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FINITE SOLUBLE GROUPS

HAVE LARGE CENTRALISERS

JOHN COSSEY

We say that a finite group G has a large centraliser if G

contains a non-central element x with \Cg(x) \ > \G\ . We

prove that every finite soluble group has a large centraliser,

confirming a conjecture of Bertram and Herzog.

Let C denote the class of all finite groups G such that G

contains a non-central element x with \Cg(x) | > |C|' : we will call a

group in C a group with a large centralizer. In a recent paper [2]

Bertram and Herzog have presented evidence to support the conjecture that

all finite soluble groups are in C , extending the results of [7] in

which Bertram showed that every finite soluble group G contains an

element x with |C"G(x) | > |G|
/3. The aim of this paper is to show that

the conjecture is true. For the remainder of this paper all groups will be

finite and soluble.

We will proceed by considering the structure of a minimal soluble

group not in C ; Bertram and Herzog have obtained a number of

restrictions on the structure of groups not in C , and in particular have

shown that if G is not in C , then for some prime p , G e V , where
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2 9 2 John Cossey

V i s the class of groups H with the following structure:

F(H) = F(B1 x 0 ,(H) , 0 ,(H) < Z(H) 3 and 0 (H) n Z(H) / 1 ;

moreover, 0 (E) is of class 2 , 0 (H) ' < Z(H) , \0 (H)\ > \H\S and

Z(H/F(H)) = 1 ([2] Theorem 5 and Corollary 4.1). We note that the same

arguments will show that these restrictions on the structure of 0 (G)

apply to ary noncentral normal p-subgroup of G . To show that the

conjecture is true, it will be enough to prove that if G e V then

G e C- , where C_ is the class of groups H which have an element x in

0 (H) \ Z(H) with \CH(x) | > |ff | . We let G be a group of minimal

order in V \C0 . If the result is true for G/(0 ,(G) n Z(G)) , it is

trivial to check that it is true for G , and so we must have that Z(G)

is a p-group and F(G) = 0 (G) . We set Z = Z(G) .

We will need the following facts several times, and will use them

without further comment. Let P , H be p-subgroups of G , H < 0 (G) ,

H normalised by P and h e ff such that PZ/Z 5 Cg.gdlZ) : then

\P:C (h) | <, | [ f l ,P] | < \Z\ . This i s an immediate consequence of the

x -1
easily verified fact that the map x •* h h (xeP) is a homomorphism from

P to [ffjP] with kernel C (h) . if U, V are subgroups of 0 (G)

containing Z , then iV3 V] (as ZC-module) is an epimorphic image of

(U/Z) ® (V/Z) (see for example the discussion in Robinson [S] pp. 126-127).

If A i s an irreducible GF(p)G-module of dimension m > 1 , then the

multiplicity of the t r iv ia l irreducible module in A ® A is at most km .

To see th is , le t F, be the algebraic closure of GF(p) f and suppose

E
A = /I- ® . . . ® A, . The A.'s are d i s t i n c t Galois conjugates (by Theorem

J. ~c %
9.2Kb) of Isaacs [7]), and so if the multiplicity of the tr ivial

irreducible is to be nonzero, we must have either each A • is self

contragredient or the ^ . ' s occur in contragredient pairs. In either case

i t i s clear that the multiplicity is at most %m .
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We begin by considering the structure of 0 (G) • Suppose that

0 (G)/Z contains two distinct minimal normal subgroups of G/Z , U/Z and
P
V/Z . If |Z| = pk , \V/Z\ = p"1 , \V/Z\ pn , with m < n say, then

|C|* < pk+m . But if u e U\Z , \Cv(u)\ * p
k+lm and \Cy(u)\ s p

(since LU,Vl ̂  1 only if U/Z and V/Z are contragredient as

GFfp^G-modules); if follows that \C (u)\ S p , a contradiction.

Hence G/Z has a unique minimal normal subgroup, U/Z say, with

\U/Z) = pm . If U / 0 (G) , let V/U be a minimal normal subgroup of

G/U with V < 0 CG) . If V/Z is elementary abelian, we have LU,V] is

an epimorphic image of U/Z ® V/Z (as GF(p)G-module) and so is

nontrivial only if V/U is contragredient to U/Z (as GFfpJG-modules).

It follows that if u e U\Z \Cy(u)] 2 p > \G\ , again a contradiction.

If V/Z is not elementary abelian, it must be homocyclic with V/U

isomorphic to U/Z (as GF(p)G-modnles). In this case (U/Z) ® (V/Z)

= (U/Z) 9 (V/U) and so if w e £AZ ICJ/MJI > p
k+2mr~3*n > |G|* , a

contradiction. Thus we may assume that 0 (G)/-Z is the unique minimal

normal subgroup of G/Z .

