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THE WORD PROBLEM FOR ORTHOGROUPS 

J. A. GERHARD AND MARIO PETRICH 

A semigroup which is a union of groups is said to be completely regular. 
If in addition the idempotents form a subsemigroup, the semigroup is 
said to be orthodox and is called an orthogroup. A completely regular semi­
group 5 is provided in a natural way with a unary operation of inverse 
by letting a~l for a Ç S be the group inverse of a in the maximal sub­
group of S to which a belongs. This unary operation satisfies the identities 

(1) aarla = a 

(2) aa~l = a~la 

(3) (a-1)"1 = a. 

In fact a completely regular semigroup can be defined as a unary semi­
group (a semigroup with an added unary operation) satisfying these 
identities. An orthogroup can be characterized as a completely regular 
semigroup satisfying the additional identity 

(4) (aa-'bb'1)2 = aa^bb'K 

Since the idempotents of a completely regular semigroup 5 are the 
elements of the form aa~l for a £ S, the identity (4) just states that the 
product of idempotents is idempotent. The free completely regular semi­
group on a set was recently studied by Clifford [1]. 

In this paper we study the free orthogroup on a set X. It is described 
as a quotient of the free unary semigroup on the same set. Invariants are 
defined on words (elements of the free unary semigroup) and two words 
belong to the same class of the quotient if and only if their invariants are 
equal. In this way we give an algorithm to solve the word problem for 
free orthogroups in terms of words in the free unary semigroup. Since 
bands are a special case of orthogroups and the solution of the word 
problem for free bands is inductive on the number of variables occurring 
in words (see [2]) it is not surprising that the solution of the word problem 
for orthogroups is also inductive. 

Section 1 gives background needed for the paper. In particular it con­
tains a description of the free unary semigroup on X. In Section 2 we 
give the solution of the word problem for the free orthogroup on the set 
X, and in Section 3 we construct a model of this semigroup. Section 4 
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contains a description of the free semilattice of groups and Section 5 a 
description of the free orthocryptogroup (an orthogroup in which ffl is 
a congruence). Both of these are special cases of or thogroups. 

1. P r e l i m i n a r i e s . T h e free unary semigroup provides a na tura l set t ing 
for the s tudy of word problems for semigroups with an added unary 
operation (including groups) . Let F be the free semigroup on X \J 
{( » ) - 1 } where ( and ) _ 1 are two dist inct elements not in X. T h e free 
unary semigroup on X, U(X), is the smallest subset of F with the fol­
lowing properties, 

(i) X C U(X) 
(ii) u 6 U{X) implies (u)~l G U(X) 

(hi) u, v G U(X) implies uv G U(X). 

For technical reasons it is sometimes convenient to use the free unary 
monoid U'' (X) on X. This is obtained from U(X) by adding the empty 
word (f> and defining 4>w = w<j> = w for all w G Ur (X). 

LEMMA 1.1. Let S be an orthogroup. For a, b, e G S let Da = Db ^ De 

and e = e2 {where for x Ç S, Dx is the 2)-class of S containing x). Then 
ab = aeb. 

Proof. Let a, b} e be idempotent . T h e idempotents of a given <£^-class 
form a rectangular band and therefore 

ab = a\b{ae)b] = abaeb = aeb. 

For a,b G S not necessarily idempotent we have 

ab = aa~labb~lb = aa~laebb~lb = aeb. 

2. T h e word p r o b l e m for o r t h o g r o u p s . Our first task is to define 
the invar iants needed to describe the solution of the word problem for 
free orthogroups. T h e content c(w) of the word w G U(X) is the set of 
variables (elements of X) occurring in w. T h e reduced word r(w) associ­
ated with w is obtained from w by removing all occurrences of u(u)~l, 
for u any word, which occur in w. If w is thought of as representing an 
element of the free group on X then r(w) is the reduced form of w 
obtained from the solution of the word problem for free groups. 

T h e s ta r t 5 (w) of the word w is obtained as follows. If w has one variable 
(if w = <j>) let s(w) = </>. Otherwise take the longest left segment of w 
( thought of as an element of F, the free semigroup on J U ( ( , ) - 1 }) 
which contains all bu t one variable of w. T h e result ing element of F need 
not be an element of U(X), bu t if all occurrences of ( which are not 
matched with an occurrence of ) _ 1 are dropped, the result is an element 
of U(X). This element is denoted by s(w). More generally if A C X and 
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w £ U(X), let sA(w) be the longest left segment of w containing all but 
one of the variables in c(w) — A, where unmatched occurrences of ( are 
dropped as in the definition of s(w). In this case sA (w) = (j> if |c(w) — A | ^ 1. 
Similarly define the end e(w) to be the longest right segment of w 
containing all but one variable of w, this time dropping unmatched 
occurrences of )_ 1 , and eA(w) to be the longest right segment of w con­
taining all but one variable of c(w) — A, again dropping unmatched 
occurrences of ) - 1 . Here e(w) or eA(w) may equal <j>. We often establish 
a result for s(w) or sA(w) and omit the formulation and proof of the 
corresponding result for e(w) or eA(w). 

