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Geodesics in a Manifold with
Heisenberg Group as Boundary

Yilong Ni

Abstract. The Heisenberg group is considered as the boundary of a manifold. A class of hypersurfaces
in this manifold can be regarded as copies of the Heisenberg group. The properties of geodesics in the
interior and on the hypersurfaces are worked out in detail. These properties are strongly related to
those of the Heisenberg group.

1 Introduction

The Heisenberg group H, is the simplest non-commutative nilpotent Lie group. In
this group, we have a natural analogue of the Laplacian, Ay, which is a sum of squares
of two horizontal vector fields. The geometry associated to this sub-elliptic operator
Ap, known as sub-Riemannian geometry, was introduced in [4]. Sub-Riemannian
metric, which is also called Carnot-Carathéodory metric, is defined as the infimum
of the length among all horizontal curves that join two points. As in the Riemannian
case, we may define geodesics as locally shortest curves. The fact that the entire axis
x = 0 is a line of conjugate points relative to the origin (see [1]) is quite different
from the Riemannian case, in which, for any two points close enough to each other,
there exists a unique shortest geodesic connecting them. Therefore the Heisenberg
group serves as a model for the study of similarities and dissimilarities between sub-
Riemannian geometry and Riemannian geometry.

The purpose of this article is to consider the Heisenberg group H; with its subel-
liptic Laplacian Ap as the limit of a family of Riemannian manifolds. We construct
a manifold and identify H; with its boundary. With a group action, this manifold,
is isomorphic to the direct product H; x R*. For each u > 0, we endow the hy-
persurface H; x {u} with a Riemannian metric g,, which degenerates to the usual
sub-Riemannian metric g, of the Heisenberg group when u — 0. Therefore each
hypersurface can be regarded as an approximation of the Heisenberg group. We will
choose the g, carefully so that the metric of the interior coincides nicely with the
sub-Riemannian metric of the Heisenberg group as boundary. We study the proper-
ties of geodesics in the interior as well as geodesics on the hypersurfaces, and show
their relations with those of the Heisenberg group. We will show that geodesics that
leave the boundary and return to the boundary have the same length as the boundary
geodesics that have the same endpoints.

Also we know that in the Heisenberg group Hj, we have infinitely many geodesics
connecting the origin and (0, ¢), ¥t # 0. On the hypersurface H; x {u}, this is not
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the case. When |¢| < 27u, there is a unique geodesic connecting the origin and (0, ¢).
However for |t| > 27u, there will be infinitely many geodesics connecting these two
points. We can see that this property reduces perfectly to the Heisenberg case as
u— 0.

The paper is organized as follows. In Section 2 we go over some basic facts of H,
and construct the Riemannian manifold with Heisenberg group H; as boundary. In
Section 3 Hamiltonian mechanics is used to study geodesics in the interior. We show
that for any two points in the interior there is a unique shortest geodesic joining
them. In Section 4 we obtain some properties of the geodesics on the hypersurface.
These properties are compared with those of the Heisenberg group.

2 Heisenberg Group as Boundary

The 3-dimensional Heisenberg group H; can be coordinatized as R* = (x;,x,,t) =
(x, 1), with group law:

(1) (x,t) o (x',t) = (x +x', t +t' + 2axx] — 2ax1x)),

where a is a positive real parameter. The vector fields

O sl 1=

0 0
(2) Xi = — +2ax—, Xz—a—xz ot _E

3x1 ot

are left invariant and generate the Lie algebra of H;. The Lie algebra relations are
(3) [XlaXZ] = —4ﬂT, [le T] = [XZa T] =0.

Since the vector fields X;, X, Lie-generate the tangent space of H;, Chow’s Theo-
rem tells us that any two points can be joined by a horizontal curve. The Carnot-
Carathéodory metric is obtained by taking the infimum of the length among all hori-
zontal curves that join two points. This metric was introduced and studied by Gaveau
[3], [4]. The Heisenberg (sub-)Laplacian is the left-invariant subelliptic operator

(4) Ay — %(xf LX),

Geodesics, which are locally shortest curves, can be obtained as the traces of Hamil-
tonian paths([5]). The Hamiltonian is the symbol of Ay.
Consider H; as a subset of C2 = {(z, w)}. Introduce a group operation in C? by

(5) (z,w)o (2, w) = (z+2',w+w +2iazz).
Use also real coordinates x1, x;, 1, ¥2, with

z=xt+ix;, W=y +iy,.
Introduce the functions

t=y1, u=u(z,w) =y, — azz.
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Using the coordinate (x, ¢, ) = (x1,x,, t, u) the group law is
(6) (e, t,u) o (x' ¢ u') = (x+x",t +1" + 2a(0x] — x1x3), u+u').

Since u: C* — (R, +) is a group homomorphism our group is isomorphic to the di-
rect product H; x R. The corresponding Lie algebra is generated by the left-invariant
vector fields 9

Xl; XZ, T, U= a.

Consider the complex vector fields

0 1(8 ,8)7 0 1(8 .8),

0z 2\ox, o/’ ow  2\ay  om
o .0 0
Z—E'FZIQZ%, W—%,

and their conjugates. The Siegel domain
Ci = {Imw > azz} = {u >0}
is a sub-semigroup of C? and if we identify H, with {u = 0}, the boundary of C2,

then H; is a subgroup of C? that acts on C? by left and right translations. For any
choice of b > 0 the operator

. o b 1 b b
L=Z2Z+2Z+buWW + WW) + 2U = ~(} +X3) + 7”(T2 +UD+ U
is elliptic in C2, self-adjoint in L?(C2), and invariant with respect to the H; action.