Let N = 0 (G)' : then the chief factors of G in 0 (G)/N are

either central or faithful for G/0 (G) and it follows from the Lemma in

Higman [5] that 0 (G)/N = (U/N) x (Z/N) with U/N isomorphic to

0 (G)/Z las GF(p)G-module) . We set H = G/0 (G) , A = U/N. We consider

the structure of A as a GF(p)H-module. Note that U' = N and hence A

must be self contragredient as GF(p)H-module. If A = An ® ... ® A, ,

\A\ = p , and \N] = p , we have fe < t < %n . We can improve this bound

slightly. Suppose that t = %m ; then A- is a two dimensional faithful

irreducible EH-module, and since Z(H) = 1 we have by Blichfeldt's

Theorem ([3] Proposition 11.2) that 47 is induced from a one dimensional

module B for a subgroup K of index two. We must then have K abelian
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and normal in H •• it follows from Gaschutz [4] that K must be cyclic,

and from that fact that Z(H) = 1 that K must be of odd order. If

Av is reducible we have \K\ divides p - 1 , while if Av is irreduc-
K K

ible, we have End--, \y,(A) = F is a field of order pm normalised by

H in EndnT,, .(A) • In this case if x e H has order two, x acts on
GF(p)

F as a Galois automorphism and so in particular the fixed field of x has

order p : it follows that \K\ divides p^1 + 1 . Note moreover that

the action of x on A- is regular in either case and so contains fixed

points. It follows that if \0 (G) \ = p™* + , and u e U\N with

Dew] 6 N , \CG(u)\ > 2p
m+Si and so 1C| S 4p2rr*21 . But \G\

& 2p (p -hi) : it is easy to check that the resulting inequality never

holds, and hence we must have t s m/3 .

Note that we have p2m i \G\ < p 2 m f 2 k : set \G\ =

Suppose that for some normal subgroup X of H we have Ay non

homogeneous : then for some subgroup I of H there is an irreducible

GFCp̂ JT-inodule B such that A = $ . Set \H-.I\ = j , I = J/0 (G) -. we

have \J\ = \G\/j , \B\ = pm/°'. if B = W/N , and w e W\N , then the

number of conjugates of w is less than p and so

-k-(m/j)-iOq 3 2rrH-2S-k-(m/j)-log 0 •
\C/V)\ > \G\p y p > p

 P

It is easy to check that (m/g) + log 3 z 2m/3 (and hence k + (m/3)

+ log 3 ^ ">) unless m = 4 and 3 = 2. But in this case k = 1 and

so k + (m/3) + logpj * 4 . Thus \cQ(w) | 2 \Cj(w) \ > p"*26 > | c | * ,

a con t rad ic t ion . We must therefore have AY homogeneous for every normal

subgroup X of H •

An immediate consequence of this is that every abelian normal sub-

group of H must be cyclic, and hence in particular 0?^^
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must be trivial. Since H must then have a nontrivial abelian normal

subgroups of odd order, A- must have even dimension to be self

contragredient : it follows that k ̂  m/4 , and A has even dimensions.

Suppose that F(H) is abelian and hence cyclic. We then have

that H/F(H) is cyclic; since F(H) contains no central chief factors

it is complemented in H , by L say. Since ^••ip(n) is a direct sum

E
of nonisomorphic irreducibles, it follows that A p/g\ is a direct sum of

nonisomorphic irreducibles and thus that •̂ p/ni is irreducible. As

above we argue that the action of L on A has fixed points, and L acts

as a group of Galois automorphisms on F(H) • Thus if \H/F(H)I = a S m/t

we get \F(H)\ S (pm-l)/pm/a-l) and then Iff I * op"***'(f-1) /f/a-l) . .

But if xN is centralised by L , we get \Cg(x)\ ̂  p a , and so we

require p 2 m + 2 V < apm~k+i(pm-l)/(pm/a-l) • using the fact that a > 1

and t £ m/a , we see this inequality never holds, and so F(H) cannot be

abelian.