Let 

s°(w) = w 
sk+1(w) = s(sk(w)) for all k ^ 1. 

LEMMA 2.1. For w £ U(X) and A C X, sA(w) = sk(w) for some 
* è 1. 

Proof. If sk(w) 9e <t> then sk+1(w) has one less variable than sk(w). Let 
k ^ 1 be the smallest integer such that 

c(w) - A = c^iw)) - A. 

Then sA(w) = sk(w). 

LEMMA 2.2. For any u, w £ U(X), 

s(uw) = / S M # C ( W ) £ c W 
(w-5C(M)W #c(w) g c(u). 

Proof. If c(w) C c{u) then clearly s(w«;) = s(u). If c(w) <2 c(w), then 
the longest left segment of uw which contains all but one variable of uw 
is u - sC(u) (w) by definition of sC(U) (w) • 

Definition 2.3. Let w, w' £ U(X). Then w ~ w' if and only if c(w) = 
c{w')y r(w) = r(w'), s(w) ~ s(wf) and e(w) ~ e{w'). 

The definition of ~ is by induction on the number of variables. In 
particular xk ~ xl if and only if k = /. 

THEOREM 2.4. U(X)/~ is the free orthogroup on X. 

Proof. The proof that ~ is an equivalence relation is an easy inductive 
argument. Assume w ~ w'. To show ^ is a congruence we must show 
wu ~ w'u and uw ~ uwf for any u £ U and that (w)"1 ~ (wr)~l. Since 
c(w) = c(w') it follows that 

c(wu) = c(zf) W c(w) = c(w') U c(^) = c(w'u) 

and similarly c(uw) = c(uwf). Also since r(w) = r(w') it follows that 

r(wu) = r{w)-r{u) = r(w,)-r(u) = r{w'u) 
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where the product is taken in the free group. Similarly r(uw) = r(uw'). 
It is therefore enough to show that s(uw) ~ s{uwf) and s(wu) ~ s(wuf) 
in case \c(uw)\ ^ 2. 

To show s(uw) ^ s(uw') notice that if c(w) C c(u) then s(uw) = 
s(u) = s(uwf) by Lemma 2.2 and there is nothing to prove. If c(w) ÇL 
c(u) then 

s(uw) = U'SC(U)(w) and s(uwf) = u-sC(U)(w') 

again by Lemma 2.2. Since c(w) = c{wr) it follows by induction that 
c{sj{w)) = c(sj(w')) for all j . By Lemma 2.3, 

Sc(u)(w) = s*(w) and sc(tt)(w') = 5*(w') 

for some k. Since u> ~ wf it follows by induction that sk(w) ~ sk(w') and 
therefore (again by induction) that 

s(uw) = u-sk{w) ~ U'Sk(w') = s{uw'). 

To show that s(wu) ~ s(w'u) notice that if c(u) C c{w) = c(w') then 
s{wu) = s(w) ~ s(w') = s{w'u). Otherwise 

s(wu) = W'SC(w)(u) and s(w;u) = w'sC(W')(u)> 

(and c(w) = c(w')). Now sC(w)(u) has at least one less variable than u 
and so by induction on the number of variables 

s(wu) = wsc(w)(u) ~ w'sc{w>)(u) = s(w'u). 

Let w ~ w''. The following calculations show that (w)~l ^ (w')~l. 

c(iw)-1) = c(w) = c{wf) = c({w'rl) 

r ( ( w ) - i ) = {r{w))~l = (riw'))-1 = r((w ,)~1) 

^((w)"1) = s(w) ~ s(w') = s((w,)~l). 

To show that the unary semigroup U(X)/~ is an orthogroup we 
check that the identities ( l )-(4) given in the introduction hold. This is 
equivalent to proving 

a <^ aa~1a 

aa~l ~ a~la 

(a-1)"1 ~ a 

(aa-'bb-1)2 ~ aa~lbb~l 

for all a, b £ U(X). 
If w ~ w' is one of these conditions it is trivial that c(w) = c(w'), 

r(w) = r(w') and s(w) = s(w'). Therefore U(X)/~ is an orthogroup. 
To show that U(X)/~ is the free orthogroup on X we prove that 

^ £ P for any congruence p on C/(X) such that U(X)/p is an ortho-
group. Let w ~ w'. Then c(w) = c(wf). Since (U(X)/p)/£& is a semi-
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lattice and the least semilattice congruence on U(X) is obtained by 
identifying words which have the same content it follows that Qlw = 
3)w> in U(X)/p. Since s(w) ~ s(w') and e(w) ~ e(w') we can assume by 
induction that s(w)ps(wf) and e(w)pe(wf). Also r(w) = r(w'). In Lemma 
5.1 of [1] it is shown that w may be written as s(w)xw\ye(w) where x and 
y are variables not in s(w) and e(w) respectively. If u 6 U(X) let 
u° = u(u)~l. Then 

w = (s(w)x)°w(ye(w))°. 

