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STABLE VECTOR BUNDLES ON ALGEBRAIC SURFACES II

FUMIO TAKEMOTO

This paper is a continuation of "Stable vector bundles on algebraic
surfaces" [10]. For simplicity we deal with non-singular protective
varieties over the field of complex numbers. Let W be a variety whose
fundamental group is solvable, let H be an ample line bundle on W, and
let f:V-*W be an unramified covering. Then we show in section 1
that if E is an /*£f-stable vector bundle on V then f#E is a direct sum
of ίf-stable vector bundles. In particular fJL, is a direct sum of simple
vector bundles if L is a line bundle on V. This result is a corollary
of the following: Let A be a finite solvable group of automorphisms of a
variety V. Suppose A acts freely on V. Let W be the quotient of V by
A and let / be the natural morphism V —> W. Then the direct image of
an /*ίί-stable vector bundle on V by / is a direct sum of iϊ-stable vector
bundles, and the inverse image of an ίf-stable vector bundle on W by
/ is a direct sum of f*H-stable vector bundles. In section 2 we prove
the independence of H in the definition of the iϊ-stability. Namely, let
S be a relatively minimal surface, and let E be a vector bundle of rank
two on S with c\{E) ̂ Ac2(E). Then E is iϊ-stable if and only if E is
ίΓ-stable, where H and Hf are ample line bundles on S. We have
proven this in our previous paper [10] in case c\(E) > 4c2(£

τ) without the
assumption of relative minimality of S, and we obtained several results
about iϊ-stable vector bundles E with c\(E) = 4c2(E) [10]. For instance,
an if-stable vector bundle with c\ = 4c2 of rank two on an abelian surface
is the direct image of a line bundle under an isogeny of a special type.
And an ίf-stable vector bundle with c\ — 4c2 of rank two on a geometri-
cally ruled surface is the vector bundle induced from a stable vector
bundle on the base curve tensored with a line bundle on the surface. In
connection with these results, we show in section 4 that on an elliptic
bundle the vector bundle induced from a stable vector bundle of rank
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two on the base curve is if-stable (in case c\ = 4:C2). For its proof we
give in section 3 the necessary and sufficiently condition about the am-
pleness of a line bundle on an elliptic bundle: A line bundle L is ample
if and only if (L2) > 0 and (L, C) > 0 where C is a fibre. In section 5
we study iϊ-stable vector bundles on an elliptic bundle of a special type
i.e. a hyperelliptic surface. Let A(S) be the set of all ίf-stable vector
bundles of rank two with c\ — 4c2 on a hyperelliptic surface S, let B(S)
be the set of all indecomposable vector bundles of rank two on S each
of which is the direct image of a line bundle under an unramified cover-
ing, and let C(S) be the set of all vector bundles on S each of which is
the tensor product of a line bundle on S and the vector bundle induced
from a stable vector bundle of rank two on the base curve. Then the
following holds: 1) A(S) D B(S) D C(S). 2) If S is basic, then A(S) Φ
CCS). 3) If 4KS = 0, then A(S) - B(S). 4) If iKs Φ 0, then 4. a) in
case SKS = 0 with S basic, we have B(S) = C(S), and 4. b) in case SKS

Φ 0 we have B(S) Φ C(S), but B(S) = C(S) under a suitable restriction
about vector bundles. Here Ks is the canonical line bundle on S.

1. The direct image of a line bundle under an unramified covering

All the varieties considered below will be assumed to be over an
algebraically closed field k, non-singular, protective and irreducible. And
all the sheaves will be assumed to be coherent.

DEFINITION. A torsion-free sheaf F of finite rank on a variety V is
quasi locally free if depths F ^ 2 for any closed subvariety S of V with
codimFS ^ 2.

Remark 1). Let F and S be as above. We put U = V - S. Then
the restriction homomorphism H\V, F) —> H%U, F) is bijective. Hence for
any coherent sheaf G on V,H°(V, Hom(G,F)) ^~> #°(C/,Hom(G,F)).

Remark 2). Let f:W-+V be an unramified covering and let F be
quasi locally free on V. Then f*F is also quasi locally free.

LEMMA (1.1). Let F be a torsion-free sheaf of finite rank on V.
Then there exists a quasi locally free sheaf G such that F c G and
codim(Supp(G/F)) ^ 2 .

Proof. We put U = {x e V \ F is locally free at x) and Y = V - U.
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Y is closed in V and codimF Y ^ 2. Let ί: U -+ V be the natural mor-
phism. We put G = i*i*F. It is clear that F czG and codim(Supp (G/F))
^ 2.. Since G = i*i*G we have #°r(G) = H^iG) = 0, hence depthr G ̂  2.
This proves the lemma by the definition of U.

Remark. If F is a coherent subsheaf of a vector bundle £7, then
above G is a coherent subsheaf of E.

Let iϊ be an ample line bundle on a variety V. For any non-torsion
coherent sheaf F, we put α(F,ff) = d{F,H)jr{F) where d(F,ff) = (Inv (F),
H8'1) and r(F) = rankF (s = dim F).

DEFINITION. A non-torsion coherent sheaf F on V is H-stable
(resp. H-semi-stable) if every non-torsion coherent subsheaf G of F with
r(G) < r(F) we have x(G,H) < x(F,H) (resp. cc(G,fl) ^ x(F,H)).

This is a generalization of the definition of ίf-stability (resp. ίf-semi-
stability) given in [10] for vector bundles.

PROPOSITION (1.2). Let E and F be H-stable quasi locally free sheaves
of finite rank with r(E) = r(F) and d(E, H) = d(F, H). If f: E -> F is a
non-zero homomorphism, then f is an isomorphism.

Proof. Put G = Image of /. By definition we have x(E, H) ̂  x(G, H)
<Lx(F,H). By assumption we readily have r(E) = r(G), hence / is in-
jective, i.e. E —:=-> G. We put Supp (F/E) = S. Since F/E is torsion
and x(F/E9 H) = 0, we have codimS^2. Since / is an isomorphism
on V — S,f is an isomorphism on V by Remark 1).

COROLLARY (1.3). Let E be an H-stable quasi locally free sheaf of
finite rank. Then E is simple, i.e. H\V, Horn (E, E)) = k.

Remark. Prop. (1.2) and Cor. (1.3) are generalizations of Prop. (1.7)
and Cor. (1.8) in [10].

LEMMA (1.4). Let Ex and E2 be H-semi-stable vector bundles on V
with x(ElfH) = x(E2,H). Then an extension E of E2 by Ex is H-semi-
stable with x{E,H) = X(Ei9H).

Proof. Suppose E is not iϊ-semi-stable. There exists a coherent
subsheaf F of E such that x(F,H) > x(E,H). Let / be the natural
homomorphism F-+E ->E2. Since x(F, H) > x(E, H) = x(E19 H), f is non-
zero by the ίf-semi-stability of Eγ. We put Fx = kernel (/) and F2 =
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image (/). Case 1) If x(F19H)^x(F,H), then x(Fl9H)> x(E19H) which
contradicts the iϊ-semi-stability of Eλ since F1cE1. Case 2) If x(Fl9H)
< x(F9H), then x(F29H) > x(F9H) > x(E9H) = x(E29H) which contradicts
the iϊ-semi-stability of E2. q.e.d.

