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ON COMPLETE REDUCIBILITY OF MODULE BUNDLES

G. PRemA AND B.S. KIRANAGI

We prove the local triviality of module bundles over semisimple
Lie algebra bundles and using this result we establish the
complete reducibility of module bundles over semisimple Lie

algebra bundles.

A Lie algebra bundle, for short a Lie bundle, as introduced by Douady
and Lazard [71], is a vector bundle (E, p, X) together with a morphism

0 : E®E > E , which induces a Lie algebra structure on each fibre Ex

A locally trivial Lie bundle is a vector bundle (E, P> X) in which

each fibre Ex is a Lie algebra and for every x in X , there exists a
neighbourhood U of x , a Lie algebra L and a homeomorphism

¢ : UXL > p-l(U) such that for each y in U , wy : L+ p-l(y) is a

Lie algebra isomorphism. Every locally trivial Lie bundle is a Lie bundle

[2], but the converse need not be true [4].

In this paper we prove the complete reducibility of module bundles
over semisimple Lie bundles where a module bundle n = (n, g, X) over a
Lie bundle E is a vector bundle together with a morphism p : E@n + n

such that for each x in X , px induces a Ex-module structure on nx .

A vector subbundle n' of a module bundle N is a submodule bundle
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of n , if each fibre n; is a submodule of n, - We say an E-module n
is simple if n has no proper non-zero submodule bundles.

Let us consider the trivial bundle n = (X x V, q, X) and the trivial
Lie bundle E= (X xL,p, X) . Let p:L@®V~>V be an L-module
structure on ¥ . The morphism p : X X (L@ V) » X x V given by
5(:::, 1+v) = (x, p(1, v)) induces on each fibre n, = V , the L-module

structure of V¥V . Such a module bundle is called the trivial module bundle

over E .

We prove that a module bundle n over a semisimple Lie bundle is

locally trivial. That is for each & in X , we find a trivial module

bundle U X V , where U is some open set around x such that q-l(U) is

isomorphic to U X V as module bundles.

A representation p of a Lie bundle E on a vector-bundle n is a

Lie bundle morphism from E£ to the Lie bundle End(n) = U End(nx) [43.
xeX

We also establish that the concepts of a representation and a module bundle

of a Lie bundle are equivalent over a suitable base space.

NOTATIONS AND TERMINOLOGY. The underlying field considered throughout
is the field of real numbers. We denote the total space of the vector-
bundle (E, p, X) by E itself and the fibres by Ex . All the bundles

considered in this paper have the first countable space X as the base

space. Further our vector spaces are finite dimensional.

1.

In proving the complete reducibility of module bundles over a semi-
simple Lie bundle, we need the rigidity of submodules of a module over a
semisimple Lie algebra. Richardson [6, Proposition 15.3] has given the
rigidity of submodules over an algebraically closed field. Here we prove
the rigidity of submodules of a module over a real field.

As a first step we shall prove the following.

PROPOSITION 1. If M 1is a submodule of an L-module V , where L
is a semisimple Lie algebra, then every L-module homomorphism from M to
V/IM is induced by a member of HomL(V, V) , the collection of all
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L-module homomorphisms defined on V .

Proof. Since L 1is semisimple and M is a submodule of V , we can
find a submodule M' of V such that V=M ® M' as modules. Further
the map h : V/M > M' given by h(vtM) =m' where v=m+m' , meM ,
m' € M' defines a module isomorphism. Now given the L-module

homomorphism f : M + V/M , let us define g : V>V by

g(v) =m + (hf(m)+m') . If f(m) = v, *+ M where v, =m +m , then

hf(m) = my , and so W * glm) = mi + M= f(m) where m : V> V/M is the
canonical projection. Thus f 1is induced by g .

First we note that G , the collection of all L-module automorphisms
is a Lie subgroup of Aut(V) being a pseudo-algebraic subgroup and that
Hom (V, V) is the Lie algebra of G .

If Fr( V) 1is the space of all r-dimensional submodules of V where

r < dim ¥V , then G acts on I‘r(V) as follows.

Given ge?;, MEI‘P(V) , g'MEI'P(V) is given by
g+ M=g(M .

PROPOSITION 2. Let V be an L-module and M an r-dimensional
submodule of V . If L <is semisimple, then M 1is rigid. That is G-M
is open in Fr( V) .

Proof. Let W Dbe a subspace of V , transversal to M and I‘W the
collection of all r-dimensional subspaces of V , transversal to ¥ .

Then l"W is an open submanifold of Gr( V) , the Grassmann variety of

r-dimensional subspaces of V .

Let P be the projection operator on V with kernel M and image W
and @ =I - P . The vector space Hom(M, W) of all linear trans-

formations from M to W , is identified with

H={T ¢ End(V) | T(W) = 0; T(V) C W} .
Then the mapping ¢ : Hom(M, W) - I, sgiven by @(T) = Im(@+T) is a
di ffeomorphism.