For each u > 0, the hypersurface H; x {u} is invariant with respect to the H,
action. The restriction of L to this hypersurface is given by

1 bu
L= E(Xf +X3) + 7TZ.
It degenerates to the Heisenberg sublapacian Ay as u — 0. We then study the behav-

ior of geodesics in the “interior”, C2, associated to L, on the hypersurfaces {u = uy},
and their relations to the geodesics on the boundary H;.

3 Geodesics in the interior

As in [2], take variables (x, t, u) and dual variables (£, 8, o). Let

0 2a
A(—Za 0), ¢ ={(x,0) =&+ 0Ax.
We take as Hamiltonian the principal symbol of L

@) H =300+ 5@+ o)
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Hamilton’s equations for a curve (x(s), t(s), u(s), o(s), {(s), 9(5)) can be organized

as
x=C { = 20A¢;
(8) i = (¢, Ax) + bub; 6 = 0;
1t = buo; d:—§(02+02).

We start with the last two equations, keeping in mind that 6 is constant. We have

(7)) =70+ (5))
so for some choice of phase w,
9) o(s) = —Gtan(w + %b@s) .
Then

d 1 d 1
glogu =bo = —b@tan(w + Eb@s) = 2$ logcos(w + Eb@s) .

Therefore we get
1
— 2 _
(10) u(s) = ug cos (w + 2b95> .

First we consider a normalized geodesic which starts from a boundary point and
also makes its first return to a boundary point. Because of the invariance under the
Hj action, we take the origin as our starting point on the boundary. So we have

1 1 1 1
u(——) :u(—) =0; u(s) >0, ——<s<-.
2 2 2 2

Choosing w = 0in (10) we have uy = u(0), ;b0 = £7, or
(11) bo = +2r.

Integrating (8) and using the boundary conditions x() = x, x(—1) = 0, we

obtain
((s) = exp(2s0A)¢(0);
(12) x(s) = (20A)71 (exp(259A) — exp(—HA)) ¢(0);
B I 1 _ sin(2af))
x= x( 5) = (208)"sinh(PA)(0) = Z5Z=C(0).
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Because A is skew symmetric, the first equation of (8) implies that ((, ¢) is con-
stant along the curve. Then from the second equation of (8) we have

(13) i— $<g,g—g(—%)> +bu(0) cos” (w+ %b@s)

D) (D) ¢ 5o

Integrating, and using the boundary conditions t(%) =t, t(—%) = 0, we obtain,
because of (11),

= (- dn(-1)) 2

Consider curves for which { = 0, so that x = 0, and bAu(0) = ¢. Then the action

is
bu(0)
2

1
§ = H(x(0),(0),u(0),£(0),6(0),5(0)) = S|C(O)* + —= (6" +0°(0)) =16
We note that for the boundary situation, Sy = 7|t|/2a. If we take § = sgn(t)7/2a,
then these two coincide with each other. Combining this with (11) we get

2 s
0= t)— = t)— = 4aq.
sgn(t) ; sgn ( )a’ b a

With this choice of b, 6 and ¢, geodesics that leave the origin necessarily return to
the boundary at the f-axis, and have the same length as the boundary geodesics that
have the same endpoints. Condition b = 4a ties the metric in the interior and that of
the boundary together. We then assume b = 4a throughout this paper. We have the
following theorem:

Theorem 1 The geodesics that start from the origin and make their first return to a
boundary point (x, t,0) necessarily return to the boundary at the t-axis, i.e., x = 0, and
have the same length d,, where

m|t|

(d)’ =
All the geodesics with this property are parametrized by a part of a paraboloid in R>.

Proof We now only need to consider geodesics for which ¢ # 0. b = 4a and b0 =
27 sgn(t) imply that 2af = 7sgn(t). x = x(%) = MC(O) = 0. So the endpoint

. X 2a6
is on the t-axis. Also

t=g5l<(=5) | = g {xc(=3)) + 52 = gpleor + 252

(14) Y 2 2 2
1 bu(0) 1 b6%u(0) t
§= EIC(O)P + ”7(92 +0%(0)) = EIC(O)I2 + % =10 = %
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This shows that they have the same length, which satisfies

Furthermore, the geodesics may be parametrized by (C (0), u(O)). From (14),
(€(0),u(0)) satisfies [¢(0)]* + 7?u(0)/a = =l|t|/a, u(0) > 0, which is part of a
paraboloid in R?. u

Second, we consider all the normalized geodesics that start from the origin and
return to the boundary(they may hit the boundary many times). We have:

Theorem 2 The geodesics that join the origin to a point (0,t,0) have lengths d,, d;,
ds, ..., where d> = nr|t|/a. For each length d,, the geodesics of that length hit the
boundary n + 1 times (including the end points) and are parametrized by (C(O), u(O)) ,
satisfying |C(0)|* + 72u(0)/a = nr|t|/2a, which is part of a paraboloid in R>.