Let A be a finite group of automorphisms of V. Suppose A acts
freely on V. Let W be the quotient of V by A and let / be the natural
morphism V —> W which is an unramified covering by assumption. These
notations remain fixed in this section. We remark that for any non-
torsion coherent sheaf F on W x(f*F,f*H) = degf-x(F9H). Hence if
f*F is /*i3-semi-stable, then F is iϊ-semi-stable.

PROPOSITION (1.5). Let E be an f*H-semi-stable vector bundle on
V where H is an ample line bundle on W. Then f*(E) is H-semi-stable.

Proof. Since /*/*(#) - ®aeA^(E)9 /*/*(#) is /*#-semi-stable by
Lemma (1.4). We have the desired result by the above remark.

LEMMA (1.6). Assume A is a cyclic group of prime order I which
is different from the characteristic of k. Let E be an f*H-stable vector
bundle on V for an ample line bundle H on W. If E is not isomorphic
to /*£Ί for any vector bundle Eλ on W, then f*{E) is H-stable.

Proof. Suppose fJE is not ίf-stable. Since f*E is iϊ-semi-stable
by Prop. (1.5), there exists a quasi locally free subsheaf F of f*E such
that x(F,H) = x(f*E,H) with r(F) < r(f*E). We may assume F is H-
stable by taking such F with the smallest r(F). Since f*f*E = 0α ejι a*E
and a*f*F = f*F for any aeA9 we have a non-zero homomorphism
a: f*F -> E. f*F is /*iϊ-semi-stable quasi locally free because x(f*F9 f*H)
= x(f*f*E9f*H) and f*fJΞ is /*ίf-semi-stable. We put Go - / * F and
α0 = a. We fix a generator a of A. Inductively we define /*ίf-semi-stable
coherent subsheaves G, of f*F with r(Gd = r(F) - ir(E) and x(Gi9 / * # )
= α(/*F, f*H) such that the natural homomorphism α<: G< -* / * F ->
(a*y{E) is non-zero and the kernel of αc is G<+1 (i = 0,1,2, . , I — 1).
Assume G09Gί9 -,£* are already defined. First we show Gi+1 ^ 0. By
Lemma (1.1), there exists a quasi locally free subsheaf G\ of f*F such that
Gί c G[ and codim (Supp (G'JGt)) ^ 2. It is clear that G[ is /*JΪ-semi-
stable. If Gi+1 — 0 i.e. at is injective, then the natural homomorphism
a'i' G'i -+f*F-»(a*)i(E) is also injective modulo codim ̂  2. Since x(G'i9f*H)
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= x(ίa*Y(E)9f*H) and (a*Y(E) is /*i/-stable, hence G\ is /*#-stable with

r(G'i) = r((a*YE), the cokernel of αj is torsion and codim Supp (Cokernel

of αJX ̂  2. Hence by Remark 1), αr is an isomorphism. Thus f*F con-

tains (a*Y(E) as a direct summund. Since a*f*F = / * F , / * F contains

Θί-o (»*)*(-&) which contradicts r(f*F) < l r(E). This proves Gi+1 Φ 0.

We remark the following fact before we show aί+1 is non-zero. Let EQ

and Fo be quasi locally free sheaves of finite rank on a variety V such

that Eo is ίf-semi-stable and Fo is ίf-stable for an ample line bundle H

on V with x(E0,H) = x(F0,H). Then any non-zero homomorphism from

EQ to F o is surjective modulo a closed subvariety of codim Ξ> 2. We have

the following diagram

0 >GX >GQ = f*F-^>E

where the two arrows on the right are surjective modulo codim >̂ 2. Note

that a*E Φ E by assumption. Hence the natural homomorphism Gx —>

/ * F -> (α*)i+1(ί?) is non-zero and the natural homomorphism G2-> Gx-*

f*F —* (α*)m(Z?) is non-zero since α^: Gx -^ a*E is surjective modulo

codim ^ 2. Continuing in this fashion, we see that the natural homomor-

phism aUl: Gi+1 -> Gί -> -> G, -* f*F -> (a*Y+1(E) is non-zero. Since

Gi+1 - ker (α <: G, -> (α*)W), Gt is /*ff-semi-stable, (α*)*(B) is /*H-stable,

x(Giyf*H) = x((a*yE,f*H) and α< is surjective modulo codim ^ 2, we

have x(Gi+1,f*H)=:χ(f*F,f*H). Hence Gi+1 is /*iϊ-semi-stable, and

r(Gi+1) = r(G^) — r(S). Thus we have Go, G^ , G^v Since at_λ is non-

zero, we have r{Gt_^ >̂ r(£7) for the same reason, hence r(F) ^ Zr(£7).

This contradicts r(F) < r{fJE). q.e.d.

If E = /*£?! for a vector bundle JE7X of 1¥ in Lemma (1.6), then f*E =

φ< £Ί ® ̂  since f*(Φv) = 0< 2V< with N< line bundles on W such that

/*2SΓ< - (By. It is clear that Ex is ίf-stable since /*£?! = E.

PROPOSITION (1.7). Assume A is solvable and the order of A is prime

to the characteristic of k. If E is an f*H-stable vector bundle on V for

an ample line bundle H on W> then f*E = 0 Et where Ex is an H-stable

vector bundle on W with x(f#E,H) = x(EuH).

Proof. It is clear by Lemma (1.6) and the remark above, by suc-

cessive reduction to the case of prime order.
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COROLLARY (1.8). Assume A is solvable and the order of A is prime

to the characteristic. Let L be a line bundle on V. If f^L is indecom-

posable, then f^L is H-stable for any ample line bundle H on W.

PROPOSITION (1.9). Assume A is solvable and A has order prime to

the characteristic. If E is an H-semi-stable vector bundle on W for an

ample line bundle H on W, then f*E is f*H-semi-stable.

Proof. We may assume A is cyclic. We have f*(Θv) = Θ* Nt with

Nt line bundles on W. Since f*f*E = Θ* # (g) 2V* and x(E (x) Nu H) =

x(E, H) by Lemma (1.4), f*f*E is iϊ-semi-stable. Hence for any coherent

subsheaf F of f*E, x(f*F,H) ^ x(f*f*E,H). We have the cartesian

diagram

V x A Λ V

V -i-* W

where a is the action of A on V and pλ is the projection. We put t —

order of A. Since / is fiat,

(Inv (ΛF), H) = i (Inv (f*ftF), f*H) - 1 (Inv (σ^pfF), f*H)
1/ b

e a*F),f*H) = (Inv(F),/*fl) .
aeA I )t

It is clear that d{f*f*E,H) = d(f*E,f*H). q.e.d.

