i r r e d u c i b l e p a r t s . The m a r v e l l o u s 
a p t n e s s of the Young d i a g r a m s (both " r i g h t " and "skew") in th i s work 
i s c l e a r l y put into ev idence ; indeed it i s one of the m a i n t h e m e s of 
the book. T h e r e i s a r a t h e r sketchy account of the r e l a t ion be tween 
the r e p r e s e n t a t i o n of S n and those of the full l i n e a r g roup GL(n), 
V a r i o u s combina t ions of r e p r e s e n t a t i o n s which a r i s e f rom th is 
r e l a t ion ( K r o n e c k e r p roduc t , " o u t e r p r o d u c t s " , p l e t h y s m of S-funct ions, 
e t c . ) a r e t r e a t e d in some de ta i l . 

The r e m a i n i n g four c h a p t e r s dea l e s s e n t i a l l y with the m o d u l a r 
r e p r e s e n t a t i o n t h e o r y of S n and a r e p e r h a p s the m o s t i n t e r e s t i n g 
and novel in the book. Let p be a fixed p r i m e . A given o r d i n a r y 
r e p r e s e n t a t i o n R of S can be t r a n s f o r m e d so that the coeff ic ients 
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in the r e p r e s e n t i n g m a t r i c e s a r e a l l r a t i ona l i n t e g e r s . Rep lac ing t h e s e 
coef f ic ien ts by t h e i r r e s i d u e s (mod p), one ge t s the c o r r e s p o n d i n g 
( p - ) m o d u l a r r e p r e s e n t a t i o n R of S o v e r the Galo i s f ield GF(p) . 
Suppose now that R^ , . . . , R a a r e the o r d i n a r y i r r e d u c i b l e r e p r e s e n t a 
t i o n s , S | , . . . , S the m o d u l a r i r r e d u c i b l e r e p r e s e n t a t i o n s . Then 

(1) R. = S d S. 
1 j 1J J 

in the s ense of the reduc t ion of r e p r e s e n t a t i o n s , and D = (d^ ) i s ca l l ed 
the decompos i t i on m a t r i x . F o r a su i tab le a r r a n g e m e n t of the i n d i c e s , 

D = D, + . . . + D , 
1 t 

w h e r e no D- a d m i t s a f u r the r d i r e c t decompos i t i on . The r e p r e s e n t a 
t i o n s , both o r d i n a r y and m o d u l a r , c o r r e s p o n d i n g to the r o w s and 
c o l u m n s of D. fo rm the " i - t h b l o c k " and D. i s the d e c o m p o s i t i o n 
m a t r i x of th i s b lock. The p r o b l e m s dea l t wi th in t h i s book a r e 
(a) the d e t e r m i n a t i o n of the b locks and (b) the ca l cu l a t i on of t h e i r 
decompos i t i on m a t r i c e s . 

The solut ion to (a) , con jec tu red by N a k a y a m a and p r o v e d by 
B r a u e r and the au thor , is s imple and s t r ik ing . Two o r d i n a r y 
r e p r e s e n t a t i o n s a r e in the s a m e b lock if, and only if, t h e i r Young 
d i a g r a m s y ie ld the s a m e u p - c o r e M on s u c c e s s i v e r e m o v a l of " p - h o o k s " ; 
f u r t h e r , the n u m b e r of m o d u l a r r e p r e s e n t a t i o n s in a b lock i s the 
n u m b e r of o r d i n a r y r e p r e s e n t a t i o n s in the b lock whose d i a g r a m s have 
no p rows of equal length. E. g. , the r e m o v a l of 3 -hooks ind ica ted 
below shows tha t the o r d i n a r y r e p r e s e n t a t i o n s (4, 3, 2, 1) and (4, 32) of 
SAQ be long to the s a m e 3-block: 

The p roofs of t h e s e r e s u l t s a r e anything but s i m p l e , and the 
c o m b i n a t o r i a l c o n s i d e r a t i o n s needed a r e e x t r e m e l y i n t e r e s t i n g . 
J u s t a s the " r a i s i n g " and " l o w e r i n g " of nodes in d i a g r a m s govern the 
o r d i n a r y t h e o r y , so h e r e the r a i s i n g and lower ing of n o d e s "of a given 
r e s i d u e c l a s s (mod p )" play a c r u c i a l p a r t . An i n t e r e s t i n g point i s tha t 
m a n y of the c o m b i n a t o r i a l a r g u m e n t s do not depend on the p r i m e n e s s of 
p , and one w o n d e r s what t h i s m e a n s in t e r m s of r e p r e s e n t a t i o n t h e o r y . 

The solut ion to p r o b l e m (b), due to the a u t h o r , Johnson and 
T a u l b e e , i s l e s s e a s y to d e s c r i b e though s t i l l e x p r e s s i b l e in t e r m s 
of an a l g o r i t h m on the d i a g r a m s . The proof i s fo rmidab le and i s 
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achieved by actually carrying out the reduction (1) on Young1 s semi-
normal form. Although the general picture is convincing, I was unable 
to follow some parts of the proof (e. g. , the proof of indecomposability 
on p. 162). Moreover, the solution is incorrect for p = 2 , as 
Professor Robinson points out in his note below. Further research 
is needed here to make the methods more perspicuous and to clarify 
the case p = 2 . 

There is a good bibliography and a useful Appendix tabulating 
the D-matr ices for p = 2 ,3 , n < 10 . 

I found this book rather difficult, sometimes exasperatingly so, 
but finally rewarding. It contains much essential wisdom on its 
subject and should be closely studied by those interested in 
representation theory. 

G. E. Wall, University of Sydney 

Professor Robinson has written to the reviewer as follows: 

"I have recently noticed that the proofs of Theorems 8. 36 and 8. 41 
are not valid for p = 2 , since the last column of the matr ix 8. 262 
reduces to yield zeros above the - 1 = 1 (mod 2) while the third column 
does not. Thus table 2-7 for core [ l] should read 

[7] 

[5,2] 

[5, I 2 ] 

[4.2,1] 

[32 ,1] 

[3 ,2 2 ] 

[3 ,2 ,1 2 ] 
4 

[3,1 ] 

[2 2 , 1 3 ] 

[ I 7 ] 

1 

1 

1 

2 

2 

1 

1 

! 2 

2 

1 

1 

13 

1 

1 

1 

0 

0 

1 

1 

1 

20 

1 

1 

1 

1 J 

in agreement with Osima (Can. J. Math. 6(1954), p. 518). 

Corresponding changes should be made in tables 2-8, 2-9, 2-10. " 
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