
HOMOTOPICAL NILPOTENCY OF LOOP-SPACES 

C S. HOO 

1. In t roduc t ion . In this paper we shall work in the category of countable 
CW-complexes with base point and base point preserving maps. All homo-
topies shall also respect base points. For simplicity, we shall frequently use 
the same symbol for a map and its homotopy class. Given spaces X, Y, we 
denote the set of homotopy classes of maps from X to F by [X, Y]. We have 
an isomorphism r: [2X, Y] —> [X, 12 Y] taking each map to its adjoint, where 
2 is the suspension functor and Œ is the loop functor. We shall denote r ( l s x ) 
by e' and T -1(lax) by e. 

Suppose that Xi,. . . , Xn are spaces. For 0 S i ^ n — 1, let T{ (Xi, . . . , Xn) 
be the subset of the cartesian product Xi X X2 X . . . X Xn consisting of 
those n-tuples with at least i coordinates at the base points. If the spaces 
Xi, . . . , Xn are understood, we shall frequently abbreviate 7\(Xi, . . . , Xn) 
by Ti. Since maps preserve base points, given maps fk: Xk —> Yk for 
k = 1, . . . , n, we see that / i X . . . X fn maps Tt(Xi, . . . , Xn) to 
Ti(Yi, . . . , Yn). We denote the restriction of/i X . . . X fn to 7\(Xi, . . . , Xn) 
by Ti(fu . . . , / n ) . Thus, 7\(/i, . . . , /n) is a map from 7\(Xi, . . . , Z n) to 
Ti(Fi, . . . , Yn). We see that T0 is the usual cartesian product functor, 7\ is 
the so-called "fat wedge", and 7^-i is the one-point union functor. We have 
natural transformations of functors Tt —> 7\_i for i = 1, . . . , n, induced by 
the obvious inclusions. Let us denote the composition Tt —> T0 by j u where 
we shall drop the suffix i if it is understood from the context. The quotient 
To/Ti is the smash product functor A. We may consider j t as a natural 
fibration. Let Ft be the fibre and Uf. Ft —•> Tt the inclusion. 

2. Given spaces Xi, . . . , Xw, let us consider the fibration 

Fi(Xij . . . , Xn) — ^ Ti(Xi, . . . , Xn) — ^ ro(Xi, . . . , Xn). 

Then it can be checked that there is map 0*: iïT0 —> Œ7\ such that 
(tiji)di~ lfiro- In fact, if £*: r 0 (Xi , . . . , Xn) —> Xfc is the projection and 
tA: Xfc —> Ti(Xi, . . . , Xn) the obvious inclusion, then we can and shall take 
di = O(n^i) + . . . + ^ ( ^ « ) . Further, 6t is an H-map if i S n — 2; see 
(7, Lemma 1 or 3, Theorem 2.14). Thus we, have a split short exact sequence 
of H-spaces: 

* —» 12^^ > 12i i —^-> 12i o —> * . 
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Consider 6i(iïji): £27\ —» Î27Y From the exact sequence we see that there 
exists a unique element dt of [iïTif ÇlFt] such that 

n 

Given a map / : X —> 7\(Xi, . . . , Xn) we define a map 

Then we have that 

fif = (Qu,)Ht
n(f) + £ »(«*frj<f). 

Note that if n = 2 and i = 1, then FX(XU X2) = Xx b X2, the "flat product'', 
and if/: I ^ I i V l 2 is a map, then i ï i 2 (/) : GX-*Q(Xi bX2) is the dual of the 
Hopf construction used in (4). In the general case, we note that if g: Y —> X 
is another map, then Hfijg) = Ht

n{f)(Qg). If fk: Xk—> Yk are maps for 
k = 1, . . . , n, then we have a map 

Tt(Jx,.. . , /„) : Ti(X1, ...,Xn)^Ti(Y1,..., Yn). 

