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1. The p u r p o s e of th is p a p e r i s to obtain a s e t of suff icient 
condi t ions for "g loba l a s y m p t o t i c s t ab i l i t y " of the t r i v i a l so lu t ion 
x = 0 of the d i f fe ren t ia l equat ion 

( 1 . 1) 'x + af (x, x)x + f (x, x)x + bf (x) = 0, 

us ing a Lyapunov function which i s subs t an t i a l l y d i f ferent f r o m 
s i m i l a r funct ions used in [2], [3] and [4], for s i m i l a r d i f f e ren t i a l 
e q u a t i o n s . The funct ions f , f and f a r e r e a l - v a l u e d and a r e H 1 2 3 
smoo th enough to e n s u r e the e x i s t e n c e of the so lu t ions of (1 .1) 
on [0, oo). The dot i nd i ca t e s d i f fe ren t i a t ion with r e s p e c t to t. 
We a r e taking a and b to be s o m e pos i t ive p a r a m e t e r s . We 

a l so a s s u m e s m o o t h n e s s p r o p e r t i e s for 8f (x, y ) /8x , d f (x, y ) / ô x 

and f* (x) to e n s u r e the ex i s t ence of the i n t e g r a l s a p p e a r i n g in 

our work . 

Our m a i n r e s u l t a p p e a r s in Sect ion 2 . In Sect ion 3 we have 
g e n e r a l i z e d a r e s u l t of Simanov [4] . And in the s a m e sec t ion i s 
obtained a r e s u l t for the boundedness of the so lu t ions of the 
d i f fe ren t i a l equa t ion 

(1 .2) *x + f (x, x)x + f (x, x)x + bx = p(t) , 

in which p(t) i s an i n t e g r a b l e funct ion. 

2 . We use the following no t a t i ons : 
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y 
G(x,y) = f fJx.-nJd^/y (y * 0) , 

J O 1 

x y 
W(x,y) =• ab / Q f 3 f ê ) d g + bf 3(x)y + JQ ng(x, n)dn 

g(x, y) = f2(x, y) • a J o 8xf1(x fT î)di1 ( 8 ^ - — ), and 

y 
I(x, y) = Y / 0 îl a g(x, ri)dr| 

It i s conven ien t to c o n s i d e r , i n s t ead of (1 .1 ) , an equ iva len t 
s y s t e m : 

y 
(2. 1) x = y, y = z - a J Q f ^ x , rj)dn, z = -yg(x , y) - bf3(x) 

We have the fo l lowing: 

T H E O R E M 2 . 1 . Le t t h e r e ex i s t p o s i t i v e c o n s t a n t s p , y , JJL, 
and c such tha t 

(i) g(x, y ) > p , and f 3 ( x ) / x > y , x i 0. 

2 
(ii) a(3 - be > ji , and f' (x) < C 

(iii) y 9 g(x, y) < 0 and 1 < G(x, y) < 1 + 2^ / | l ( x , y) | / ab | f | , 

x ^ 0, y ^ 0 , 

then e v e r y so lu t ion x(t) of (1 .1 ) ha s the p r o p e r t y tha t 
x(t) -> 0, as t -> oo . 

P roo f . C o n s i d e r the funct ion 

V(x, y, z) = - z + W(x, y) 

Di f fe ren t i a t ing V with r e s p e c t to t and us ing the v a l u e s of 
x, y and z f r o m ( 2 . 1 ) , we ge t 
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V = -y2[ag(x,y)G(X>y) - bf^(x)] 

-abf3(x)[G(x,y)-l]y + I(x, y). 

Obviously V = 0 for y = 0. However, if y 4 0, then the second 
par t of (iii) implies that f (x, y) >_ 1. We write V as: 

V = -y2[ag(x, y)G(x,y)-bf^(x)] - abf3(x)[G(x,y)-l]y 

- \ a2b2f2(x)[G(x, y)- l]2/[a(3-bc] + I(x, y) 

+ | a 2 b 2 f 2 ( x ) [ G ( x , y ) - l ] 2 / [ a p - b c ] 

= -U(x,y) + E(x,y). 