PROPOSITION (1.10). Let A be as above. If E is an H-stable vector

bundle on W for an ample line bundle H on W, then f*E = 0 Et where

Et is an f*H-stable vector bundle on V with x(f*E,f*H) = x(Euf*H).

Proof. We may assume A to be a cyclic group of prime order I.

As above we have f*(@v) = θ Nt. If f*E is /*iϊ-stable, we are done.

Suppose f*E is not /*iϊ-stable. By Prop. (1.9) f*E is /*iϊ-semi-stable,

hence there exists a quasi locally free subsheaf F of f*E such that

x(F,f*H) = x(J*E,f*H) and 1 ̂  r(F) < r(E). We may assume F to be

/*i/-stable by choosing such F with the smallest r(F). Since f*(F) is

the subsheaf of the ίf-semi-stable bundle f*f*E (cf. Prop. (1.7)) and

x(f*F,H) = x(fχf*E,H), we have /^(F) is ίf-semi-stable. On the other

hand f*(F) (x) Nt = /^(F) and /^(F) c θ £7 ® N< = /*/*£?, hence there ex-
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ists a non-zero homomorphism β: /*(F) -> E. Then x{E, H) = x(f#f*E, H)

= x(f*F,H) ^ x (Image of /3,ίf). By the iϊ-stability of E we thus r(E)

= r (Image of j8) ^ K/^F) i.e. r(#) ̂  Zr(F). We have α*F =£ F for any

a Φ 1 e A. Indeed if a*F = F for some α ^ l , hence for all aeA since

A is cyclic of prime order, then F = /* ί\ for some coherent subsheaf

Fx of # , and x(Fu H) = x(E, H) which contradicts the H-stability of E.

We fix a generator a of A. Inductively we define /*iϊ-semi-stable coherent

sheaves G* with x(F,H) = x(Giyf*H) and codim Supp (the torsion part of

Gi) ^ 2, and inclusions α<: F -^ α*G* (i = 0,1, , Z — 1) such that we

have exact sequences

0 >F-^a^Gi^>Gi+ι >0

and α< = α*(&_>*2(&_2) . . . <&**(&) α0. We put Go = /*£? and ^0 = the

canonical inclusion. Assume Go, Gx , Ĝ  are already defined. Since

x{a*Guf*Ή) = x(F9f*H) and a*G^ is /*£Γ-semi-stable, G U l is /*iϊ-semi-

stable and codim Supp (the torsion part of Gί+1) ^ 2. It is sufficient to

show ai+1 is an inclusion. If ai+1 = 0, then α* 2 ^,!) a*i+1(β0)'a0 — 0

because

0 > α * F > α*2G, ^ α*G4+1 > 0 (exact) ,

a*2(βi-i) a*ί+1(βo) -oco: F -> α*2G* and F ^ α*F. Continuing in this

fashion, we have a contradiction. Thus ai+ι is non-zero, hence it is an

inclusion because F is /*£f-stable and α*G ί+1 is /*J?-semi-stable. There-

fore we have Go, Gl9 , G ^ . Since r(G l e l) - r(S) - (I - l)r(F) ^ r(F)

for the same reason as above, we have codim Supp (Coker of at_^) > 2.

By Remark 1) there exists a homomorphism δ: f*E —> ^_i(F) ^ F such

that £•#<, = ^-i

f*E

I ""-- î̂  U
I at_x 1 ^ ^ a^iF) = F

Hence the inclusion F-* f*E splits, and so f*E contains φlzla^Ψ as
a direct summund. By comparing the ranks, we have f*E — 0^iJα**F.

q.e.d.
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COROLLARY (1.11). Let W be a non-singular projective variety over

the complex number field. Assume that the fundamental group of W is

solvable. Let H be an ample line bundle on W and let f: V —> W be an

unramίfied covering. Then

1) // E is an H-stable vector bundle on W, then f*E = ® Et where

Ei is an f*H-stable vector bundle on V with x(Euf*H) = x(f*E,f*H).

2) If E is an f*H-stable vector bundle on V, then f^E = 0 Et where

Et is an H-stable vector bundle on W with x(EifH) = x(f^.E,H).

Proof. There exist a non-singular projective variety U, a finite

group A of automorphisms of U, and a normal subgroup B of A such

that W is the quotient of U by A and V is the quotient of U by B.

By assumption, A and B are solvable. Hence we have Cor. (1.11) by

Prop. (1.7) and Prop. (1.10).

Remark. If W is an abelian variety, then the above corollary holds

in arbitrary characteristic.

Let / : V —• W be an unramified covering such that /*(0F) contains

a non-trivial line bundle J as a direct summund. Then / * / = Θv and

we have fJE ~ fJS (£> J for a vector bundle E on 7. Conversely,

LEMMA (1.12). Let E be a simple vector bundle on V. Assume r{E)

is prime to the characteristic of k. If E is isomorphic to E ® J for a

non-trivial line bundle J on V, then there exist a non-trivial cyclic un-

ramified covering / : J7 —> T and a simple vector bundle Eλ on U such

that Λ(£Ί) = E.

Proof. Obviously we have J®r = Θv with r = rank of E. Let d be

the smallest positive integer such that Jm = Θv. Then a locally free

sheaf B = ®Ίzl J®1 can be considered as an 0F-algebra by defining the

multiplication by Jm — Θv. f:U = Spec (B) -> V is an unramified cover-

ing of degree d. IP(f* End (#)) - iϊ°(/*/* End (£0) - 0?-* IP (Horn (£7,

E&J®*)). Hence #° (End (/*#)) - fcm/(X* - D as fc-algebras, which

is a direct sum of k since k is algebraically closed. Therefore f*E =

©?βl£?<. Thus tf®* = /*/*£? - @Lif*E» hence £7 - /;#< for any i. On

the other hand, d = dim* HQ (End (/*#)) = Σ 1 < ί ) i α dim, HΌ (Horn (JEi9Es)),

hence in particular Et is simple for any ί.

COROLLARY (1.13). Let E be a simple vector bundle on V of prime
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rank which is different from the characteristic. The following conditions

are equivalent to each other

1) There exists a non-trivial line bundle J on V such that E is iso-

morphic to E (x) /.

2) There exist an unramified covering f:U->V and a line bundle L

on U such that E is isomorphίc to /*(L). In this case, E is H-stable for

any ample line bundle H on V.

Remark. Let E be isomorphic to E (x) / for a line bundle /. Then

End (E) contains / as a direct summand. Conversely, let E be a vector

bundle such that End (E) contains / as a direct summand. Moreover,

assume E is ίZ-stable for an ample line bundle H. Then E is isomor-

phic to E®J. Indeed, let E be as above. H° (Horn (E, E (x) J"1)) Φ 0,

so d{J~\ H) ^ 0 by the //-stability of E. Since End (E) is self-dual, it

also contains J~ι as a direct summand, hence similarly d(J, H) >̂ 0. Thus

d(J,H) = 0. Therefore E ~ E <g> / by Prop. (1.2).

