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CHARACTERISTIC POLYNOMIALS OF
FINITELY GENERATED MODULES OVER WEYL ALGEBRAS

ALEXANDER B. LEVIN

In this paper we modify the classical Grobner basis technique and prove the ex-
istence of a characteristic polynomial in two variables associated with a finitely
generated module over a Weyl algebra. We determine invariants of such a poly-
nomial and show that some of the invariants are not carried by the Bernstein
dimension polynomial of the module.

1. INTRODUCTION

The role of Hilbert polynomials in commutative algebra and algebraic geometry is
well known. In [2] Bernstein introduced an analog of the Hilbert polynomial for a finitely
generated filtered module over a Weyl algebra and extended the theory of multiplicity
to the class of such modules. The results of this study have found interesting analytical
applications (many of them are considered in Bjork's book [4]). In particular, they
allowed Bernstein [3] to prove the Gelfand's conjecture on meromorphic extensions of
functions Tf(X) — J Px(x)f(x)dx of one complex variable A defined in the half-space
Re(X) > 0 for any polynomial in n real variables P(x) = P(x\,... ,xn) and for any
function f{x) = f(Xl, ...,xn)€ C g ° ( R n ) .

In what follows we prove the existence, determine invariants and outline methods
of computation of dimension polynomials in two variables associated with the natural
bifiltration of a finitely generated module over a Weyl algebra An(K). We show that
such polynomials not only characterise the Bernstein class of left An (K) -modules, but
also carry, in general, more invariants than the dimension polynomials introduced by
Bernstein.

2. PRELIMINARIES

Throughout the paper Z, N and Q denote the sets of all integers, all non-negative
integers and all rational numbers, respectively. As usual, Q[t] denotes the ring of
polynomials in one variable t with rational coefficients and o(tn) denotes a polynomial
from Q[t] of degree less than n. By a ring we always mean an associative ring with a
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unit. Every ring homomorphism is unitary (maps unit onto unit), every subring of a
ring contains the unit of the ring. Unless otherwise indicated, by a module over a ring
R we mean a unitary left i2-module.

In what follows we consider a Weyl algebra as an algebra of differential operators
over a polynomial ring. More precisely, let K be a field of zero characteristic and
R = K[xi,.. .,xn] a polynomial ring in n variables xi,...,xn over K. Furthermore,
let di denote the operator of partial differentiation of the ring R with respect to the
variable Xj (i = 1, . . . , n) and let An(K) denote the corresponding ring of differential
operators over R. Then An(K) is said to be a Weyl algebra in n variables with
coefficients from K. It is clear that the K-algebra An{K) is generated by the elements
x i , . . . , xn, di,..., dn, didj — djdi and diXj = Xjdi for any two different indices i and j
(1 ^ i, j ^ n), and diX{ — Xidi + 1 for i = 1, . . . , n. (The last identity is a consequence
of the product rule, if one considers actions of the operators diii and Xjd; on the ring
R: (diXi)(P) = di(xiP) = (xidi)(P) + P for any P € R.)

In what follows, multi-indices with non-negative integers are denoted by small
Greek letters. Thus, monomials x°1...a;"n and df1 •••d^n are written as xa and
d&, their total degrees a\ + • • • + an and /?i + • • • + /3n are denoted by \a\ and |/?|,
respectively.

It is known (see [4, Chapter 1, Proposition 1.2]) that the monomials xad13 (a,(3 €
N") form a basis of An(K) over the field K, so that every element D e An(K) can
be written in a unique way as a finite sum ^2kapxad^ with the coefficients kap s K.
The number ordD = max{|a| + \/3\ | kap ̂  0} is called the order of the element D.