Since ag(x, y)G(x, y)-bf'(x) > ap - be > 0, it is easy to check that 

U(x,y) = y2[ag(x,y)G(x,y)-bf3 '(x)] +abf3(x)[G(x,y)-l]y 

+ ^a 2 b 2 f 2 (x ) [G(x ,y ) - l ] 2 / [ ap -bc ]> 0, y 4 0. 

If we could show that 

E(x,y) = I(x,y) +- ja 2 b 2 f 2 (x ) [G(x ,y) - l ] 2 / [ ap-bc]< 0, y # 0 

then V < 0 for y 4 0. 

Now E(x, y) < I(x, y) + - ^ a2b2f2(x)[G(x, y ) - l ] 2 , y )! 0 and 

therefore E(x, y) <_ 0 provided that 

\ fx
2a2b2f2(x)[G(x, y ) - l ] 2 < - I(x, y), y 4 0 

i . e. if G(x, y) < 1 + 2 |JL v/|I(x, y) j /ab |f | , which is true by the 

second par t of (iii). 
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Our next step is to show that V is positive-definite. For 
this it suffices to show that W(x, y) > 0 and W(0, 0) = 0. 

2W(x,y) = 2ab JQ i^tfdg + Zbyi^x.) + 2 JQ ng(x, n)dn 

X 2 
> 2ab f f ( |)d| + 2byf (x) + py 

= 2ab JQ f3(g)dg + ~{py +bf3(x)} 2 - | f^(x) 

b X * 
= 2P Jo { a P " b f 3 ( ê ) } f 3 ( e ) d ê + f{Py + M 3 ( X ) } 

> ^{Py +bf 3 (x)}Z + ^ (ap-bc)x2 

> 0 for x i 0, y ^ 0 . 

Observe that W(x, y) -> oo as |x | + |y | -> oo, which 
implies that V •>• oo as |x | + | y | + | z | - > o o . The remainder of 
the proof follows the method described by Ezeilo [Z], 

REMARK 1, We observe that our hypotheses reduce to the 
Routh- Hurwicz criteria for x* + ax + x + bx = 0, since (iii) 
is trivially satisfied. 

REMARK 2. 

(a) If f (x, y) and f (x, y) are both functions of x alone 
1 2 

then hypothesis iii of Theorem 2.1 implies that f = 1 and f is 

constant. This case then reduces to one considered in ([l], [2], 
[3] and [4]). 

(b) If f is a function of y alone or of x alone then this 

reduces to the problem of Ezeilo. 

3. The differential equation. 

(3.1) x' + f (x, x)x + f (x, x)i + bx = 0 
1 2 

684 

https://doi.org/10.4153/CMB-1967-069-9 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-069-9


i s a s p e c i a l c a s e of ( 1 . 1 ) . However we wil l c o n s t r u c t a d i f ferent 
Lyapunov function for (3 .1) in o r d e r to e s t a b l i s h a c l a i m m a d e in 
Sect ion 1. F o r (3 .1) we have the fol lowing: 

THEOREM 3 . 1 . If f (x, y) and f (x, y) a r e cont inuous ly 

d i f f e ren t i ab le for a l l v a l u e s of x, and 

(i) f (x, y ) > b > 0 , f (x, y) > 1 for a l l x and y, (with 

s t r i c t inequa l i ty in a t l e a s t one of the above cond i t i ons ) . 

1 
(ii) y d (f (x, y) + 7" f ? (x , y)) £ 0, for a l l x and y, then 

e v e r y so lu t ion x(t) of (3 .1) s a t i s f i e s 

(3 . 2) x(t) -> 0, x(t) -> 0, x(t) -* 0 a s t -> oo 

P roof . Reduce (3 .1) to the equ iva len t s y s t e m 

(3 .3 ) x = y, y = z, z = - f ^(x, yjz-f^fx, y ) y - b x . 