Proof The boundary conditions are

1 1 1 1
u(——) :u(—) =0 u(s) >0, —=<s<=.
2 2 2 2

Choosing w = 0 in (10) we have 166,11 = sgn(t)(im + mm), m = 0,1,2,...
(n =2m+1). b = 4a implies 246,41 = (1 +2m)7wsgn(t). x = x(%) = M((O)

2af
=0.
- 1 1 2 1 1 b92m+1u(0)
L= 2 <( 2)’ 292m+1<x’<( 2)> M
- 1 2 bOrniu(0)
- 202m+1 |C(0)| + 2 .
1 bu(0
Som+1 = Hom1(0) = EK(ONZ + 2( ) (031 +0°(0))
2
_ E‘C(OHZ 4 b92m+1u(0) _ t92m+1 — M(l +2m)'
2 2a
Therefore they have the same length, which satisfies d,,,, = (2m+1)x|t|/a. For each

m, the geodesics hit the boundary 2m + 2 times(including the end points), and may
be parametrized by ({(0), u(0)), satisfying [((0)|* + 7*u(0)/a = (2m + 1)x|t|/2a,
which is again part of a paraboloid in R’.

Choosing w = 7/2 in (9) and (10) we obtain

o(s) = 9cot( %b@s) ;

u(s) = u(0) sin’ ( %b@s) .
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With the same procedure as above, we get
1
Zbﬁm =sgn(t)mm,m=1,2,3,...(n=2m).

Note there that m # 0. For if m = 0, then u(s) = 0, that means the geodesic lies on
the boundary. b = 4a implies 2a60,,, = 2mm sgn(t). x = x(%) — sin2ab) ~(g) —

240
] ] b6y, 14(0)
292,,1‘(( )’ 292m<x C(")>+ 2
Lo b,u(0)
Sun = Hun(0) = 21O + 22263, + 02(0)
1 2, u(O) B mlt|
= SO + === = 16 = ——2m

Therefore they have the same length, which satisfies d3,, = 2m|t|/a. For each m,
the geodesics hit the boundary 2m + 1 times(including the end points), and may be
parametrized by (C(O)7 u(O)) , satisfying [C(0)|*> + m*u(0)/a = 2mm|t|/2a, which is
still a part of a paraboloid in R?. This completes the proof. ]

Remark This result is very similar to the result on the boundary. From Theo-
rem 1.41 in [2], we know that in H; the geodesics that join the origin to a point (0, f)

have lengths d, d,,ds, . . ., where d2 = nr|t|/a. For each length d,,, the geodesics
of that length are parametrized by the circle S', which is the boundary of the above
paraboloid.

Next, we consider the geodesics that start from an arbitrary point in the inte-
rior. Because of the invariance under the H; action, we can take the starting point
to be (0,0, u°). Therefore we need to find the Hamiltonian curves with the following
boundary conditions:

(15) x(0) = 0; x(1) = x; £(0) = 0; t(1) = 13 u(0) = u u(1) = u.
We use (10), with b = 4a and a different phase shift, so
(16) u(s) = ug sin*(w +2a6s), 0<s<1,0<w<m,

and,

o(s) = »_ 0 cot(w + 2abs).
bu

We may assume that ¢ > 0, otherwise we only need to change t — —t.
From the boundary conditions (15), integrating (8) we have

C(s) = exp(2s60A)C(0)
x(s) = (20A)~1 (exp(250A) - I) ¢(0);
x = x(1) = (A) " exp(GA) sinh(A)(0).
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SO
ICO)P = |#A(sinh(6A)) x|’
(2a0)* |
= 27|x| )
sin”(2af)
and

(x,C(0)) = (x,20A (exp(20A) — ) ~'x)
= (x,0A exp(AA) sinh ' (HA)x)
= (x, OA coth(OA)x)
= 2af cot(2af)|x|*.

Notice that (¢, ¢) is constant, we then have:

i = 29 (C ¢ — ¢(0)) + bOu(0) sin*(w + 2afs)

L (%,¢(0)) + 4abug sin 2(w + 2a0s).

= 25(€0),¢0) - 5

Integrating, and using the boundary condition (15), we obtain:

1
t= <C(0) ¢(0)) — <x ¢(0)) + 4a0u0/ sin®(w + 2a6s) ds
0

2
(17) = (ﬂ - acot(2a0)) x| + 2a0u0<1 -

sin(2w + 4afs) ‘ 1)
sin®(2a0) 0

4a0
sin(2w + 4afs) 1)

= au(2ab)|x|* + 2a0u ( 1— 20

where

plp) = .f — cot .
sin”

Now return to (16). Set

0y 1/2
o = exp(i2af), y = exp(iw), A = (E ) .
u

N :(EO) 1/2 _ (uo sin(w + 2a9)) 1/2 _ _5sin(w + 2a6)

u 1o sin®(w) sin(w)

_ (ay)_l B ayZ _ a—l

y—y! yr—1

)
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where § = 1,ifw +2a60 > m;0 = —1,if w + 2a6 < 7. Therefore,

,  0A+a!
S W

and

(=]

u’ = uy sin®(w) = %(1 — cos(Zw))

= % (2 — exp(i2w) — exp(—iZw))

2 2

U 2—a°—a”

T 4N +5Matal+1)
B sin?(2a0)
T A+20Acos(2a0) +1°

So,

1+ 26V uu® cos(2ad) + u°
sin?(2af) '

(18) Uy =

In terms of the quantities «, y, and A,

sin(2w + 4afs) |y = zli((ay)z —(ay) =y +y )

1 ( (@ —=1DA+a™)  (1—a )N+ a))

T2 A ta SA+al
1 (a— a (N +D(a+a™!) +46))
Y] (A + )X+~ 1)
(u + u°) cos(2a0) + 26 uu®

U+ 26V uud cos(2a0) + u®

= 2sin(2af)