2. //-stability on minimal models

PROPOSITION (2.1). Let S be a relatively minimal non-singular projec-

tive surface over the complex number field, and let E be a vector bundle

of rank two on S with N(E) = c\(E) - Ac2(E) ̂  0. If E is H-stable for

some ample line bundle H on S, then E is H'-stable for any ample line

bundle H' on S.

Remark. When N(E) is positive, we have shown this in Prop. (2.7)

of [101 without the assumption of relative minimality of S. We do not

know whether this holds in case N(E) — 0 without the assumption of

relative minimality of S.

First we show the following lemma:

LEMMA (2.2). Let S be a non-singular projective surface which satis-

fies one of the following conditions, and E be a vector bundle of rank

two on S with N(E) >̂ 0. If E is H-stable for some ample line bundle

H on S, then E is H'-stable for any ample line bundle Hf on S.

(1) The Euler-Poincare characteristic χ(Θs) of Θs is positive

(2) Let H be an ample line bundle on S, K the canonical line bundle

on S and L a line bundle on S. If (L, K) = 0, (L2) = 0, Hι(L~ι) φ 0 and

(L, H) > 0, then (L, H') > 0 for any ample line bundle H' on S.
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Proof of Lemma (2.2). By definition, E is ίf-stable if and only if

we have (L2 (x) Lf1, H) > 0 for any morphism f:T-*S obtained by suc-

cessive dilatations and any extension 0 -» f*Lx ® M -> / *2£ -> /*L 2 ® M~ι

—> 0 where Lx and L2 are line bundles on T and M is a positive exceptional

line bundle on T. Put L = L2® L;\ Since N(E) = (L2) + 4(M2) ^ 0, we

have (L2) ^ -4(M2) ^ 0. Now H\L®n) = 0 for sufficiently large w because

(L, if) > 0. By Riemann-Roch theorem,

) + χ((9s) ,

where h\Iβn) = dim* H%S,L®n).

Case 1. (L2) > 0. Then we have the desired result because HQ(L®n)

Φ 0 for sufficiently large n.

Case 2. (L2) - 0. Then (M2) = 0 and hence M = 08. By tensoring

with Lϊ1, we obtain the extension

0 > ί?5 > E (x) Lf1 > L > 0 .

a) (L, X) < 0. Then we have the desired result because H°(L®n) Φ 0

for sufficiently large n.

b) (L,K) = 0. Then χ{L®n) = χ(jβs). If χ{Θs) > 0, then H\L®n) Φ 0

for sufficiently large n. On the other hand the above extension is non-

trivial. Hence Hι{L~ι) Φ 0 and we have the desired result by assumption.

c) (L, K) > 0. Then χ(L®-n) > 0 for sufficiently large n. Assume

(L, H') ^ 0 for some ample line bundle H' on S. If (L, HO = 0, then L is

numerically equivalent to Φs since (L2) — 0. This contradicts (L, ίί) > 0.

On the other hand, if (L, H') < 0, then for the same reason H\L®~n) Φ 0

for sufficiently large n. This contradicts (L, H) > 0.

Remark. If a line bundle L on S with χ(05) = 0 satisfies the con-

dition (2) of Lemma (2.2), then 0 Φ h\L~ι) = h\L®K) i.e. L®K = Θ8{D)

for some positive divisor D.

Proof of Prop. (2.1). By the classification theorems of surfaces and

our previous result (Th. 3.7, Prop. 4.1 and Prop. 5.1 of [10]), we may

assume S is (a) an elliptic surface, (b) a KS surface or (c) a surface of

general type, (c) If S is of general type, then c2(S) > 0 by Van de Ven's

result [11]. On the other hand c\(S) > 0 and hence χ((Ps) > 0. (b) If S
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is a K3 surface, then χ(Φs) > 0. In cases (b) and (c), we have the desired
result by Lemma (2.2). Therefore we may assume S is an elliptic sur-
face. Then χ(Θs) = (l/12)c2(S). On the other hand, c2(S) is equal to the
topological Euler-Poincare characteristic χ^S) of S. Let p: S -> Δ be a
morphism from S to a non-singular protective curve Δ such that the
inverse image p~\u) = CM of any general point u e Δ is an elliptic curve.
Then we have an equality χ\S) - x'Wχ'iF) + Σ(χ'(Fb) - χι{F)) = Σχ'{Fh)
where χ*(*) is the topological Euler-Poincare characteristic and F is any
general fibre of p and F δ is a singular fibre. Since S has no exceptional
curve of the first kind, χ'(Fδ) ^ χ'(F) = 0 [8] p. 60 and hence χ'CS) ^ 0.
Hence χ{Θs) >̂ 0. By Lemma (2.2) we may assume χ(Θs) — 0 a n d hence
χ*(Fδ) = χ'(F). Thus F δ = mbCb where Cδ is an elliptic curve [8] p. 60.
On the other hand, K = p*{KΔ (x) /) (x) ̂ (IXm, - l)Cb) where / is a line
bundle on Δ with deg/ = 0 and KΔ is the canonical line bundle on Δ [3].
Assume a line bundle L on S satisfies the condition of Lemma (2.2) (2).
Then by the above Remark, L (x) K = ΘS(D) for some positive divisor D.
Now 0 = (D,K) = (2g - 2 + 2X1 - l/mb))(D,F) where £ is the genus of
Δ. If D = 0, then L = Z"1 and so (L,H) = -(2g - 2 + ^(1 - l/mδ))
(F,H). The sign of (L, H) is thus independent of an ample line bundle
H. It remains to treat the case D Φ 0. If p*(D) Φ Δ, then D is a linear
combination of general fibres and Cδ. We can thus write L as p*(M)
(g) (Ps(ΣnbCb) where I is a line bundle on Δ with deg M — m. Since
(L, if) = (m + Σ(nb/mb))(F,H), we have the desired result for the same
reason as above. Therefore we may assume p*(D) = Δ, hence (F, D) Φ 0.
Since 0 = (£>, K) = (2g - 2 + Σ(l - l/mδ))(D, F), we have 2^ - 2 +
2(1 — l/mδ) = 0. This equality holds only in g = 1 or 0. In case g = 1,
i.e., J is an elliptic curve, S has no singular fibre by this equality and
hence K is numerically equivalent to Θs. Thus L is numerically equivalent
to the non-zero positive divisor D. Therefore we have the desired result.
In case g = 0, i.e., Δ is the projective line, we have Σ(l — l/mδ) = 2.
Hence by Suwa's result [9], S can be expressed as an elliptic surface
pr: S —> Δf where Δf is an elliptic curve, and S has no singular fibre. We
have already treated this case above.

3. A criterion for ampleness on an elliptic bundle

As a preparation for the next section we study in this section am-
pleness and cohomologies of a line bundle on an elliptic bundle.
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DEFINITION (Suwa [9]). A non-singular projective surface S is said
to be an elliptic bundle if there exists a proper, smooth morphism p of
S onto a non-singular curve Δ such that the inverse image p~ι(u) = Cu

of any point ueΔ is an elliptic curve.
Note that all the fibres are isomorphic to the same elliptic curve.
Let S be an elliptic bundle. Then we have the following exact

sequence

0 > p*(βi) > Q\ > Q\lΔ > 0 .

