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COUNTEREXAMPLE TO A CONJECTURE ON
POSITIVE DEFINITE FUNCTIONS

JAMES STEWART

1. Introduction. Cooper [1] called a complex-valued function f on the
real line R positive definite for F, where F is a set of complex-valued functions
on R, if the integral

ﬁ ﬁf(x — ) ¢(x) ¢ (y)dxdy

exists as a Lebesgue integral and is nonnegative for every ¢ in F. Let us denote
by P (F) the set of functions positive definite for F, by L2 the set of functions
in L?(R) with compact support, and by L?),, the set of functions which are
locally in L?(R), i.e., f € L?,, < f € L?(K) for every compact subset K of R.
Cooper showed that P(L2?) = P(L,?) for any p = 2 and that each function
in P(L,') is essentially bounded and hence equal almost everywhere to an
ordinary continuous positive definite function in the sense of Bochner. For
1 < p < 2 he showed that if ¢ = p/2(p — 1) then

(1) P(Lc2) m quoc C P(ch)

and he conjectured that equality holds in (1). In § 2 we give a counterexample
to this conjecture, i.e., we construct a function f € P(LF) which is not in L%,..

The definition of P(F) makes sense on any locally compact abelian group G
and the inclusion (1) also holds in that situation (see [4, Theorem 2.3] and
[5, Theorem 2.2]). If G is not a discrete group it seems unlikely that equality
holds but the only group, apart from R, for which we have discovered a
counterexample is G = 7T, the circle group, and this appears in § 3.

In constructing the examples we shall need to use some of the theory of the
Lorentz spaces L(p, q), and we list here the relevant facts. If f is a measurable
function defined on the measure space (X, u) we define

m(f,y) = plx € X :|f(x)| >y} and f*(x) = infly > 0:m(f,y) = «}.
Forl1 £p<o0,1 =qg< 0, welet

Lp,q) = {f =J:D [6"7f * () | dxe < oo} .

It is well known that L(p, p) = L?, that L(p, q1) C L(p, g2) for ¢1 = ¢, and
that
m

x)
@) S reswine s [ rroeoa.
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It was proved by O’Neil {3, Theorem 2.6] thatif f € L(p1, ¢1) and g € L(ps, q2),
where 1/p1+ 1/ps > 1, then the convolution fx*g € L(r,s) where
1/r = 1/p1+ 1/ps — land 1/s < 1/Ql + 1/92-

2. The counterexample for G = R. Let 1 < p < 2, ¢ = p/2(p — 1), and
s=qLIfpk) =t fort = 0andp() = 0 for ¢t < 0, we define

flx) = fm e“ldp(t) = sj;memtshldt

—

= sI'(s)e™ %" ifx > 0.
If ¢ = sT(s)e™*2 then

xS ifx>0
f@) = {a(—x)—s ifx < 0.

Clearly f ¢ L%,.. We now show that the integral

3) f f fl — 3)¢(x) ¢ ()dxdy = f F) %6 (x)dx

exists for all ¢ € L?($(x) = ¢(—x)). Since ¢ and & are in L? = L(p, p) we
have, using the theorem of O’Neil,

g=¢*p € L(r1) where r=p/2—p) =4,

j‘mx_sg*(x)dx = fxllq"lg*(x)dx < 0.
0 0

The decreasing rearrangement of f is easily calculated to be

F*¥x) = |c|(x/2)~ = Kx—*, say.

and so

Using (2) we have

I 1w < [T rrwe @i =& [t <o,

Thus the integral (3) exists.

In order to show that it is non-negative we can consider f as a distribution
which is the Fourier transform of the distribution corresponding to the locally
summable function ¥(¢) = st*=1(t > 0), ¥(¢) = 0(¢ < 0). (See [2, §2.3]).
Thus we can write, for every ¢ € C,~,

Jreswis = [30a0

where :;3 is the Fourier transform of ¢. Hence

Jrwerswa = [130PR0 20 0 € co).
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If ¢ € L? we can find functions ¢, € C,° such that ¢,(x) — ¢(x) and
| ()] = |¢(x)]. Now |, * ¢s| < |¢| *|#|, and since |¢| € L? we have
[ f&) (] * |§]) (x)dx < 0. Therefore by the dominated convergence theorem
we have [ f(x)¢ * $(x)dx = 0, i.e., f € P(LZ).

3. The counterexample for G = T. By analogy with the example of the
previous section we define

f(x)=gi zzz<a=1—l>-

n q

[\

In view of the formula

2
n=1
(see [6, vol. 1, p. 70]) we can write

F@) = T(@e e 4 h(x) = F@) + )

where b € L*(T). Thus f ¢ LY(T).
Asin§2 welet ¢ € L?(T") and then g = ¢ x$ € L(q’, 1). Write

2T 27 27
S selis = [ 1Rgas + [ hglas.

Since 2 € L*(T") and g € L'(T") the second integral exists, whereas

inz
;azwa—@ﬁmw*+om O<x<m)

2w 2T 2
J; |Fgldx < . F*(x)g*(x)dx = KJ; £ Mig* (x)dx < 0.

Thus the integral

2
oo
exists.
To show that it is nonnegative we consider the functions
N eim:
fN(x) = Z a
n=1 N

Since this is a finite trigonometric series with positive coefficients, each fy is
an ordinary positive definite function, and therefore

2

fv(x)p*d(x)dx = O for every ¢ € L7,
0
We have fy(x) — f(x) and also
| fv(®)] = Coxe?

where C, is a constant which depends on « but not on IV (see [6, vol. I, p. 191]).

https://doi.org/10.4153/CJM-1972-092-2 Published online by Cambridge University Press


file:///Fg/dx
https://doi.org/10.4153/CJM-1972-092-2

POSITIVE DEFINITE FUNCTIONS 929

SincefCax"‘—1¢ * ¢ (x)dx < 00, we can use the dominated convergence theorem
to show that

21
fx)p*d(x)dx = 0.
0
We have thus shown that f € P(L?).
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