Since ord(£>i£>2) = ord£>i + ord£>2 for any Di,D2 € An(K), the Weyl algebra
An(K) can be considered as a filtered ring with the nondecreasing filtration (WV)r6Z

where Wr = {D € An{K) \ ord£> ^ r) for r € N and Wr = 0, if r < 0.
If M is a finitely generated left An(K) -module with a system of generators

9i, • • •->9pi then M can be naturally considered as a filtered An(K)-module with the
p

filtration (Mr) r g Z where Mr = Yl Wrgi for r 6 Z. It is clear that each Mr is a

finitely generated vector .ftT-space, WrM3 = Mr+3 for all r, s £ N, and |J Mr — M.
reN

The following statement is proved in [2] (see also [4, Chapter 1, Corollaries 3.3,
3.5, and Theorem 4.1]).

PROPOSITI ON 2 . 1 . With the above notation, there exists a polynomial i>M (t) S
Q[t] with the following properties.

(i) ^M{T) = dimjfMr for all sufficiently large r e Z (that is, there exists
r0 6 Z such that the last equality holds for all integers r ^ TQ );

(ii) n

https://doi.org/10.1017/S0004972700022425 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700022425


[3] Characteristic polynomials 389

(Hi) If ip{t) = a^td H 1- ait + ao (a-d, • • •, oi, ao € Q j , then the degree d of
the polynomial r/>(t) and the integer d!a<i do not depend on the choice of
the system of generators gi,..., gv ofM. These numbers are denoted by
d(M) and e(M); they are called the Bernstein dimension and multiplicity
of the module M, respectively.

The polynomial ipM{t) is called the Bernstein polynomial of the An(K) -module M
associated with the given system of generators. The family of all finitely generated left
An(if)-modules M such that d(M) = n is denoted by Bn; it is called the Bernstein
class of An (K) -modules.

The following statement (see [4, Chapter 1, Proposition 5.2, 5.3 and Theorem 5.4])
gives some properties of the Bernstein class.

PROPOSITION 2.2.

(i) If 0 —> Mi —> M2 -> Mz —• 0 is an exact sequence of left An(K) -modules,
then M-i € Bn if and only if Mi € Bn and M3 £ Bn.

(ii) If M € Bn, then M has a finite length as a left An(K)-module. In fact,
every strictly increasing sequence of An{K)-modules contains at most
e(M) terms.

(iii) If M is any filtered An(K) -module with an increasing filtration (Mr)r€Z

and there exist positive integers a and b such that dimjf Mr ^ arn +
b{r + I ) " " 1 for all r € N , then M € Bn and e(M) ^ n\a.

3. NUMERICAL POLYNOMIALS IN TWO VARIABLES

DEFINITION 3.1: A polynomial / ( t i , ^ ) m t w o variables <i and *2 with rational
coefficients is called numerical if / ( t i , ^ ) € Z for all sufficiently large ti,t2 6 Z,
that is, there exists an element (ro,so) 6 Z2 such that f(r,s) 6 Z for all integers
r ^ r0, s ^ s0 .

It is clear that every polynomial in two variables with integer coefficients is nu-
merical. As an example of a numerical polynomial in two variables with noninteger

coefficients one can consider a polynomial I 11 I, where m and n are positive
\mj \nj

integers at least one of which is greater than 1. (As usual, for any k 6 Z, k ^ 1, I I

denotes the polynomial I I =t(t—l)...(t — k + l)/fc! in one variable t; furthermore,

we set I 1 = 1 ) &Qd I , 1 = 0 if fc is a negative integer).

By the degree of a monomial u — t1^ we mean its total degree degu = i + j ,
and the degrees of u relative to ti and ti are defined as degtl u = i and degt? u = j ,
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respectively. If }{t\,t2) = a i u H hafcUjt is a representation of a numerical polynomial

f{ti,t2) as a sum of monomials u i , . . . ,u* with nonzero coefficients o i , . . . ,ak, then the
degree of f(ti, t2) and the degree of this polynomial relative to U {i = 1,2) are defined
as usual: d e g / = max{degUj | 1 < i ^ k} and degfi / = max{deg(j Uj | 1 ^ i ^ k},
respectively.