Now r{w) is obtained from w by removing idempotents e, and these 
idempotents have the property that De ^ Dw. Therefore: 

w = (s(w)x)°w(ye(w))° 

= (s(w)x)°r(w)(ye(w))° by Lemma 1.1 
p(s(w,)x)°r(w,)(ye(w,))° 

— w'. 

3. A model of the free orthogroup. In this section we construct a 
model of the free orthogroup on the set X. The construction is inductive 
and mimics the inductive solution of the word problem given in Section 2. 
For convenience let«^"(0) = <t>. If <t> 9* A C X, A finite, let^(A) be all 
quadruples 3t = (a, a, A, a) where a £ G(X), the free group on X, 
c(a) QA, a e^(A - {x}) for some x 6 4̂ and a G ^ ( 4 - {3/}) for 
some 3/ G ^4. Let 

J*" = U {^{A)\4> * A QX,A finite}. 

For 21 £ i ^ , let 

5° (a) = §1 ë°(») = ?i 
S(») = a ë(3l) = a 

r+H») = $(5»(8)) ë^+1(2ï) = ~e{ên{%)) 

where 5(0) = 0 = ë(4>). Also let c(8t) = A. 
For 91 = (a, a, ^4, a) and 33 = (0, 6, J3, b), two elements of J ^ the 

product 2133 = Ë = (7, c, C, c) will be defined by induction. Let 

C = A \J B 

c = ab, the product taken in G(X), 

(a if B Ç ^ 
7 ~ t«?wif ^£^ 

where & ̂  0 is the smallest integer such that 

\A \J c(sk((3))\ + 1 = \AUB\ 

jbiîA QB 
C " \êk(a)®iîA £B 
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where k ^ 0 is the smallest integer such that 

\B\Jc(êk(a))\ + 1 = \AUB\. 

The definition is completed by letting 81* = 21 = tf>21 for all 21 G F. 
For w G U(X) let ŵ> = (^(w)^, r(w), c(ze;), e(w)<p) where the induc­

tive definition is completed by letting <\xp = <j>. The mapping <p\ U{X) —» 
<F is easily seen to be a homomorphism onto F with kernel ^ . Therefore 
F ~ U{X)/'~ and F is a model of the free orthogroup on X. 

4. The free semilattice of groups. A semilattice of groups is a com­
pletely regular semigroup where idempotents belong to the centre. In 
terms of identities this means that in addition to identities ( l )-(3) of the 
introduction a semilattice of groups satisfies 

(5) axx~l = xx~la. 

It is clear that a semilattice of groups is an orthogroup. The free semi-
lattice of groups has been described by Liber [3]. In this section we give 
a description of the free semilattice of groups by modifying the methods 
developed in Sections 2 and 3. 

Definition 4.1. Let w, w' £ U(X). Then w tt w' if and only if c(w) — 
c(w') and r(w) = r(w'). 

THEOREM 4.2. U{X)/tt is the free semilattice of groups on X. 

Proof. The proof that œ is a congruence on U(X) is part of the proof 
of Theorem 2.4. It is also clear that CL000C r%i%j OCOC CL for any a, x £ U(X) 
and therefore that U(X)/tt is a semilattice of groups. 

To show that U{X)/tt is free we show that œ C p for any congruence 
p such that U(X)/p is a semilattice of groups. Let c(w) = { # ] , . . . , # « } . 
Then since x t(x z) _ 1 is idempotent and its congruence class is therefore in 
the centre of U(X)/p, it follows that 

wpr(w)xi(xi)-1 . . .xn(xn)-
1. 

Let w tt wf. Then 

wpr(w)xi(xi)~1 . . . xn(xn)~
l 

= r(w')xi(xi)-1 . . . xn(xn)-
1 

pw'. 

We can also give a model for the free semilattice of groups on X. Let 
y be all pairs (g, A) where g £ G(X), A ÇZ X, A finite and c(g) Q A. 
Let (g,A), ( 4 , 5 ) Ç y and define 

(g, 4 ) ( * , £ ) = (gh,AUB) 

where gh is the product in G(X). The mapping w —> (r(w)» c(w/)) is a 
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homomorphism of U(X) onto y with kernel œ . T h e r e f o r e ^ is the free 
semilattice of groups on X. 