On the other hand Ω1

S/Δ = p*(Γ) for some line bundle / on Δ since Ωι

s/Δ (x)
ΘGn = @cu = @cu f° r a n ^ point M G J . Hence we have χ(Θs) = 0 since
c2{Ω\) = (p*fii, fl^/j) = 0, and Z 5 = p*(7 ® 7Q where X, (resp. X5) is the
canonical line bundle of Δ (resp. S). It is well-known that / = p*(£;$/j)
and i? 1^*^) are dual to each other.

LEMMA (3.1) (Kodaira). lm = ΘΔ for some positive integer n. (In
particular άegl — 0.)

Proof. By Riemann-Roch theorem, p*(ch(Os) T(S)) = ch(p! ((Ps)) - Γ(J).
Since p !(ί?5) = ^ ( - D ^ ^ ^ C ^ ) = ΘΔ + /, the right hand side is /. On the
other hand, the left hand side is 0 since T(S) = 1 + (l/2)p*(7 ® KΔ). There-
fore I®n = ^^ for some w > 0.

In case Δ is an elliptic curve, Kfn = 0^ for some n > 0. Indeed it
is well-known that n = 12.

From now on S is an elliptic bundle defined over the complex number
field.

PROPOSITION (3.2). Let S be an elliptic bundle with a fibre C and
let L be a line bundle on S. Then L is ample if and only if (L2) > 0 and
(L, O > 0.

Remark (3.3). Let D be an irreducible curve on S which is not a
fibre. Then (D2) ̂  0. Indeed, 2g(D) - 2 ^ (D, C)(2g(Δ) - 2) by Hurwitz'
theorem. On the other hand 2g(D) - 2 = (D + K, D) = (D2) + (2g(Δ) - 2)
(7), C).

Remark (3.4). Let D be a positive divisor on S with (D2) > 0. Then
D is ample. Indeed D contains an irreducible curve which is not a fibre.
Hence φ,C) > 0 and D is ample by Prop. (3.2).
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Proof of Prop. (3.2). The necessity is clear. By Nakai's criterion

for ampleness, it is enough for sufficiency to show that (L, D) is positive

for any irreducible curve D different from the fibre on S. By Hodge

index theorem we have (cf. [2], p. 208)

(L2) (L, D) (L, C)

(L, D) (D2) (D, C)

{L,Q (D,C) (C2)

Put (L2) — α, (L, C) = b and (D, C) = ?ι. Here α, b and ti are positive.

Now 2nb(L,D) ^ δ 2 φ 2 ) + an2 ^ α^2 > 0. Therefore (L,D) > 0.

We now give results about the cohomology of a line bundle L on S.

We have the following spectral sequence

Since # % ( L ) = 0 for i ^ 2,

fl°(S, L) = iϊ°(J, p#(L)) , HKS, L) = H\Δ9

and 0 -> iϊo(J, R'p^iL)) -> H 1 ^ , L) -* ^ ( J , ^^(L)) -* 0 (exact). Put h\L) =

dimk HKS, L).
By Riemann-Roch theorem,

h\L) - h\L) + h\L) - i(L2) - (flr - 1)(L, C)

where ^ is the genus of J .

LEMMA (3.5). 1) // (L,C) = n > 0, ίfcβ^ Rιv*(L) = 0 α̂ cZ ^^(L) is

α locally free sheaf of rank n. Hence h\L) — 0.

2) // (L, C) — 0, ίfee^ (L2) ^ 0 . If L is, moreover, not isomorphic

to p*(M) for any line bundle M on Δ, then p*(L) = 0, h\L) = h\L) = 0

3) // (L2) < 0, ί/^β^ /̂ °(L) = 0.

4) // (L2) > 0, then either L or L~ι is ample.

5) // (L, O = n > 0 and (L2) = 0, tΛen h°(L) ^ n + 1.

Proof. 1) By the base change theorem [5] p. 53, we have

® k(u) ~ HKCU,L\CU) = 0 for any point ueΔ, hence Rιv*(L) = 0. By

the base change theorem p*{L) ® k(u) ^ H°(CU, L \ Cu) for any point ue Δ.

On the other hand h°(L\Cu) = n for any point ueΔ. Therefore p*(L) is

locally free of rank n.
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2) Put Y = {u e Δ: L \ Cu is trivial on Cu} and [/ = Δ - Y. Then Y

is closed in J. Assume U is not empty. The proof of 1) shows that

Rιp*(L) = 0 on 17, hence p*(L) ® fc(w) ~ Jϊ°(Cu, L | CJ = 0 for any point

ueU. Thus p̂ CL) = 0 on U. On the other hand p*(L) is torsion free

since p*(L) c p^L (x) H) for a very ample line bundle H on S and

p*(L®H) is locally free by 1). Therefore p^L) = 0 and so h\L) = 0.

Now A2(L) = h\Rιp*(L)) = 0 since Supp (R'p^L)) = Y. If U is empty,

i.e. Δ = Y, then L = p*(M) for some line bundle M on J, hence (L2) = 0.

3) It follows from Remark (3.3).

4) It follows from 2) and Prop. (3.2).

We omit the proof of 5) because we don't use this result in this paper.

We can get a little more detailed result for an elliptic bundle of

a special type i.e. a hyperelliptic surface.

DEFINITION (Suwa [8]). A hyperelliptic surface is an elliptic bundle

over an elliptic curve whose first Betti number is equal to 2.

THEOREM (Suwa [8]). Any hyperelliptic surface S can be expressed

as the quotient space of an abelίan surface A by the group generated

by an automorphism a of A. {Here ad = 1 if and only if Kfd = Θs.)

LEMMA (3.6). Let S be a hyperelliptic surface and let L be a line

bundle on S.

1) If L is ample, then h\L) = h\L) = 0.

2) // L"1 is ample, then h\L) = h\L) = 0.

3) // (L2) < 0, then h°(L) = h\L) = 0.

4) // (L, C) = 0, then (L2) = 0. If moreover L is not ίsomorphic to

p*(M) for any line bundle M on Δ, then Rlp^{L) = 0 for any i >̂ 0.

Proof. Let f:A->S be the natural morphism in the above theorem.
Since / is finite,

J 0 , L <g> K®') D H«(S, L) .
3=0

Hence 1), 2) and 3) are clear by the cohomology theorem about line bundles

on abelian varieties. Let H be an ample line bundle on S. We now

prove 4). L is homologous to ίfΘr ® Θs(sC) where r and s are rational

numbers, since the second Betti number is equal to 2. Hence (L2) =

r2(#2) + 2rs(H, C) = r\H2) ^ 0 since 0 = (L, C) = r(H, C). Hence we obtain

(L2) = 0 by Lemma (3.5) 2). Assume L is not isomorphic to p*(M) for
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any line bundle I o n J. It follows from the proof of Lemma (3.5) 2)
that 0 = -(1/2)(L2) = h\L) = h\Rιp*(L)) is equal to the number of points
contained in Y where Y = {ueΔ: L\CU is trivial on Cu). Hence Y is
empty. q.e.d.