Substitute this equation in (17); we obtain:

sin(2a0) (u + 1°) cos(2a) + 26V uu0>
2a0  y+ 26V uud cos(2a0) + u®

B ) 0 2af cos(2a) B 1 5
= auad)|x|* + (u+ u’)pu(2a0) + 2( i (200) Sin(2a0) OV uud.

t = ap(2a0)|x|* + 2abu, (1 -
(19)
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The associated classical action is

bu(O)

S(x,t,10,0,u%6) |C(O)\2 (6° +5%(0))
21,12
M + = u sin® w(6? + 6* cot? w)
2sin’(2a6) 2
(20)
~ (2a0)*|x|? gttt 26V uu® cos(2a0) + u°
N 2sin*(2a0) sin®(2af)
2ab? ) 0
— W(a\x\ + u+ 20V uul cos(2a0) + u ) ,
sin”(2a

where 6 is determined from (19).
Let D = a|x|* + u + u°, E = 26V uu®, and p = 2ad, then (19) and (20) can be
rewritten as

cos 1
t = Du(p) +E( iinzg;p — sincp)
(21)
2aS = (D + Ecos p)
sin? ¢

We denote the right hand side of (19) by F((). The following lemma gives us some
information on the behavior of function F(yp).

Lemmal When|x| # 0oru # u° i.e., D > |E|, F(p) is a increasing diffeomorphism
of the interval (—m, ) onto R. On each interval (mm, (m + 1)7), m = 1,2, ..., it has
a unique critical point ,,. On this interval it decreases strictly from +00 to its value at
wm and then increases strictly to +00. Also the values F(p,,) are increasing and goes to
+00 as m — +00.

Proof We take the second derivative of F(y) with respect to ¢:

@F ! (D( 160 + 8 (2¢) — 125sin(2¢))
— = cos — 12sin
iy @ + 8¢ cos(2¢ ©
(22) +E(23pcosp + pcos(3p) — 15singp — 3sin(3g0)))
1

Py (D-g(p) +E-h(p)).

Notice that

23) (@) + h(p) = 4(1 + cos cp)z(np(2 + cos ) + 3sin gp) >0,
23
g(p) — h(p) = 4(1 — cos )* (p(2 — cos ) + 3singp) >0,
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forany ¢ € [0,+00), and D > |E|, we have

d2
—F(p) >0, ¢ #mm.
dp?

Vo € (m7r, (m+ 1)7r) , we have

F(2(m+ 1w — @) — F(p) = D(

2(m+1)m—2 2
+E<Wcosgp+ - )
sin” ¢ s

2(m+ )w — 2 cos Y
— +2—
sin® ¢ sin

=D-A+E-B
And ) )
+ 1)1+ +
(m+1)m <p+2 cos<p>0

A+B=2(1+cosy) — -
sm” ¢ sin @

m+1)m — cosp — 1
( )T QL 0080

A—B=2(1+cosyp) — .
sin” ¢ sin

2
= (1+cosgp)((m+1)7r—<p)—sin<p>0

sin”

Since D > |E|, we have F(Z(m + )7 — cp) — F(p) > 0, therefore F(¢o41) =
F(Z(m + 1)m — (Z(m + 1) — g0m+1)) > F(Z(m + 1) — gomH) > F(om). Also,

F(p) = (D+ Ecosp)u(p) — Esingp,
F(p +2m) — F(p) = (D + Ecos @) (u(p + 2m) — ()

> (D+Ecosyp) > D,

sin? @

imply that
F(¢omi1) > D+ F(pm — 2m) > D+ F(pm—1),

so lim,;,_, 400 F(py) = +00. [ |
Next we are going to show that the actions associated to the solutions of (19) in-

crease strictly with 6. The argument here is very similar to the proof of Theorem 3.24
in ([2]). Let f(7) be a complex function defined as

. ) 0 T
(24) f(r) = —itt + 7(alx|* + u+ u’) coth(2ar) + 2/ Woésinh(ZaT) .

We will see later that this function is in fact the modified complex action function for
the interior.
We have the following lemma:
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Lemma 2 The function f(7) has finitely many critical points on the imaginary axis;
there is one critical point between the origin and the first pole of f on the positive
imaginary axis, and it is a local maximum for f; there are either zero or two critical
points(counting multiplicity) between each pair of poles on the positive imaginary axis;
of such a pair of critical points the one nearer the origin is a local minimum and the
other a local maximun for f.

Proof Notice that
f(i0) = t0 + 6D cot(2al) + EO csc(2a0)

and

E 2a0E cos(2af)
+ = -
sin®(2a6)  sin(2a0) sin*(2a0)

a%f(i@) =t + D cot(2a#) — 2a6D
(25)

:t_F(SO%

where ¢ = 2af and F(p) is the function defined above. Then the lemma follows
from the properties of function F(y). ]

Lemma3 When |x| # 0 or u # u°, there is exactly one branch of the set
Io={7|/Im f(r) =0, Re7 >0, Im7 >0}

that goes to oo in the quadrant Re 7 > 0, Im 7 > 0. On this branch Re f increases as
T — 00.