For each x in L , we define w:z: : Hom(M, W) - Hom(M, W) by
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wx(T) = (P-T)p(x)(@+T) . It can be seen that ¢(T) is a member of Fr( V)

if and only if wx(T) =0 for all x in L . Hence

-1 -1
¢ (T (n) = ALY

~

Let Gl be the open subset of G consisting of all g such that

g(M) is transversal to W and ¢g(W) 1is transversal to M . Let us
define B : 81 - Hom(M, W) by B(g) = PgQg_l(P+gQg-l)—l . Then we obtain
*(8(g)) = g(m)

The differentials dB, : T(&l, e) = (G, e) » Hom(M, W) and
(dlbx)(o) : Hom(M, W) -> Hom(M, W) are given by (dBe)(D) = PDR and

deJ\ (T) =Poplx)y oT-Toplx)oQq.
x°(0)

We can identify Hom(M, W) with HomL(

M, V/M) through the
isomorphism 60 given by GO(T) = n]W e T where m : V- V/M is the
projection. Then we obtain QL ker (dll)x)(o) is precisely HomL(M, V/M)
and Im dB(e) is the subcoll‘:ction of HomL(M, V/M) consisting of
elements which are induced by elements of HomL(V, V) . Because of this

interpretation of 1 ker (dll)x)(o) and Im dB(e) , we obtain

x€L
N ker (dlb ) = Im dB , by applying Proposition 1. Now we apply the
z€L z’(0) (e)
result due to Weil [8, Lemma 1] to the spaces ?;l and Hom(M, W) and get

a neighbourhcod N of zero in Hom(M, W) such that (p_l (l"r( V)) nN is a
submanifold of N and B(&l) nN . So cp_l (Fr( ) anc B[Gl) . Hence
¢(N) 1is an open set in I‘r(V) containing the element {M} and contained

in the orbit G + M . Thus & » M is open in I'P(V)

2.

In this section we shall show that the concepts of representation and

module are equivalent. The first countability of the base space is
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required only in proving that a module bundle structure induces a
representation. Further we prove the local triviality of a module dbundle

over a semisimple Lie bundle.

PROPOSITION 3. Let E be a Lie bundle and n an E-module. Then
the module structure induces a representation of E on the vector bundle

n and conversely.

Proof. Let p : E@®@ n >+ n induces the module structure on n . We

can define p, : E >~ Hom(n, n) by pl(a)(m) =pla, m} , a € E:c .
m € nx .  Then obviously pl induces a Lie algebra homomorphism on each
fibre Ex . So it is sufficient to prove the continuity of pl .

We have vector bundle isomorphisms a : U X Vl - U Ey and
yeu

B:UxV,» U n where V. and V_, are vector spaces. Then
2 1 2
yeu
Hom B : U X% Hom[V s V) + U Hom(n , ) given by
2> ) 7w TRRLYE

Hom B(y, f) = By o f Byl , is a vector bundle isomorphism. Now conside

A . ~ -1
pl:UXVl-*UXHom(V,Ve] given by pl=(HomB) cp

Let {(yn, vn)} converge to {(y, v) in U x vV, . Then [Bl(yn, v,

converges to Bl(y, v) Dbecause

5, (5. ) (o) = (Hom )7, (aly, v,)) ()

-1
(Hom B) p(ay(vl], vz] for v €V, , v, €V, .

By the first countability of X , 81 is continuous. Hence p1 is

continuous.

5

r

)

Conversely let Py E > Hom(n, n) be a representation of E on n .

Let us define p : E®n-+n by p(a,m)=pl(a)(m) , a €E_, men

X

e

Obviously each n:r is an Ex-module, the structure being induced by px .

Now we shall prove the continuity of p .

Consider p* : Hom{n, n) ®n+n given by p*f, a) = fla) ,
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f € Hom[nx, ”.zj and a €n_ . Ifwve define

~

p* : U x {ton(V,, V,) @ V,} » v x v,

by B*(y, f+v) = [y, f(v)) which is continuous, then since
p*(Hom B + B) = B - 8* , We obtain the continuity of p* . Hence

p = p* . [pl +id on n) is continuous.
LEMMA 4. Every module bundle n over a semisimple Lie bundle E 1is
locally trivial.

Proof. Let the module structure on n be givenby p : E@®n->n,

which gives rise to the representation p : E » Hom(n, n) .
E is locally trivial being semisimple [3, Lemma 2.1]. Let the local

triviality be given by the Lie bundle isomorphism ¢ : U x L =+ p-l(U)

The module bundle n being a vector bundle we have a vector space V and
a vector bundle isomorphism & : U x V » q—l(U) . Let

8 : UXL~>UXHom(V, V) be the map p = (Hom a)_lpcp . If T denotes
the collection of all Lie algebra homomorphisms from L to Hom(V, V) R
then By €T for each ¥y in U . The Lie group & = Aut(V) acts on T

in the following way.