4. Stable vector bundles on an elliptic bundle

In [9] we studied H-stable vector bundles of rank two on geometri-
cally ruled surfaces, P2, and abelian surfaces. In this section and the
next section, we continue the study for elliptic bundles and especially
hyperelliptic surfaces.

Let p: S —> Δ be a proper, smooth morphism from a surface S onto
a non-singular curve Δ, and let E be a stable vector bundle of rank two
on Δ. We proved p*E is iϊ-stable for any ample line bundle H when
the fibre is the protective line [9]. We now prove this when the fibre
is an elliptic curve, i.e. S is an elliptic bundle. We do not know whether
this holds when the genus of the fibre is more than 1.

PROPOSITION (4.1). Let p:S—>Δ be an elliptic bundle over the com-

plex number field and E a stable vector bundle on Δ of rank two. Then

p*E is H-stable for any ample line bundle H. (Here N(p*E) = 0.)

Proof. Looking closely at proofs of Prop. (2.1) and Lemma (2.2),
we see that it is sufficient to show the following: for any morphism
/ : T —> S obtained by successive dilatations and any quotient line bundle
f*L (x) M~ι of /*p*Z? (where L is a line bundle on S and M is a posi-
tive exceptional line bundle), there exists an ample line bundle H on S
such that (l/2)d(p*E,H) < d(L,H). We may assume deg c,(E) = m > 0.
Restricting the given exact sequence f*p*E -* f*L ® M~ι —> 0 to C, we
have the exact sequence Θc® ΘG-* L® Θc-+0. Hence (L, C) ^ 0. On
the other hand, 0 = N(p*E) = (L®2 ® p*(c1(£7)"1))2 + 4(M2), hence (L2) ^
m(L, C), since (M2) ̂  0. If (L, C) > 0, then (L2) > 0 and hence L is ample
by Prop. (3.2). In this case we may assume H = L, hence d(L,L) —
(l/2)d(p*E,L) = (L2) - (l/2)m(L,C) ^ (m/2)(L, C) > 0 and we are done.
If (L, C) = 0, then (L2) ^ 0 by Lemma (3.5) and hence (L2) = 0. We thus
have (M2) = 0 and so M = Os. Therefore the above exact sequence is
of the following form: 0 -> Lλ —> p*E —> L —• 0, where Lx is a line bundle
on S. If L ψ p*(L2) for any line bundle L2 on Δ, then the same property
holds for L, and moreover (L19 C) = 0. Thus p#(L) = p * ^ ) = 0 by Lemma

https://doi.org/10.1017/S0027763000015968 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000015968


188 FUMIO TAKEMOTO

(3.5). Hence p*p*E = E — 0, a contradiction. So there exist line bundles

L2 and L3 on Δ such that p*L2 = L and p*L3 = Lx. And we have an exact

sequence 0 —> p*L3 —• p*E —» p*L2 —» 0. By applying p* we have an exact

sequence 0 —> L3 —> E -» L2 —> 0, hence (1/2) deg £7 < deg L2 by the stability

of E. Hence (l/2)d(p*E,H) < d(p*L2,H) for any ample line bundle H.

q.e.d.

PROPOSITION (4.2). Let S be an elliptic bundle, and let E be an H-

stable vector bundle of rank two on S for some ample line bundle H.

Assume cλ{E) is numerically equivalent to p*(L) for some line bundle L

on Δ. Then N(E) ^ 0.

Proof. Suppose there exists E with N(E) > 0 which satisfies the

above condition. We may assume degL is sufficiently large. Since

4χ(#) = N(E) and d(E* ®K,H)< 0, we have H°(E) Φ 0 by Lemma (2.1)

of [9]. Thus there exist a morphism f:T-+S obtained by successive

dilatations and an extension of line bundles:

0 > f*(Θs(D)) (x) M~ι > f*E > f*^ (x) M~ι > 0

where M is a positive exceptional line bundle on Γ, D is a positive divisor

on >S and Lx is a line bundle on S. Assume D contains an irreducible

curve Dx which is not a fibre. Since N(E) > 0, E is p*(Lfn) ® ίf-stable

for any n > 0 where L2 is a line bundle on Δ with deg L2 = 1. Hence

we have inequalities

0 ^ φ , p*(L?n) ®H)< |d(£7, p*(L?n) <g> fl) ,

i.e. 0 ^ n(D19C) + (A»ίO < (l/2)d(E,H) for any n > 0. Hence (A>O

— 0, i.e. Di = 0 which contradicts our assumption. Therefore all irre-

ducible components of D are fibres and hence N(E) = 4(M2) ^ 0. This

contradicts ΛXE7) > 0.

DEFINITION. An elliptic bundle p: S —> J is said to be basic if there

exists a section o of p, i.e. p 0 = h-

The following Lemma is well-known.

LEMMA (4.3). Let S be a basic elliptic bundle with a fibre C, and

let L be a line bundle on S. Put (L, C) — n. Then there exist a section

s of p and a line bundle M on Δ such that

L ~ p*(M) (x) Θs(s(Δ) + (n - l)o(J)) .
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Proof. Tensoring Φs((—n + l)o(J)), we may assume (L, C) = 1, hence

there exists a unique point Pu on Cu such that L \Cu ^ <PcJPu) for every

u e Δ. We can take a section s such that s(u) = P ω . Since L |(7tt ~ ΘCu(s(Δ))

for every point t6 e d, we have L ^ Φs(s(d)) ® p*(M) for some line

bundle M.

PROPOSITION (4.4). Let S be a basic elliptic bundle with a fibre C,

and let E be a vector bundle of rank two on S with (cx{E), C) odd. If

E is H-stable for some ample line bundle H on S, then N(E) <^ 4#, where

g is the genus of Δ.

Proof. Note first that N(E) = even. Indeed, (s(J), s(Δ)) = 0 for

every section s of p. [3]. Hence for a line bundle L,(L2) = 2nάeg(M)

+ 2(n — l)(o(Δ),s(Δ)) by Lemma (4.3). Suppose there exists a vector

bundle E with N(E) ̂ > 4g + 2 which satisfies the above conditions. Since

(Ci(£7*) (x) Os(no(d)), C) = {cλ(E*)9 C) + 2n, we may assume ( c ^ * ) , C) = 1.