Proof Suppose T =s+1i6,s,60 > 0and let

- 2aET
= 7D coth _—;
f(1) = 7D coth(7) + Snh ()
then
Im f(T) =— ( b (0 sinh(2s) — s sin(29)) + E(6 cos @ — ssin 0 sinh s))
sinh?s +sin? 6 \ 2

For any fixed § = Im 7 > 0,

(26) lim Im f(7) = D—e,

s—+00 2
uniformly for bounded 6. Moreover, if sin § = 0, then

1

sinh®s

Im f(7) = ( ge sinh(2s) + Ef sinh s)

sinhs
Do

S

(27) = ¢9h (Dcoshs £ E)
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For sin§ = 0, since f(7) = & f(2ar) — st,
lim f(7) = +o0, lim f(r) = —o0,
s—0 s—+00

therefore, Jsp s.t. Im f(sp +10) = 0. At sy + 16, from (27)

1 ~ Do
0=1Im f(sp +1i0) = % Im f(2ar) — spt > ~ spt.
This implies that
D6
(28) Sp > T

The derivative

.12 2.2 . .
—6 sinh” s cos? @ + 6 cosh” s sin” 6,5 cosh s sinh s cos 8 sin 6

(sinh® s + sin® §)2

9 N
&(Im f(T)) =D

Dcosfsinf
* sinh?s+sin 6
2Esinh s cosh s
a (sinh® s + sin® #)2
E

t - (6 cos 0 cosh s — sin 6 cosh s + ssin f sinh s)
sinh” s + sin” 6

- O( Ssir-:has)

as s — +o00. This gives the estimate for suitably large #, and sin§ = 0,

(0 cos O sinh s — ssin @ cosh s)

‘ %(Im f(m) ‘ < C:i+ b < Cifexp(—CyV0), s> sy,

nhs —

where C, Cy, and C, are positive constants which depend only on a, x, t, u, u®. This
estimate implies that for suitably large 6, and sinf = 0,

%(Imf(T)) <0, s>sp,

and there is only one solution sy of Im f(7) = 0. It follows from (26) that no branch
of I'y can escape to oo between two such lines Im 7 = 6, with sin(2af) = 0. Since
Im f = 0 on the imaginary 7—axis, a branch can escape from the quadrant through
the imaginary 7—axis only at a critical point of f. By previous lemma, for large 0,
there is no critical point of f, and therefore no such escape. Suppose there is a
branching of I'y between two consecutive Im 7 = §. Two such branches must join
at the two sy points, since there are unique. This implies the existence of a bounded
region (2 on which Im f is harmonic and non-constant and vanishes on 92, which
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is a contradiction. Thus, for large |7], there is exactly one branch of T'y that goes to
infinity within the quadrant.

In particular, f has no critical points on this single branch of I'y. Therefore, on
this branch, Re f must increase or decrease, since it can not have a stationary point.
Using (28), for 6 such that sin(2a40) = 0, we have

Re f(sg +10) = 0t + Dsp coth(2asy) = E — +00, asf — +oo.

s
sinh(2asy)
Therefore, Re f increases on the branch of I'y which goes off to infinity. ]

Similar to the Lemma 3.45 of [2], we have

Lemma4 Assume |x| # 0 or u # u’. Let the critical points of f on the positive
imaginary axis, counted according to the multiplicity, be 16, . .., 10,41, With

(29) 0, <0, <03 <--- <Oy < Orpar.
Let T be the union of Iy and the closed intervals
[07 iel]a [i927 i93]) s [i92ma i02m+l]'

Then T, oriented in the direction of increasing Re f, is a simply connected curve from 0
to 0.

Proof The proof of Lemma 3.45 of [2] also applies here. ]

Theorem 3  For any two points in the interior, there is a unique shortest geodesic con-
necting them.

Proof Because of the invariance under the H; action, we can take the starting point
to be (0,0, u%). Suppose the ending point is (x, t, u). We continue to assume that ¢
is positive. Then every solution 6 of (19) corresponds to a geodesic connecting these
two points. The square of the length of the corresponding geodesic is S(8), which is
given by (20). By (25), the solutions of (19) are in one-to-one correspondence with
the critical points of f. Let if be the critical points of f on the positive imaginary
axis, numbered as in (29). Since Lemma 4 says that I" has no self-intersection, the
critical points occur in the order on the oriented curve I'. Therefore:

f61) < f(i6) < f(i3) <--- < f(i0rn) < f(i02ns1),

with strict inequality where the corresponding inequality in 29 is strict. At critical
point i, we have

‘= F(9) zDu(2a9)+E(2a0COS(2a9) 1 > ’

sin’(2af)  sin(2af)
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and

2af(i0) = 2atf + 2a0D cot(2a0) + 2aEf csc(2ab)

_D< ? _@cosgp) +E<<p2cos<p_

sin’ % sin ¢ sin’ %)

D E
Mt il N o

sin g sin ¢
2
¥
= —5—(D+ Ecos )
sin” @
= 2a$

¥

sin ¢

)

Yilong Ni

by (21), where ¢ = 2afl. Therefore the corresponding action (and therefore the
length) of the geodesic increases strictly with 6. In the interval 0 # ¢ < m, for
either case () = 1 or § = —1), we have a unique solution of (19). These two solu-
tions correspond to two geodesics. The shorter of these two will give us the shortest

geodesic.

In order to determine which one is shorter, we only need to look the associated
action. Write @5 = 2afs, and D = a|x|* + u + u°. From (19), we have

286V uud = w

poosle) _ 1
sin? ¢ sin(y)
Substituting this in (20), we get:
2
t—D,
2aS = —(‘0 5 <D TSP o1 ,u(gal)
2asin” ¢ sinZg  sing
¢’D Pt

= + .
1—pcoty @—tanp

Note that ¢_; < ¢y, and equality holds if and only if ¢ _; = ¢4; = 0, which

implies t = 0 or u® = 0, and the two geodesics coincide with each other.