Our r e s u l t fol lows if we c o n s i d e r the funct ion 

(3 .4 ) 2V(x, y, z) = (z+by) 2 + (bx+y)2 

+ 2 JQ t1(bf1(x,T1) + f 2 ( x , n ) ) d n - (b 2 + l ) y 2 . 

Th i s r e s u l t i s a g e n e r a l i s a t i o n of a r e s u l t of S imanov [4] . 

If p(t) ^ 0 the r e s u l t (3 .2) does not, in g e n e r a l , hold for 
the so lu t ions of (1 2), but we sha l l show that 

THEOREM 3 . 2 . If along a so lu t ion c u r v e x = x(t) of (1.2) 

W 6 h a V e (i) f 1 ( x > y ) > b + | p ( t ) | 

(ii) f 2 ( x , y ) > 1 + | p ( t ) | 

(iii) y 8 x ( f 1 ( x , y) + - f 2 ( x , y)) < 0, for a l l x, y 

and if f u r t h e r 
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t 
( iv ) f | p ( r ) | d r < A < oo 

Jo 

then g iven any f ini te x , y , z t h e r e i s a f ini te cons t an t 
o o o 

B(x , y , z ) such tha t the (unique) so lu t ion x(t) of ( 1 . 2 ) , which 
o o o 

i s d e t e r m i n e d by the in i t i a l condi t ions 

( 3 .5 ) x(0) = x , x (0) = y , x(0) = z 
o o o 

sa t i s f i e s 

(3 .6) [ x ( t ) | < B , | x ( t ) | < B , | x ( t ) | < B 

for a l l t > 0. 

P roof . Our t r e a t m e n t of th i s t h e o r e m i s again i n d i r e c t . 
We c o n s i d e r the equ iva len t s y s t e m 

(3 .7) x = y, y = z, z = -f (x, y)z-f (x, y )y -bx + p(t) 

and the funct ion ( 3 . 4 ) . Le t (x(t), y(t) , z(t)) be a so lu t ion of (3 .7) 
2 2 

sa t is fying the i n i t i a l condi t ions ( 3 . 5 ) . Since V -^ oo as x + y 
2 

+ z -> oo, in o r d e r to p r o v e (3 .6 ) i t suff ices to show that t h e r e i s 
a cons t an t C > 0, depending only on x , y and z such tha t 

o o o 

(3 .8) V(x(t), y(t) , z(t)) < C, t > 0 . 

By v i r t u e of (3 . 7) we have 

2V = - 2 z 2 ( f l ( x , y ) -b) - 2y 2 ( f 2 (x , y ) - l ) b 

y 
+ 2y f n 9 (bf (x)T1) + f (XlT!))dT, J o x 1 ^ 

+ 2p(t)z + 2bp(t)y 

o r 
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2 V < - 2 z 2 ( f 1 ( x , y ) - b ) - 2 b y 2 ( f 2 ( x , y ) - l ) 

+ 2 | p ( t ) | | z | + 2 b | p ( t ) | | y | 

< - 2 z 2 ( f 1 ( x , y ) - b ) - 2 b y 2 ( f 2 ( x , y ) - l ) 

+ 2 | p ( t ) | ( l + z 2 ) + 2 b | p ( t ) | ( l + y 2 ) 

= - 2 z 2 ( f l ( x , y ) - b - | p ( t ) | ) - 2 b y 2 ( f 2 ( x , y ) - l - | p ( t ) | ) 

+ 2 | p ( t ) | ( l + b ) . 

T h u s w e h a v e 

V < (1 + b ) | p ( t ) | f o r a l l t > 0 

o r 

t 
V(t) < V(0) + (1 +b) f |p(T) Id r 

< V(0) + (1 + b)A = C. 

Th i s p r o v e s (3 .8) and T h e o r e m 3 .2 fo l lows . 
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