Thus CiCZ?) is numerically equivalent to mC — s(Δ) for some section s of

p by Lemma (4.3). Since

2g - 2 + |2V(#) - 4# + 3 ^ 2

and

Ci(S ® Os{JcO) = cλ(E) (x)

we may assume 2g — 2 + (1/2)N(E) > m >̂ 4^ — 3. On the other hand,

the Euler-Poincare characteristic χ(E) of S is — (l/2)m + ^ — 1 + (1/4)

N(E) > 0 and (^(S* <g> X), (Pβ(s(J)) ® tf5(O) = 4^ - 3 - m ^ 0. Thus

i ϊ 0 ^ ) ^ 0 by Lemma (2.1) of [9], since Φ8(s(d) + O is ample. Hence

there exist a morphism f:T-*S obtained by successive dilatations and

an extension of line bundles on T

0 > f*(Φ8(D)) <g> M > f * E > /*(L) ® M-1 > 0

where M is a positive exceptional line bundle on Γ, D is a positive divisor

on S and L is a line bundle on S. By the iϊ-stability of E, we have

inequalities

0 ^ (D,nC + s(Δ)) < i(mC - β(J),nC + s(Δ))

i.e. 0 < (l/2)(—n + m) for any n > 0, a contradiction.
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5. Stable vector bundles on a hyperelliptic surface

PROPOSITION (5.1). Let S be a non-singular protective surface over

the complex number field with Kfn = Θs for some positive integer n where

Ks is the canonical line bundle on S, and let E be a simple vector bundle

of rank two on S. Then N(E) = c\{E) - 4c2(£7) ^ 0.

Proof. By Riemann-Roch theorem, N(E) + 4χ((Ps) = h° (End (£7))

- ft1 (End (£7)) + h2(Έnά(E)) ^ 1 - h\Θs) + h° (Horn (£7, E ® Ks)) since the

canonical injection Φ8 -> End (£7) splits. On the other hand, by the clas-

sification theory of surfaces, S is one of the following:

(1) Enriques surface Kf = Θs

(2) regular surface with Ks — Θs

(3) two-dimensional abelian variety

(4) hyperelliptic surface.

Hence Prop. (5.1) is clear in cases (2) and (3). If E is ίf-stable for some

ample line bundle H on S in case (1), W (Horn (£7, E (x) Ks)) ^ 1 by Prop.

(1.2). And if E is not iϊ-stable and simple, we may assume there exist

a morphism / : T —> S obtained by successive dilatations and an extension

of line bundles on T: 0 -> M -> f*E -> M~ι ® f*L -> 0 where L i s a line

bundle with (L, H) ^ 0 and M is a positive exceptional line bundle on T.

If H° (Horn (E, E (x) Ks)) Φ 0, then there exists a non-zero homomorphism

x:E ->E®KS. Hence

0 > M - ^ > / * S > M~ι®f*L >0

0 • M ® /*Zύ> >f*(E®K8) > M-1 (x) f*(L®Ks) > 0 .
zz

If zxy = 0, then the natural homomorphism M~ι (x) / * L -> M"1 (x) /*(L ® K^)

is non-zero and hence H°(KS) Φ 0 which contradicts our assumption.

Therefore zxy Φ 0 and so 0 Φ H\M~2 ® /*(L ® X^)) c £T°(L ® Ks). Thus

L®KS = ΘS and hence M = ^ since (L® K5,ff) ^ 0. The above exten-

sion is thus of the following form: 0 —>ΘS —> E —> Kg1 -> 0 a contradiction,

since Hι(Ks) = 0. If £7 is iϊ-stable for some ample line bundle H on S

in case (4), then h° (Horn (£7, £7 ® ίCs)) ^ 1, hence N(E) ^ 0 because ΛΓ(£7)

is even. Therefore it is sufficient to show the following:

PROPOSITION (5.2). Let S be a hyperelliptic surface, and let E be a

vector bundle of rank two on S with N(E) ;> 0. Then E is simple if and
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only if E is either H-stable for some ample line bundle H or of the form

Eo (x) L, where we have a non-trivial extension 0 —> Θs —> Eo —> Xj 1 —> 0.

Remark. Such Eo is unique up to isomorphism since H\KS) = C.

Proof. Eo is simple by Oda's lemma. Assume E is simple but not

ίf-stable for some ample line bundle H. Tensoring a suitable line bundle

on S, we may assume there exist a morphism / : T —> S and an extension

of line bundles on T: 0 -> M -> /*£7 -• / * L (x) M"1 -> 0 where L i s a line

bundle on S with (L, H) ^ 0, h°(L) = ^(L"1) = 0 and M is a positive ex-

ceptional line bundle on T by Prop. (2.9) of [9]. Since N(E) ;> 0, we have

(L2) ^ 0. But (L2) = 0 since (L, H) ^ 0 and ^(L"1) = 0. Hence M = Os

and the above extension is of the following form: O-*0£—> E —>L-^0.

Since 0 = χ(L~ι) = -hl(L~l) + h2iL~ι) and ί7 is simple, we have 0 =£

h\L~ι) = ^(L"1) = h\L®Ks). Thus L ® X 5 cr: ̂  because (L®KS, H) £ 0.

q.e.d.

From now on we assume S is a hyperelliptic surface and S ί s a vector

bundle on S of rank two. On S one of the following holds [9]:

( I ) Kψ = Θs(K8ΦΦ8) (II) Kψ = Θ8(K8φΘ8)

(III) Xf4 = Θs (Kf Φ 08) (IV) Kf = Θs (Kf, Kψ φ 08)

PROPOSITION (5.3). Assume Kf = Θs (i.e. case (I) or (III)). // E

is stable with N(E) — 0, then there is a non-trivial line bundle J such

that E is isomorphic to E (x) /.

Proof. Put End (E) = 0^ 0 ί/j. By Suwa's theorem which we men-

tioned in § 3, there is an unramified covering / : A —> £ of degree d,

where d = 2 in case (I), and d = 4 in case (III), and A is an abelian

surface. Since h° (End (/*#)) = ΣUϊ W (Horn (ί7, £7 ® Xf*)), we may as-

sume f*E is simple because f*E is not simple if and only if E is iso-

morphic to E (x) iff-7', where = 1 in case (I) and j — 2 in case (III). By

Morikawa and Oda [6] there exist an isogeny g: B —> A and a line bundle

L on B such that g*L = / * # . Hence /*iSr

1 = ^ Θ L2 ® L3 for some line

bundles Lt on A (i = 1,2, 3) because End (J*E) = End (g*L)= φ 1/ where

Z/ runs over all the line bundles 1/ on A such that #*Z/ = T*L ® L"1

for some point a in ker (g) [6]. Hence

Λ/* î - ® Ei ® ^r - /A θ /*L2 θ ΛL,
i 0
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and the rank of f^Lt is d. Thus Eλ is decomposable, i.e. Ex — J®E2

for some line bundle J on S, which is non-trivial since E is simple.

Hence E is isomorphic to E®J by the last Remark in section 1.

From now on we assume S is a basic hyperelliptic surface with the

typical fibre C. Fix a global section o of p. For every point u e Δ p~ι(u)

— Cu is an elliptic curve with the zero point which is the intersection

point of Cu and o(Δ), and Cu is isomorphic to the same curve C. Then

there exists an isogeny Δ' —»Δ such that the fibre product Δr x Δ S is

isomorphic to Δf x C [9], i.e. the diagram is cartesian

Δ' xC > S

Δf >Δ.