The following proposition proved in [9] gives a "canonical" representation of a
numerical polynomial in two variables.

PROPOSITION 3 . 1 . Let f(ti,t2) be a numerical polynomial in two variables
t\, t2, and let degt l f = p, degt2 f — q . Then the polynomial f(ti,t2) can be
represented in the form

(3.D /<-.«.>-
i=0 j=0

with integer coefficients ay (0 ^ i < p, 0 ^ j < q) that are uniquely defined by the
polynomial f(ti,t2).

In what follows (until the end of the section), we deal with subsets of the set
jvjm+n w n e r e m a n ( i n a r e positive integers. If A C N m + " , then A(r, s) (r,s £ N)
will denote the subset of A that consists of all (m + n)-tuples (a i , . . . , am+n) such that
oi + • • • + am ^ r and am+i + • • • + am+n ^ s. Furthermore, VA will denote the set
iy = (v\,...,vm+n) € N m + " | v is not greater than or equal to any element of A with
respect to the product order on N m + " } . (Recall that the product order on the set Nfc

( & € N , fc^l)isa partial order <p on Nfc such that (ci,...,Cfc) ^ p (c'j, . . . ,c'fc)
if and only if Cj ̂  c\ for all i = 1 , . . . , k.) Clearly, an element v = (vi,..., vm+n) €
N m + " belongs to VA if and only if for any element (oi , . . . ,am+n) 6 A there exists
! 6 N , K i ^ m + n, such that a* > V{.

The following two statements proved in [10, Chapter II, Theorem 2.2.5 and Propo-
sition 2.2.11] generalise the well-known Kolchin's result on numerical polynomials asso-
ciated with subsets of N (see [8, Chapter 0, Lemma 17]) and give the explicit formula
for the numerical polynomials in two variables associated with a finite subset of N m + n

(m and n are fixed positive integers).

PROPOSITION 3 . 2 . With the above notation, for any set A C N m + n , there
exists a numerical polynomial VA{ti,t2) in two variables ti,t2 such that

(i) WA(r,s) — CardV^r, s) for all sufficiently large r, s € N (as usual,
Card V denotes the number of elements of a finite set V);

(ii) deg a ^m + n, degtl w ^ m, and degt2 u> ^ n;

(iii) degu = m + n if and only if the set A is empty, in this case ^^(fi,^) =
/ii + m\ (t2 + n\
V rn ){ n ) '
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(iv) wyi(ti, t2) - 0 if and only if (0,0) € A.

DEFINITION 3.2: The polynomial u>A(ti, . . . , tp), whose existence is established by
Proposition 3.2, is called the (m,n)-dimension polynomial of the set A C N m + n .

PROPOSITION 3 . 3 . Let A - {ai,...,ap} be a finite subset of N m + n (m and
n are fixed positive integers) and let Oj = (an,..., a i > m + n ) for i = 1 , . . . ,p. Further-

more, for any l e N , 0 ^ l ^ p , l e t T(l,p) denote the set of all I-element subsets

of the set N p = {l,...,p}, and for any a € T(l,p) let aaj — max{af,- | i 6 <r}

(1 ^ j ^m + n), ba = £ » a j . and ca = £ aaj. Then
J= l J=m+1

m

- ba
n )•

Let N p = { l , . . . , p } (p € Z, p ^ 1) be the set of the first p positive inte-
gers and let N n x N p be the cartesian product of n copies of N (n € N ) and
N p considered as an ordered set with respect to the product order ^ p such that
(a.\,..., an, b) ^p (a[,...,a'n, b') if and only if a< ^ a'{ for all i = 1 , . . . , n and 6 ^ 6 ' .
As usual, if ( a i , . . . , an, b) ^P (a ' j , . . . ,a'n , b') and ( a i , . . . , am, 6) ^ (a^, . . . ,a'n ,b ') , we
write ( o i , . . . , an, 6) < P ( a i , . . . , a'n, b').