It then follows from the fact that every characteristic abelian

subgroup of F(H) is cyclic that F(B) is the central product of

Z(F(E)) with a direct product of extraspecial groups of distinct prime

power orders (Huppert [6] Satz 3.13.10) . Put Y = Z(F(H)) and let

C=Cr,(Y) : then C is the inertia subgroup of any irreducible

constituent of A.y and C ̂  H : setting a = \R/C\ , we get

1 < a £ m/3t . If B is an irreducible constituent of A1f, then B

is faithful for F(H) . If b = dim B Cso that m = abt) and

2 2a1 2ap
\F(H)/Y\ = a = q. ...q , with q-,...,q distinct odd primes, then

a I b and C/F(H) is isomorphic to a subgroup of Sp(2a^tq^) x ...

x Sp(2a_.q ) (where Sp(2a.,q.) is the symplectic group of degree 2a.

over GF(q.)) . since Bv and Av are homogeneous, the number of

distinct Galois conjugates of an irreducible ET-module is at most
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m/b = at , and so \Y\ < pa - 1 .

We now obtain a final contradiction by bounding the order of G from

above and below and showing that these bounds are incompatible : to do

this we need a bound on the order of soluble subgroups of the symplectic

groups. Unfortunately the easily accessible bounds seem rather crude,

while other bounds (such as those which may be obtained from the

classification of maximal subgroups of the symplectic groups) do not seem

to improve the bounds significantly in small dimensions. The bound we use

will leave us a small number of special cases to consider.

It follows from 2.9.24, 2.8.28, and 2.6.14 of Huppert [6] that a

a.
soluble subgroup of Sp(2a..tq •) has index greater than q. unless

q. =3 and then from 2.9.13 of Huppert [6] that a soluble subgroup of

2a2 a,

SpC2a.,q.] has order less than q. t unless q. = 3 . Thus

a, 2a, a^ 2<i
\C/F(H)\ <• " - ' 1 '-*' r

= 3a j

where 6 = log (a) , q = min{<j' . ,.3q }

We then have t h a t

(i) |C| = pm+k+li\Y\\F(H)/Y\\C/F(H)\\H/C\ .

Using the estimates above, we get

\G\ < 1F
tk+l(pat-l)e2 . 3oU . a .

Note that if W is an irreducible constituent of B_/ul then W is

Ft H)

induced from a one dimensional irreducible for an abelian normal subgroup

of index a , and so there is an element of W (and hence an x e U\N)

centralised by a subgroup of order c . I t follows that \Cr(x) | - p a ,
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and so we must have \G\ > p a ; it is clear that for m large

enough these estimates will give a contradiction. We show that

pm~ '-3c . a > 0 , a contradiction, except for a small number of

cases which we deal with individually. Note that m > 6 and m is

divisible by an odd prime.

Suppose that p > 2 . We have, since p > 3 and q > 3 , that

pm-k-at+l_3aa2Z ^ f-^-at_3aa3 . If at > 2 , we have at < m/3 ,

a < m/3 , k < m/6 , and since a is odd, m/a is even, giving o < m/4 .

j, 2log,e , 2logJm/4)
We then get f~K~av-3aa > f"-3(m/3)(m/4) , and it is

/? 2logJm/4)
not difficult to show that 3™'-3(m/4) > 0 for m > 6 . If

at = 2 , we have a = 2 , t = 1 (and so k = 1) , and then

, 2log,e l+2loq (m/2)
jn-K-av_3ao o ^ f1-i-3(m/2)

 6 ; this also is positive for

m > 10 , If m = 6 , then the result follows from the facts that p > 5 ,

1=0, and C/F(H) is a subgroup of SL(2t3) .

Suppose then that p = 2 . If a = 3 , then b = 6 , being the

dimension of a faithful irreducible module for a non abelian group of

order 27 over GF(2) . Thus m > 12 , a < at < m/6, and the result

follows from the fact that 2 n' - 9m is positive for m > 12 .

Thus suppose that a > 5 . if at > 2, we have a <. m/5 , at < m/5 ,

k < m/10, and a < m/4 •. it then follows that 2™' ~at+i-3aa B

7m/m • 2loq (m/4)
> 2 '-3(m/5)(m/4) . It is then easy to check that this is

positive for m > 10, as required. If at = 2 , then t = k = 1 ,

7 2 log (m/2)
I = 0 , a = 2 , and a < m/2 •. we then get Z ' -18(m/2) 6 > 0

for m 2 18 . This leaves us m - 10 and 14 to consider. Using the

formula (i) for |G| and the fact that C/F(H) is a subgroup of Sp(2}5)

for m = 10 and of Sp(2,7) for m = 14 we see that neither of these

cases can arise.

This establishes the truth of the conjecture.
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The final part of this proof is rather messy : the bounds used are

very sensitive to small changes in the estimates for t, k, a, c . This

version involves the smallest number of special cases of those I tried.

The testing of the corresponding bounds was greatly facilitated by the use

of ANU Graph, a graph drawing package developed by Neville Smythe and

Martin Ward.
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