This map induces a map 

Fi(fl9 . . . Jn): Fi(Xlj . . . , Xn) -» ^ ( F x , . . . , Yn) 

such that Titfi, . . . ,fn)ut^UiFi(ju • • • ,/n). Then, if g: Z->Tt(Yu . . . , F») 
is a map, we easily check that 

n{ W i /„)*} = (a«4)û{ W i , . . . ,f.)}Ht
n(g) + E aukpkjtTt(fu... ,/„)«} 

and Ht»{Tt(flf . . . ,/B)g} = Q{Ft(fl9 . . . ,/»)}H,"(g). 
We now apply our results to the nilpotency of loop-spaces; see (1) for 

definitions. Let X\, . . . , Xn be spaces. For each k = 1, . . . , n, let e: 2SlXk —» Xfc 

be a map such that r(e) = lox-r Let ^ = i^e: SOX^ —> I \ (Xi , . . . , Xw). 
Then r f e ) : 12Xfc —* 127\. Note, of course, that r{ek) is 12tfc. Let 
cn: T0(ÇlTi, . . . , Î27\) —> ClTt be the commutator map of weight n\ see (1). 
Let 5. = r-M^Cr^i) X . . . X r f c ) ) | : 2T<Q(Xl9 . . . , Xn) -> 7\(X l f . . . , Xn). 
We have, of course, a map cn for each i. However, the i shall be understood 
from the context, and we shall suppress it from the notation for cn unless it is 
absolutely necessary in order to avoid confusion, in which case we shall write 
cn,i for the obvious cn. Applying the above method, we now have maps 
Ht

n(cn): fiSr0Q(Xi, . . . , Xn) -> SLFiiXu . . . , Xn) satisfying the relation 

n 

k=l 

LEMMA 1. Ucn = (ÇlUi)Hin(cn). 
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Proof. Consider jtcn: 2r0O(Xi, . . . , Xn) -> r 0 (Xi , . . . , Xn). We have that 
r(jiCn): T0tt -> 07V We note that T0ti(Xu . . . , Xn) ^ OT^Xx, . . . , X J . 
Now, using the fact that Çljt and Slpk are H-maps, we have that 

r(jiCn) = (^iz)rfe) = (fy\K(r(ei) X . . . X r(en)) 
= cn(T(J^i) X . . . X r(jten)). 

Hence, for each k, we have that 

(^Pk)r(jiCn) = (^Pk)cn(r{jiei) X . . . X r(j>n)) 
= ^ ( K / W i ) X . . . X r(pkjien)). 

We have used £w to denote the commutator maps of weight w for various 
different spaces. Since r(p1cjier) = 0 for r ^ k, it is clear that the last map 
on the right-hand side is homo topically trivial. Hence, r(pkjiCn) = 0 for all k, 
and hence pkjiCn = 0 for all k since r is an isomorphism. It follows then that 
jiCn = 0 by the property of direct products. Thus, we have that ticn = 
(QudHficn). 

LEMMA 2. There exists a map bt: 2r0O(Xi, . . . , Xn) —> Fi(Xu . . . , Xn) 
such that Uibi = cn and Hin(cn) = Ubt. 

Proof. According to the proof above, we have that jiën = 0. From the 
exact sequence of the fibration 

Ft-ZU TtJu To, 
we have a map bù 27\)0 —> F* such that ujbi = cn. Hence, (tiut) (06*) = (0cw). 
Since iïcn = (QUi)Hin(cn) and (0^)# is a monomorphism, it follows that 
23V (c») = 06,. 

Now suppose that Xi = X2 = • • • = Xn — X and i = n — 1. Then we 
have a generalized folding map V: Tn_i(X, . . . , X) —» X. It is easily checked 
that Vcw = T - 1 ( C J , where cn: F0O(X, . . . , X) —> OX is the commutator map 
of weight n for OX. 

THEOREM 1. cw = Q(Vun-i)Hn-i
n(cn)e', wAere cn w /fee commutator map of 

weight n for OX. Hence, nil X < n if and only if Vun-J)n-i ~ *. 