In what follows, we shall need the following result on the order ^ p whose proof
can be found in [8, Chapter 0, Section 17]

LEMMA 3 . 4 . Every infinite sequence of elements of N n x N p (n,p € N , p ^ 1)
has an infinite subsequence, strictly increasing relative to the product order, in which
every element has the same projection on N p .

4. REDUCTION IN FINITELY GENERATED FREE MODULES OVER WEYL ALGEBRAS.

CHARACTERISTIC SETS

The efficiency of the classical Grobner basis methods for the computation of Hilbert
polynomials of graded and filtered modules over polynomial rings is well-known. (One
of the best presentations of the appropriate results and algorithms can be found in [1,
Chapter 9] and [6, Section 15.10].) Similarly, the generalisation of the Grobner basis
technique to the rings of differential operators developed in [7] and [10, Chapter 4]
allows us to find dimension polynomials of finitely generated differential modules (see
[10, Chapter 4, Theorem 4.3.5]). In this section, proceeding in the spirit of the Ritt-
Kolchin theory of characteristic sets (see [8, Chapter 1, Section 8-10 and Chapter 2,
Sections 12, 13]), we generalise the classical Grobner reduction to the case when the set
of terms of a Weyl algebra An(K) is considered together with two natural orderings.
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The results obtained allow us to prove the existence and give a method of computation of
characteristic polynomials in two variables associated with a finite system of generators
of an An(K) -module.

In what follows, we keep the notation and conventions of Section 2. In particular,
An(K) denotes a Weyl algebra in n variables xi,...,xn over a field K of zero charac-
teristic, and the appropriate partial differentiations are denoted by d\,..., dn, respec-
tively. Furthermore, © will denote the commutative semigroup of all power products

x<*gP = a;°i . _ . x ^ d f 1 .. ,d&n with nonnegative integer exponents. If 9 = xad13 € 0 ,
then the numbers |a | and |/3| will be called the orders of 9 relative to the sets
{x\,... ,xn} and {di,...,dn}, respectively. These numbers will be denoted, respec-
tively, by ordz 9 and ordg 9.

Let E be a finitely generated free An(K)-module with free generators ei,...,ep.

Obviously, E can be considered as a vector K -space with the basis Oe = {9ei | 9 €
0 , 1 ^ i ^ p) whose elements will be called terms. For any term 9ej, we define
the orders ordx (9ej) and orda (9ej) of this term relative to the sets {xx,... ,xn} and
{(?!,...,<?„} as numbers ordx0 and ordgO, respectively. Furthermore, we say that a
term 9ej is a multiple of a term 9'ek if 0e3- = 9"(9'ek) for some element 9" € 0 . It
will be written as O'ek \ Oej. (Of course, if 9'ek | 6ej, then k = j and 9' | 9 in the
semigroup 0 . )

Below we consider two orders <x and <g on the set ©e defined as follows: if
9ej = n * ! . . . Xn^d^ ... djn

ej and ffek = x^ ... x n
f c "9 i ( l . . . dn

lnek, then 9ej <x

9'ek if and only if the vector (oTdx9,orda9,j,ii,...,in,ji,---,jn) is less than the
vector (orda; 6', ordg 9', k, k\,..., kn, l\, . . . , /„ ) with respect to the lexicographic order
on N 2 n + 3 ; similarly, 6ej <a 9'ek if and only if (orda0,ord^ 0, j,ju ... Jn,ii, •.. ,in)

is less than (ordj, 9', ord^ 9', k,li,..., ln, k\, ..., kn) with respect to the lexicographic
order on N 2 n + 3 .

Since the set ©e is a basis of the if-vector space E, every element f e E has a
unique representation in the form

(4.1) / - a i 0 i e i l + • • • + aq9qeiq

where 0j € ©, a* G K, <2j ^ 0 (1 ^ i ^ q), 1 ^ t i , . . .,ig ^ p , and 9reir ^ 9seis if
r^s.