)D

Take the derivative of 2aS with respect to ¢:

¥

T 20y = —F
dp T (¢ — tan p)?

((2tan2np —ptanp —
(30)

+ (ptan® p +2¢ — 2 tan gp)t) .

We want to prove that %(2&5) >0, for Voo < 4.
4 satisfies the equation

cos? o

2

1
t = D/,L((,D+1) + 2( L COS(SOJrl) — ) Y uud.

Sinz(@ﬂ) sin(p+1)
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For any ¢ < (.1, it satisfies the same equation, with a different t’ < .

1
peosp <0

2Vuu® <u+u’ <D and — . <
sin® ¢ sing

imply that

t/ > D(/,L(SD) + QOCOS(@) _ 1 ) )

sin’(p)  sin(yp)
Substituting this in (30), we have
4 4

—_— 2 "
(¢ — tanp)?D dcp( aS)l

2

> —ptanp + 2 tan’ p —
= Tplang 14 cos? p

P(ETE e 20 Y oo rang s pun's
> cos? psin’ <p( ©*(2 cos® p + cos® @ + cos )
+ (=3 cos psin p — sin @ — 3 cos® Y sin ¢ — cos Y sin’ @)
— 2cos? psin g + 2 cos @ sin® ¢ + 2 cos® @ sin® ¢ + 2 sin* <p)
= cos® psin® (1 + cos ) (¢ cos @ — sin ) ( (14 cosp)p — 2sin go)
> 0.

Therefore we have %(2(15) > 0, for all ¢ < 41, which implies (2aS)|,_, <
(2aS)|,,,. Note that 6 = +1 means w + 2af > m, so the geodesic corresponding
to ¢4 hits the boundary. The geodesic correspond to ¢_; lies completely in the
interior, and gives the shortest geodesic connecting (0,0, u°) and (x, t, u). [ |

Remark If t is large enough (19) may also have finite solutions outside of interval
|2a6| < , which means we can have finitely many geodesics joining (0,0, u°) to
(x, ¢, u). But for these geodesics, |2af| > , and (16) shows they will hit the boundary
(u=0).

Theorem 4 There is a unique shortest geodesic connecting a boundary point and an
interior point. This geodesic lies in the interior except the starting point.

Proof Because of the invariance under the H; action, we can take the starting point
to be (0, 0, 0). Taking u° = 0, and following the steps of the proof of Theorem 3, we
have:

u(s) = ug sin*(w + 2a6s), se [0,1], w € [0,7)

u(0) = 0 implies

(31) 1o sin®(w) = 0.
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Since uy # 0, w = 0. Using the boundary condition u(1) = u, we have u, =
u/ sin*(2a#). From (19) and (20), 6 is the solution of

t = (alx|* + u)pu(2a0)
and the corresponding action

2a6?
S= %(a|x|2 + u).
sin“(2a6)

The unique shortest geodesic corresponds to the unique solution of # that lies in the
interval [0, 7/2a). [ |

For any point (x, t, u) in the interior, denote by y(s; x, ¢, u) the shortest geodesic
that connects the origin and this point. Ift = 0, then § = 0 which is trivial. Therefore
we assume that + > 0. An interesting problem is to consider the limit of y(s;x, ¢, u)
as u — 0. Two different cases emerge:

First Case: x # 0 In this case, as u — 0, (x, t, u) goes to 6, which is the solution of
t = a|x|>u(2a0) that lies in the interval [0, 7r/2a). With u = 0, (31) implies uy = 0,
u(s) = 0. Thus the limiting geodesic lies on the boundary.

Second Case: x =0 Asu — 0, 0(0,¢t,u) goes to 6y = 7/2a. Take the limit of (31):

u
lim uy(0,¢,u) = lim ———
u—0 o ) u—0 sin’(2a0)
. t
u—0 11(2af) sin”(2a6)
= lim !
© 9—r/2a 2a0 — cos(2a0) sin(2ah)

r
T
Therefore the limiting geodesic can be described as:
t . .
x(s) =0, t(s) = 2—(27Ts — sm(27rs)) , u(s) = —sin“(ws) s € [0,1].
™ ™

This corresponds to the case {(0) = 0 in Theorem 1.

Remark This verifies the fact that a geodesic that starts from the origin and returns
to the boundary necessarily returns to the boundary at the t-axis (see Theorem 1).
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4 Geodesics on the Hypersurface u = u,

In this section we deal with geodesics on the hypersurface u = u,. We restrict the
Hamiltonian H = $(¢, ¢) + 1bu(6* + o) to the hypersurface and get H, = 1(¢, () +

%buoﬂz. Then Hamilton’s equations for a curve (x(s), t(s), {(s), 9(5)) can be written
as
X=( ¢ =20A¢
(32) .
= (¢, Ax) +buf; 6=0.

First we consider an arbitrary normalized geodesic. Because of the invariance
under the H, action, we take the origin (0, 0) as the starting point, i.e., we have the
following boundary conditions:

x(0) =0, t(0) =0, x(1) = x, (1) =t¢.
Integrating (32) and using the boundary condition, we obtain:

((s) = exp(2s0A)¢(0)
x(s) = (200) 7" (exp(2s0A) — ) C(0).

(33)

As before we have that ((, ¢) is constant along the curve. Then (32) implies:

| 1 1,
() i=55(CC =)+ b = T5(C(0).C(0) — 55 (%, C(0)) + buoh.

We integrate (34) and use the boundary condition:

1

9 (x,¢(0)) + buyb.