A strong semilattice of groups is a triple [ ( F ; G«, ^a./î)] where F is a 
semilattice, Ga is a group for each a Ç F, the Ga are pairwise disjoint and 
for a ^ /3, \f/ap'.Ga —> Gp is a homomorphism such tha t 

(i) ^a>a is the identi ty on Ga, and 
(ii) ^«i/3 o ^ > 7 = ^ t t i7 if a ^ /3 ^ 7-

Multiplication is defined o n l = U {Gala: G F} by 

Xy = (X)fra,afl)(yfo,afi) 

where x G Ga, y G G/s and a/3 is the product in F. 
Every semilattice of groups is a strong semilattice of groups. Let L{X) 

be the free semilattice on X thought of as the set of all finite, non­
empty subsets of X with union as product . The free semilattice of groups 
on X is the strong semilattice (L(X), G (A), \[/AB) where for every pair 
A, B of finite non-empty subsets of X with A C B (A ^ B in L(X)), 
\pAB:G(A) —» G(B) is the unique homomorphism of the free group G (A) 
obtained by extending the inclusion mapping of A into B. 

5. T h e free o r t h o c r y p t o g r o u p . A semigroup is an orthocryptogroup 
if it is an orthogroup in which Jf is a congruence. An or thocryptogroup 
can be characterized by the identities ( l ) - ( 3 ) of the introduction together 
with 

(6) aa-m-1 = (ab)(ah)-1 

(see [4]). I t is clear t ha t (6) implies (4). 
In order to describe the least or thocryptogroup congruence on U(X) 

we need a description of the least band congruence 0 on U(X). The free 
band is usually given as a quotient of S(X), the free semigroup on X. For 
any word w £ U(X) let w (E S(X) be obtained from w by removing all 
occurrences of ( and ) - 1 . Since, in a band, x = x - 1 it is clear t ha t for 
w, w' G U(X), w$w' if and only if wfiw', where j3 is the least band con­
gruence on S(X). The congruence /3 can be described as follows (see e.g. 
[2], Lemma 4.6 of Chapter IV) . If u £ S(X) define s(u), e(u) and c(u) 
as before. Then for u,v £ S(X) ufiv if and only if c(u) = c(v), s(u)J3s(v) 
and e(u)j!îe(v). 

Definition 5.1. Let w, T*/ G U{X). Then W7rw' if and only if r(w) = 
r(wf) and wfiw\ 

T H E O R E M 5.2. U(X)/T is the free orthocryptogroup on X. 

Proof. I t is easy to check tha t ir is a congruence. In fact it is the inter­
section of the least group congruence and the least band congruence on 
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U(X). The latter fact immediately gives U(X)/T a subdirect product of 
the free group on X and the free band on X which in turn implies that 
U(X)/T is an orthocryptogroup. (This may also easily be shown by 
checking that the identities ( l )-(3) and (6) hold in U(X)/ir.) 

To show that U{X)/ir is free, let p be any congruence such that 
U(X)/p is an orthocryptogroup and prove that TrÇp. It was shown by 
Yamada [5] that an orthocryptogroup is a subdirect product of a semi-
lattice of groups and a band. Choose T, a semilattice of groups, and B, a 
band, so that U(X)/p is a subdirect product of T and B. In fact T = 
U(X)/T and B = U(X)/y and p = r C\ y. Now r 3 v, where v is the 
least semilattice of groups congruence on U(X), y 3 P where 0 is the least 
band congruence on U(X) and therefore 7r = ^ P i / 3 Ç T P \ 7 = p. 

A model for the free orthocryptogroup can be obtained from G(X), the 
free group on X, and B(X) the free band on X as follows. Let 

V = i (g, b)\g € G(X), b € B(X), c(g) Q c(b)} 

and let multiplication on *$ be defined by 

(g,b)(ê',b') = (gg',66') 

Then fé7 with this product is the free orthocryptogroup on X. 
The free objects in the subvarieties of orthogroups we have discussed 

can be described in terms of the quadruples introduced in Section 3. Let 
31 = (a, a, A, a) and ^ — (7, c, C, c) be two quadruples of#". The free 
group on X is J^/cr where a is the congruence defined by 21 o- ̂  if and only 
if a = c. The free semilattice on X is J^/rj where rj is the congruence 
defined by %-q^ if and only if A = C. The free band on X is ̂ //3 where 
21/3^ if and only if 4̂ = C, a/3y and a/3c. The congruence v = a P\ rj gives 
the free semilattice of groups and the congruence T = a C\ fi gives the 
free orthocryptogroup. 
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