Let / be an element of the module E written in the form (4.1) and let #fceifc and
9ieit be the greatest terms of the set {0iejp . . . ,9qeiq) relative to the orders <X and
<9, respectively. (It is possible that k = I, that is, 9keik = 9^ ) . Then the terms 9k£ik

and fyej, are called the x -leader and d -leader of the element / ; they are denoted by
Uf and Vf, respectively. The coefficients of the x- and d -leaders of an element f £ E

will be denoted by lcx(f) and lcg(f), respectively.
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Let / and g be two elements of the free i2-module E considered above. The
element / is said to be reduced with respect to g if / does not contain any multiple
Bug {9 G O) of the x-leader ug such that oida(9vg) ^ ord$u/. (We say that an
element / G E contains a term 6CJ if this term appears in representation (4.1) with
a nonzero coefficient.) An element h G E is said to be reduced with respect to a set
S C E, if h is reduced with respect to every element of the set S .

DEFINITION 4.1: A subset E of the free An(K)-module E is called autoreduced
if every element of E is reduced with respect to any other element of this set.

The following statement is the direct consequence of Lemma 3.4.

LEMMA 4 . 1 . Let E be the free An(K) -module considered above and let 5 be an
infinite sequence of terms from the set 0 e . Then there exists an index j (1 ^ j ^ p) and
an infinite subsequence Oiej,02ej,... ,0kej,... of the sequence S such that 6k | #jt+i
for all k = 1 , 2 , . . . .

PROPOSITION 4 . 2 . Every autoreduced subset of the free An(K) -module E is
finite.

P R O O F : Let E be an autoreduced subset of E. First of all, note that if / , g e E
and / 7̂  g, then Uf / ug. Indeed, since the elements / and g are reduced with
respect to each other, the equality Uf = ug would imply that orda vg < orda Vf and
orda Vf < orda vg at the same time.

Suppose that our autoreduced set S is infinite. Then the set U = {uf | / g E}
is infinite and it does not contain two equal elements. By Lemma 4.1, there exists an
infinite sequence u / t , u / 2 , . . . of elements of U such that Ufi \ u/ j + 1 for all i = 1,2,... ,
that is, Ufi+1 = OiUfr for some 0j G 6 (i = 1 ,2, . . . ) . Let fc< = ordau/, and l{ —
orda Vfi (i = 1 ,2, . . . ) . It is clear that if i i + 1 - h ^ fcj+i - hi for some index i, then
fi+i is not reduced with respect to fi, so we should have k+i - h < ki+i - hi for all
i — 1 ,2 . . . . Therefore, h+i - k,+i < l{ - k{ for all i = 1,2, . . . . This contradicts the
fact that h ^ ki for all i = 1,2, D

PROPOSITION 4 . 3 . Let E = {gi,...,gr} be an autoreduced subset of the
free R-module E and let f € E. Then there exists an element g € E such that

r
f - g = Yl ^i9i f°r some A i , . . . , Ar G An{K) and g is reduced with respect to the set

i = l
E.

PROOF: If / is reduced with respect to S , the statement is obvious (one can set
g — f). Suppose that / is not reduced with respect to E. Let Ui and V{ be the leaders
of the element gt relative to the orders <x and <g, respectively, and let a* be the
coefficient of the term Ui in gi (i = 1 , . . . , r ) . In what follows, a term w^, that appears
in an element h G E, will be called a E-leader of h if Wh is the greatest (with respect
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to the order <x) term among all terms 6UJ {6 6 G, 1 < j' ^ r) that appear in h and
satisfy the condition orda (OVJ) < ordgVh. (As above, Uh, and Vh denote the leaders of
the element h relative to the orders <x and <g, respectively).