_ 1 2
(35) t=551¢0)]
From (33) we have:

(C(0),¢(0)) = ( (exp(26A) —I) ~ ' 20Ax, (exp(20A) —I) ' 26Ax)
_ a0y

= _—Ix
sin“(2a6)

)

(x,¢(0)) = ¢"(0)(20A) " (exp(2s0A) — I) ¢(0)
= ﬁ sin(4a0)|¢(0)|* = 2af cot(2ab)|x|*.

Therefore we have

1 (2a6)* 1
= ﬁmmz - %2(10 cot(2a0) |x|* + bugh = ap(2a0)|x|* + buyf.
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The action is

S = H = H(x(0),t(0),¢(0),6(0))

2(af)?

1 1
= —[CO)]* + =bugh* = ———
5 [COF + 5 buo sin?(2a0)

1
|x| + Ebuoez.

Similar to the Theorem 1.36 of [2], we have

Theorem 5 Assume that x # 0. There are only finitely many geodesics that join the
origin to (x,t). These geodesics are parametrized by the solutions 6 of:

(36) |t| = au(2ad)|x|* + buy,

and their lengths increase strictly with 6.
The square of the length of the geodesic associated to a solution 6 of (36) is

t — bOu,
a

(37) 28(x, [t], 1;0) = V(2a6‘)( + |x|2) + ugbt?,

where v(0) = 1 and otherwise

SOZ

@ +sin’ @ —sinpcosy

vip) =
Consequently, if 2a0 € (km, (k + 1)) the length dy of the geodesic satisfies

(38)

(k+1)2m% [ |t] — kmug 5
km ( a +h )

<d§< K2 (t—((k+1/4)7r—1)u0+|x|2).
(k+3/4)m+1 a

Proof The geodesics that join the origin to (x, t) correspond exactly to the solution

of (36) if t > 0, and to the negatives of the solutions if + < 0. Therefore the enu-

meration of the geodesics follows easily from the properties of the function p(¢p) (see

Lemma 1.33 in [2]). The expression of associated action is

(25“9)2 2 2
28(x, |t], 1;0) = ————|x|” + buyb
e, [ ) sin?(2af) & o
2 2 2
S (2a0)" x| (|5 + (1t] — bbuo) [a) + bugh?
sin®(2a6) (|x|? + (|t| — bOuo)/a)

B (2a0)?|x|?
 sin(2a0)(1 + p(2a6)

(|x|2 + (]t — bﬁuo)/a) + buyd?

|t| — bOuyg +

- V(2a0)( |x|2) + uobb?.

https://doi.org/10.4153/CJM-2004-026-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2004-026-6

Geodesics in a Manifold with Heisenberg Group as Boundary 585
To get the estimate (38), we consider the denominator of v/(¢), namely ¢ + sin’ ¢ —

sin(y) cos(y), on the interval [mm, (m + 1)7]. It is easy to see that the minimum
occurs at the point m, and the maximum occurs at the point mm + 37. Therefore

3
mm < go+sin2<p—sin(<p)cos(<p) < (m+ Z)Tf'l' 1,

on [mm, (m+ 1)w].

(d)? = 25 = w(2a0) M +[x?) + bt
(k+ 1)2 ’ (k+ Dy 2
( p — 46uq + |x| ) +4u0a( 5 )
2,2 ﬂ _ @
=(k+1)w (k7T 40uq + |x| ) p; >
1 |t| 2k7ruo
< 1 2.2
(k+ 1)°m (k’ﬂ' *lx |) )
(k+ 1)2 2 ( ] — kﬂ'M() ‘2)

and
(dy)> =28 = I/(Zﬂ@)(m + |x|2> + uybb?
a

K*m? |¢] (k+1)m\2
~ (k+3/4)7r+1(__49” +h ) +4“°“( 2a )

_ 2.2 1 ] @
kﬂ((k+3/4)7r+1( 49”°+|x|> a

1 tl 2(k+1)7ru0 0
> 122 2 =
_kﬂ<(k+3/47r+1( ||)+a>

B k2 t— ((k+1/4)71'— 1) U 5
_(k+3/4)77+1( a +|x|>'

Finally, we prove that the lengths increase strictly with 6. Let

flo) = |x]*up) + 2%%

Ug
g(SO) = |x|2 902,
sin? @
2
hg) = —2—.
sin”
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Then we have t/a = f(2a60),25(x, |t],1;6) = g(2af), and j—i = ga%. Suppose
first that there are two solutions 6; < 6, of (36) in the same interval (m7r/ (2a),
(m+ 1)7r/(2a)). Since '’ (¢) = |x|*11"'(¢) > 0 in the interval, and f() — +00 as
¢ — mntorp — (m+ 1)m, f(p) has a unique critical point ¢,, on the interval
(rmr, (m+ 1)77) , and the two solutions 0, and 6, satisfy 2a6, < ¢,,, < 2af,. Noticing
that g'(p) = o f' (),

2a6, 2ab,
(39) ¢(2ab) — g(d) = / o) dt = / EF(6) dt = 6(f(2a0s — F()),

)Wl m

where t; € (¢, 2a6,). And similarly

2a0,

40)  ¢(2aby) — g(dn) = /4 P de = 1 (f2a0)) — f(b0).

where t; € (2a6;, ¢,,). Since t; < t, and f(2a,) = t/a = f(2ah,), it follows from
(39) and (40) that:

28(x, |t], 1;61) = g(2a6,) < g(2a6,) = 2S(x, |t|, 1; 6,).