Proof. By Lemma 1, we have that 0c„ = (Çlun-i)Hn-i
n(cn). Hence, 0(Vcw) = 

Çl(Vun-i)Hn_in(cn). Since Vcw = r - 1 ( ^ ) , we have that r(Vcn) = £w. Hence, 
cw = Çl(ycn)e' = Çl(Vun-i)Hn-i

n(cn)e
f. Since Hn-i

n(cn) = 06w_i, we have that 
£w = r(v*wn_iôn_i) and the result follows. 

Remark. We observe that if 0(V^_i) ~ *, then Q(Vi) ~ *: 0(X b X) —> OX. 
This is easily seen by embedding X X X in TQ(X, . . . , X) as the first two 
coordinates. This induces maps which yield a diagram 

X b X 

h 

X V X 

h 

x x x 

H 

F ^ X , ... ,x)—> r,_!(x,... ,x)—> r0(x,... ,x) 
w„_i 7n- l 
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Since V/2: X V X —» X is actually the folding map, the result follows. We 
observe that 12 (Vi) ~ * is a condition for nil X ^ 1; see (2; 4). Thus, if 
iï(Vun-i) ^ *, then nil X ^ 1. 

Now, suppose that X is an H'-space with comultiplication </>: X —> X V X 
such that j<f> ~ A: X X X, where j : X V X -^ X X X is the inclusion and A 
is the diagonal map. Define 03 = (« V 1)0: X -> X V X V X, 03 ' = 
(1 V 0)0: X -> X V X V X. Let F be a space and let fu f2l /8 : X -> F be 
maps. Then T2{fhf2jfz): T2(X, X, X) -> T2(F, F, F) and VT2(fuf2,fz)<l>z, 
VT2(Juf2,fz)4>z'\ X -+ F. I t is easily checked that in [X, F], VT2{fltf2tfz)4>z = 
(fi+f*) + / s and VT2(fltf2,fz)<l>z' = / x + (f2 + / 8 ) . By the above methods, 
we see that 

3 

Hence, 

0 { ( f l + / 0 + / 3 } = 0{Vr«(/l,/2,/«)*8Î = "(VM2)fi{F2(/lj2,/3)}i?23(^) 
3 

+ Z ^ v ^ i 2 r 2 C f 1 , / 2 , / 3 ) 0 3 Î . 

Now 
VlkPkJ2T2(fl,f2,fz)<l>3 = P*J2T2(fl,f2,f*)<l>3 

= PkT0(f1,f2,fi)J2<l>3. 

I t is easily checked that j 2 0 3 — A: X —» T0(X, X, X) , the generalized diagonal 
map. Hence, V i ^ J 2 r 2 ( / i , / 2 , / 3 ) 0 3 = f*P*J2<l>*^fkPkà = /* . Thus, 

W i + / 2 ) + / 3 } = ^(V^2)12{F2(/1,/2,/3)}^23(03) + Z ^ . 

Similarly, 

Q{/i + (f* + / 8 ) } = n(yu2)Q{F2(fi,f2,f*)}H2
zw) + Z 0/*. 

Thus, if 12(Vw2) ~ *: 12F2(F, F, F) -> 12F, then 

0 { ( / l + / 2 ) + / 8 } = « { / l + ( / 2 + / 8 ) } 
in [12X, 12 F]. 

We now consider the function 12: [X, F] —> [12X, 12F] induced by the loop 
functor. We observe that since X is an H'-space, this function is a one-to-one 
into function. In fact, we have the commutative triangle 

12 
[X, F] > [12X, 12 F] 

[212X, F] 
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where e: 212X —> X is such t ha t r(e) = 1QX. N O W T~1 is an isomorphism, 
Since X is an H'-space, there is a m a p s: X —> 212X such t ha t es ~ lx. Hence 
é is an injection, and hence 12 is an injection. 