Given g €G, p €T , g+ p €T is given by

(gB)(1) =g » B(1) - g~ forall 1¢€L .
Since L is semisimple, 5.'1: is rigid [5, Theorem AJ. Hence the
orbit G(ax] =G e« Sx is open in [ . The mapping y - By is continuous
from U to I . So the set Ul ={y ev | By € G(;/)\mj} is open in U ,

being the inverse image of G[Bx) in U under the mapping Yy - By . If

~

y € Ul , then there exists a gy in G such that gy . px = 'py

We can apply Aren's theorem to G and G(Bx) and proceed in a

similar manner as in the proof of Theorem 3 [Z], we get a neighbourhood U

of £ in X and a module bundle isomorphism B : U X Ve, U n_  where
yeuU

V:r: = (V, px) and B 1is given by B(y, v) = aygy(v) , for a11 v in Vx
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and y in U . Hence the result.

3.

Now we prove the theorem on compiete reducibility of module bundles of

semisimple Lie bundles.

THEOREM 5. Let E be a semisimple Lie bundle and n an E-module

bundle. Then n can be written as a direct sum of simple module bundles.

Proof. Let n' be a submodule of 7N and let us consider the

quotient vector bundle n/n' =n” , For any a € Ex , m+ né € N we
define p”" : E®@n" > n"” by p"(a, m+n:;:) = pla, m) + né . Thus n” is a
module bundle. We get the exact sequence

u

0+n'—>n—“*n"+0
of module bundles where T is the projection and u 1is the inclusion map.
Since E.'x: is semisimple we obtain nx = ﬂ;@ ﬁx where ﬁ.'x: is a
submodule of n. isomorphic to n:';. . We can define fx :n, > n;c by
fx(m'+r71) =m' , m' € n:; , mE ﬁm . Let f:n->n' be given by
f/nx = fx we have f o Y equals the identity on n’ . The splitting of

the exact sequence follows if the function f is continuous. Now we

shall show the continuity of f .

Since E is semisimple, N and N' are locally trivial module
bundles by Lemma 3. So we obtain L-module bundle isomorphisms

a:UxV+> U n and a' : UxXW=> U n'. Let Y :UXW>UXV be
yevu Y yeu

. -1
given by WY(y, w) = « “a’(y, w) .
For each y , wy(W) is a submodule of V . Our aim is to find a

submodule Vl of V and a module bundle isomorphism between U X V1 and
Uumn'.
yeu ¥

Consider Gr( V) the Grassmann variety of all r-dimensional subspaces

of V , where » =dim ¥ . let h be any hermitian metric on V . Then
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we define the metric M : U - U X Herm V on the bundle U X V by
H(y) = (y, h) , wvhere Herm V is the collection of all hermitian metrics
defined on V . Then the subbundle F = Y(U X W) has an orthogonal

L 1
complement F in UXxV . If P: U XV >F is the orthogonal

projection, then the mapping y - ker Py = lj)y(W) is continuous from U to
Gr( V) . Consequently the mapping y - lpy(W) is continuous from U to

r (V) . Let G(x) denote the orbit 3[%(&/)) . By the rigidity of
submodules, 8(.’:) is an open subset of I'r(V) . The subset Fr(V) is
locally compact being a closed subset of the compact space Gr( V) . Since
Gr( V) 1is second countable, 5(:::) is also second countable. Hence by [7,

Lemma 2.9.1] we obtain that E/EI is homeomorphic to a(x) where Ex is

the stability subgroup of G , corresponding to ll)x(W)
If U = ly ev | l,)y(W) € G(z)} then for each ¥y in U, , there

exists a gy in G such that llJy(W) = gylbx(W) . Now by applying the fact

that G~ ?;/8x is a principal bundle, we obtain the continuity of the
mapping Y - gy from Ul to @ .
Let V' =4y (W) and define a, : U x V' > U n' by
x 1 1 €U
YUy
al(y, v') = aygy(v’) . Given v in V , there exists a unique v, in V

such that v =g (v.}) . We define @ : U, xV+ U n by
¥y 1 1 Y
yeul

&(y, v) =ag (vl) . The maps & and o, are module bundle isomorphisms.
¥y

~

Now we define f : U X V ~» l/l x V' by f‘(y, v) = (y, vi} where !

1 1
. _ -1 . ’ . - _ -1
is the component of v = gy (v) 4in V' . That is fly, ») = |y, ngy (v)
where m : V-~ V' is the projection operator on V' . It can be verified

that f 1is continuous and the following diagram is commutative:

https://doi.org/10.1017/50004972700021122 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700021122

Complete reducibility of module bundles 409

U xV ——— U q

1 y
yGUl

>

f

%y

u x y' —————— U n’

1 Y
y€Ul

Then f becomes a continuous function. Hence the result.

(1
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(3]
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