Now turn to the case that §; and 6, are consecutive solutions of (36) that lie on either
side of mm /2a. From the properties of the function p(y) (see [2]), on each interval
(mm, (m+1)7),m=1,2,3..., phasaunique critical point @,,.

2a6,

h2aby) = h(gy) + / e (0)

Pm
2ab,

2
= sinz??o ) +2a0111(2aby) — ©mp(pm) —/ w(t) dt
m Pm
2ab,
=1+ 2a6,(2a6,) — / w(t) dt.
me
Therefore,
2 2
2(2a0,) = h(2a0,)[x* + @
2 2ab,
= |x|* + 2a0, f(2a6,) — @ - |x|2/ w(t) dt,
me
and similarly
2 2a6,
2(2a0) = |x]? + 2065 f(2at) — 029020 _ |2 / u(t) dt.
a pm+1)
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Subtract the above two equations and notice that f(2a6,) = f(2a6,) = t/a:

g(2a6,) — g(2a6,) = (2a6, — 2(191)2 - %((2(192)2 — (2a91)2)

Pm+1 Pm
+ x2< i ) w(t) dt.

ab, 2a6,

(41)

Since t/a = h(2ab,) + uy(2a6,)*/a,

2 -2
(200, — 2a8,) = — 2 ((206,)? — (206, ) = M (£ — up(2a6, +2a6,)) > 0.

It is obvious that 2af, < ¢p,11 < @m+1. Moreover

2upPm oD
Fom) = ool + 2222 < ,0) — 4 22002

2 2
< |x|*u(2ab,) — 7 + 2?90,,1 = |x|*1u(2a6,) + %(2(191 — 2a0,) + %cpm
21/!0
= f(2a6,) + 7(907;1 — 2ab,) — 7 < f(2a0,)
imply that ¢, < 2a6;. It follows from (41) that g(2a6,) < g(2a6,). [ |

Next, we consider the geodesic which starts from the origin and ends at a point on
the t—axis. The boundary conditions we have now are

(42) x(0) =0, t(0) =0, x(1) =0, (1) =¢.
Without loss of generality, we may assume that ¢ > 0. We have the following theorem:

Theorem 6 Ift < 2muy, there is a unique geodesic joining the origin and (0,t), and
this geodesic coincides with the line segment [0,t] on the t—axis. If 2nmuy < t <
2(n + 1)mwuy, n € N, besides the geodesic, which coincides with the line segment [0, t]
on the t—axis, for each m < n, n € N, we have a family of geodesics, which are
parametrized by the circle S', join the origin to (0,t), and they have the same length

dy = /"7 (t — mmug).

Proof We have two cases: (1) ¢(0) # 0. In this case, (33) and the boundary con-
dition (42) imply exp(2sdA) — I = 0, so exp(2af) = 1. We get ((s) = ¢(0) and
2a0 = mm,m = 1,2,3.... The Hamiltonian is constant along the curve:

1 1
(43) H = H(x(0),£(0),¢(0),0(0)) = |C(O)]* + S bugt”.
(36) is not applicable in this case, therefore we use (35) instead and get:

_ 1 2 _H 1
t = 25 1COP + buoh = 2+ Sbugb.
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From (43) H > %buoez, we therefore have a restriction for t: t > bugf = 2mmuy.
The length of such geodesic is

L=+2H= Q/Z(t—lbu()@) = ,/m(t—mwuo).
2 a

Noticing that ¢ > 2mmug, we have L > mm/ ”;0 For each m,

x™(s) = (20A)7! (exp(ZsHA) — I) ¢(0)

mm —1 mm
= (%) (ew(s%A) 1) .
Integrating (34) yields
| 1
") = [ —{C(0),¢(0)) — —(x(r), (0 buy6 d
(s) AZMG)G)>ZMAHG»+uor

= ﬁK(O)\Z - i(x(s), €(0)) + 2mmugs
mm mm

o~ () (o 2) 1) o0

+ 2mmuys

sin(2mms)
2mm

o - [C(0) + 2mmus.
mm
Along such geodesics, [¢(0)|> = mm(t — 2mmug)/a is a constant. These show that for
each m, the geodesics (x™(s), " (s)) may be parametrized by ((0) € S'.

(2) ¢(0) = 0. In this case, we obtain, from (33), x(s) = 0, {(s) = 0. Therefore we
have t(s) = bugfs, t = bugf. So, in fact the geodesic coincides with the line segment
[0, t] on the t-axis.

2
- Zbl/lo ’

1 , 1 t 2

t
L=+v2H = .
\/bu()

If t < 27uy, then case (1) cannot occur, therefore we have a unique geodesic
joining the origin and (0, t), and this geodesic coincides with the line segment [0, ¢]
on the t-axis. If 2nmuy < t < 2(n+1)7wug, both cases occur. Since in case (1) we have
the restriction t > 2mmug, m can only take values 1,2, ..., n. [ ]

Remark When t = 2muy these two kinds of geodesics have the same length /.
And as t increases, the case (2) geodesic will no longer be the shortest one. Its length
t/(24/auy) is greater than the length of the geodesics in case (1) for m = 1. For small
t, case (1) can not occur and we have a unique geodesic. This result is different from
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the Heisenberg group H;, where we have infinitely many geodesics connecting the
origin and (0, ¢). But this is not surprising; because the hypersurface is a Riemannian
manifold, for any two points which are close enough to each other, there is only
one geodesic joining them. As 1y — 0, we can see this result reduces nicely to the
Heisenberg case.
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