I t follows then t ha t if 12(Vw2) ^ *: QF2(Y, F, F) - • 12F, then 
(/i + / 2 ) + / 3 = / 1 + C/2 + / 3 ) , t ha t is, the induced operation in [X, Y] is 
associative. However, we have observed above t h a t this condition also implies 
t h a t [X, Y] is abelian. For il (Vu2) ^ * implies t ha t [12X, SIX] is an abelian 
group, and our observations above now show tha t 12: [X, Y] —> [12X, 12F] is a 
monomorphism. We now see t ha t [X, Y] is a commutat ive , associative loop, 
and hence is an abelian group. Thus , we have the following theorem. 

T H E O R E M 2. Let (X, 4>) be an H' 'space and let Y be a space such that 
Q(Vu2) ^ *: 12F2(F, F, F) —*12F. Then [X, Y] is an abelian group and 
12: [X, Y] —» [12X, 12 F] is a monomorphism of abelian groups. 

T h e above results can be generalized to n functions. Suppose t ha t (X, <£) 
is a homotopy-associative H'-space and let F be a space. Suppose t h a t 
fu • • • yfn are maps from X to F. Let us define <f>n: X —> V^=i X as follows. 
P u t $2 = <t>. Suppose t ha t <t>n has been defined, let <j>n+1 = (<j> V 1)0W, where 1 
is the ident i ty map of V t i . Then we have vTw_i(/ i , . . . , /w )0w : X —* F, 
where V is the generalized folding map. I t is easily seen t ha t 
v r B _ i ( f i , . . . , /„)0» = / i + . . . + / „ in [X, F] . By the above methods, we 
see t h a t we have t ha t 

OfTVaCft, . . . ,/»)*„} = (12^_i)12{/V-i(/i, . . . Jn)}Hn^
n(<l>n) 

n 

+ £ &Wplcjn-lTn-l(flj • • • , / n ) 0 » } . 

Hence, 

QCfi + • • • + /») = QfVTViC/i, . . . ,/»)*.} 

= îîCVM^OQfF îCfi, . . . Jn)}Hn^
n(4>n) + E tiiVLlcPjcjn-lTn-!^!, . . . f /n)^} 

= QÇVu^tWF^ifu . . . Jn)}Hn^
n(cj>n) + £ 12/,. 

Thus , we have the following theorem. 

T H E O R E M 3. Let (X, <j>) be a homotopy associative H'-space and let fi, . . . ,fn 

be maps from X to Y, where Y is some space. Then 

Qtfl + . . . + / » ) = QfV^iM/^iCf!, . . . ,fn)}Hn-in(<l>n) + £ «/*. 

COROLLARY. Le/ (X, </>) Z>e a homotopy-associative Hf-space and let nx Ç [X, X] 

be lx + . . . + lx (n summands). Then 

ttnx = 12(V^w_i)i7w_iw(0w) + w^-. 
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Remark. We have seen that if Î2(VM„_I) ~ *: Œ/v_i(X, . . . , X) -> QX, then 
fi(V^) ^ * : 12(X b X) —> ŒX, and hence 12X is homotopy-commutative. We 
observe here that if (X, <£) is an H'-space and QX is homotopy-commutative, 
then X is actually also an H-space. For by Stasheff's criterion (see 8), since 
12X is homotopy-commutative, the map eV: 212X V 2ŒX —» X extends to a 
map / : S12X X 2ŒX —•» X. Since X is an H'-space, there is a map s: X —> 2ŒX 
such that es ~ l x . Now consider the following diagram, where j denotes the 
various natural inclusions: 

s V s eV 
X V X > 212X V 2ÛX > X 

r r" / / 
X X X > 212X X 2ŒX 

We can define a multiplication m = f(s X 5): X X X—» X. Then 
w7 = / ( 5 X 5)7 = fj(s V s) ~ eV(i V s) = esV ~ V. Hence, m provides an 
H-structure on X. 
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