Let H\Δ,S) be the set of all sections of p. Now we have a homomor-

phism of abelian groups f:H°(Δ,S) -> R\Δ\Δf x C). On the other hand,

for any section s different from 0, s(Δ) is numerically equivalent to o(Δ)

since the base number of S is 2, hence the intersection of s(Δ) and o(J)

is empty. Thus the image of Δf — > Δf x C —V C does not contain the

zero point of C, and it defines one point of C. Hence / factors: H°(Δ, S)

-> C(k) c R\Δ\Δf x C). By means of Suwa's result [9] and the concrete

representation of S by Kodaira [3], we can calculate H%Δ,S) easily.

LEMMA (5.4). (ZβZ + Z/2Z in case I

Z/SZ in case II

)Z/2Z in case III

,0 in case IV .

By Lemma (4.3) and Lemma (5.4), we get the following:

PROPOSITION (5.5). If S is a basic hyperelliptic surface with Kψ ψ Θ89

then we have a canonical isomorphism Pic (J)2 ~ Pic (S)2.

Here we define Pic (V\ = {Le Pic (V): L®2 = Θv) for a variety V.

And we define Pic7 (S/Δ) = {Le Pic (S): o*(L) - OΛ}, where o is a global

section of p. It is well-known that we have an exact sequence

0 > Pic (Δ) > P i c OS) > Pic7 (S/Δ) > 0 .

By Lemma (4.3), we can express Pic7 (S/Δ) by H%Δ,S) and J"1 = Rιp*(Θs)
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= 0o(Λ)(o(J)). Let J be an unramified covering of J. Put S = the fibre

product SXjΔ. If S and S are in the same class, then Pic7 (S/Δ) ~

Pic7G§/J) by Lemma (5.4).

Remark. Let / : Γ —> S be an unramified covering of degree two.

Then T and >S are in the same class if and only if J Φ Kψ where

PROPOSITION (5.6). Let S be a basic hyperelliptic surface with Kψ

Φ Θs and E a stable vector bundle of rank two on S with N(E) — 0. //

E is ίsomorphίc to E (x) J for some non-trivial line bundle J with J Φ Kψ,

then there exist a stable vector bundle F on Δ and a line bundle M on

S such that E is ίsomorphic to p*(F) ® M.

Remark. 1) We have /Θ 2 = Θs since r(E) — 2, hence the above con-

dition / Φ Kψ always holds in case II and is equivalent to J Φ Kψ in

case IV. 2) A hyperelliptic surface in case IV is always basic [9].

Proof. Since J is contained in Pic (S)2, so J — p*(JJ for some

ΛePic(J) 2 by Prop. (5.5). Put J7 = Spec (ΘΔ ®J,). Then g\Δ'-±Δ is

an unramified covering of degree two and so is f:S' = Spec (Θs © J) —»

S. We have the cartesian diagram

s , f>s

" I
Δ .

By Cor. (1.12), there exists a line bundle Lλ on S' such that E = /^(A).

On the other hand, by our assumption, S and Sf are in the same class.

Hence we have exact sequences

0 > Pic (J) • Pic OS) > Pic7 (S/Δ) > 0

0 — > Pic (JO — > Pic (SO — > Pic7 (S7/JO — > 0 .

Therefore Lγ = /*(L2) ® P7*(L3) for some line bundle L2 on S and L3 on

J. Hence E (x) L^1 = f^pf*(L^ = p^g^L,), and ^^(Ls) is stable on J by

Cor. (1.8). Thus we have the desired result.

EXAMPLE (5.7). There is an ίf-stable vector bundle E of rank two
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on a basic hyperelliptic surface with N(E) = 0 which is not of the form

in Prop. (5.6). Let S be a basic hyperelliptic surface with a section o

of p and the fibre C. Put H = Os(o{Δ)) ® p*(Af) and L = Θs(o(Δ)) <g> p*(i),

where M is a line bundle on Δ with degM = 1 and / — Rιp^(Θs). We

have an exact sequence

0 > L-1 > p*(I~ι) > ί U ® PHI-1) - /-1 > 0 .

Since (L, C) = 1 and hence p*(L~ι) = 0 by the base change theorem, we

have

0 > I'1 > I'1 > Rιp*{L~ι) > Rιp*(p*{I-χ)) > 0 .

Thus Rιp*(L~ι) = ΘΔ since Rιp*p*I~ι = R^p^Ps) ® Z"1 = 0,. Hence i/ 1^" 1)

= H\Rιp*L~ι) — H\ΘΔ) = C by Leray spectral sequence. And we have

a non-trivial extension: 0 -> 0 5 -^ E -> L -> 0. Setting ί ί = (P5(o(J) + C),

we see that J? is iϊ-stable with N(E) = 0 since {cλ{E),H) — 1 by Lemma

(3.8) of [10], and c^E) = L is numerically equivalent to o(J). Thus E is

not isomorphic to p*(F) ® iV where F is stable on Δ and N is a line bundle

on S.

Let S be a hyperelliptic surface. Let A(S) be the set of stable vector

bundles E of rank two on S with N(E) = 0. Let B(S) be the set of simple

vector bundles of rank two which can be expressed as /*(L) where

f:T—>S is an unramified covering, L is a line bundle on Γ, and α*L

is numerically equivalent to L but not isomorphic to L. Here a is an

automorphism of T and £ = TI (a). Let COS) be the set of vector bundles

on S which can be expressed as p*F ® M where F is a stable vector

bundle of rank two on Δ and M is a line bundle on S.

PROPOSITION (5.8). i) A(S) D B(S) D C(S).

ii) 7/ S is δαsic, ίfcβn A(S) Φ C(S).

iii) 7^ cases I and III, we fcaw A(S) = β(S).

iv) 7n case II ami S is δasic, we have B(S) — C(S).

v) In case IV, B(S) Γι {E: E φ E ® Kf} = C(S) Π {£?: S ® Kf φ E}

and B(S) Φ C(S).

Proof, i) The first inclusion follows from Cor. (1.8). The second

inclusion follows from either Oda's result [5], or Atiyah's result [1} and

Lemma (1.12). ii) follows from Example (5.7). iii) follows from Prop.

(5.3) and Cor. (1.13). iv) follows from Prop. (5.6). v) The first state-
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ment follows from Prop. (5.6). Put S' = Spec {Θs 0 Kf). Then we have
the cartesian diagram

P\ \V
Y y

Δf >Δ .

Let L be Θs>(s'W) - o\Δf)) such that & Φ sf e H°(Δ', S'). We see that f*L

is contained in B(S), but is not contained in C(S). Indeed, if f^L e C(S),

then f^L = p*(E) ® Lλ where E is a stable vector bundle on Δ and Lx is

a line bundle on S. Since p*(IΔ) = Ks and /^L (x) Jϊf3 ~ /^L, we have

E (x) /f3 ~ £7, hence we see easily that L ĉ  p/?iί(L2) (x) Z * ^ ) , a contradiction.

It is clear that /^L e £>GS) since L is numerically equivalent to 0.
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