Let Wf be the E-leader of the element / and let c/ be the coefficient of Wf
in / . Then Wf = OUJ for some 6 € 0, and for some j (1 ^ j < r) such that
orda (OVJ) ^ ordaVf. Without loss of generality we may assume that j corresponds to
the maximum (with respect to the order <x) x -leader u, in the set of all x -leaders of
elements of E. Let us consider the element f = f - (cf/a,j)8gj. Obviously, / ' does
not contain Wf and orda (vf) ^ ordgt;/. Furthermore, / ' cannot contain any term of
the form O'ui ( 0 ' G 0 , l ^ t ^ r ) that is greater than wj (with respect to <X) and
satisfies the condition orda (O'vi) ^ orda VJI. Indeed, if the last inequality holds, then
orda(#'^i) ^ ordgVf, so that the term 6'ui cannot appear in / . This term cannot
appear in 6gj either, since ue9j = 6UJ — Wf <x 6'ui. Thus, 6'ui cannot appear in
f = f — (cf/a.j)0gj, whence the £-leader of / ' is strictly less (with respect to the
order < x ) than the E-leader of / . Applying the same procedure to / ' and continuing
in the same way, we obtain an element g £ E such that / - g is a linear combination
of elements gi,...,gr with coefficients from An(K) and g is reduced with respect to
E. D

DEFINITION 4.2: Let / and g be two elements of the free An(K)-module E.
We say that the element / has lower rank than g and write rk(f) < rk(g) if either
" / <x ug or Uf = ug and v/ <g vg. If Uf = ug and Vf = vg, we say that / and g
have the same rank and write rk{f) = rk(g).

In what follows, while considering autoreduced subsets of E, we always assume
that their elements are arranged in order of increasing rank. (Therefore, if we consider
an autoreduced set E = {hi,..., hr} C E, then rk{h\) < • • • < rk(hr)).

DEFINITION 4.3: Let E = {hi,..., hr} and E' = {h[,..., h'3} be two autoreduced
subsets of the free An (K) -module E. An autoreduced set E is said to have lower rank
than £' if one of the following two cases holds:

(1) There exists k £ N such that 1 ^ k ^ min{r, s}, rk(hi) - rfc(ftj) for
i = 1, . . . , jfc - 1 and rk(hk) < rk(h'k).

(2) r>s and rk(hi) = rfc(/^) for i - 1,.. . , s .

If r = s and rk(hi) = rfc(/ij) for i — 1,. . . ,r, then E is said to have the same rank as
E'.

PROPOSITION 4 . 4 . In every nonempty set of autoreduced subsets of the tee
An(K)-module E there exists an autoreduced subset of lowest rank.

PROOF: Let $ be any nonempty set of autoreduced subsets of E. Define by
induction an infinite descending chain of subsets of $ as follows: $o = $, $i = {£ £
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$o I £ contains at least one element and the first element of £ is of lowest possible
rank}, . . . , $* = {£ € $jt-i | £ contains at least fc elements and the fcth element
of £ is of lowest possible rank}, . . . . Obviously, if $& ^ 0, then fcth elements of
autoreduced sets from <&& have the same a;-leader Uk and the same y -leader i/*. If
<£fc were nonempty for all fc = 1,2, . . . , the set {/* | /* is the fcth element of some
autoreduced set from $jt} would be an infinite autoreduced set, which would contradict
Proposition 4.2. Therefore, there is a smallest fc such that $fc = 0. (Since, $o = $ is
nonempty, fc > 0). It is clear that every element of $fc_i is an autoreduced subset in
<5 of lowest rank. D

DEFINITION 4.4: Let N be a An(A")-submodule of the free An{K)-module E.

An autoreduced subset of N of lowest rank is called a characteristic set of the module
N.

PROPOSITION 4 . 5 . Let N be an An(K)-submodule of the free An(K)-
module E and let £ — {g\,... ,gr} be a characteristic set of N. Then an element
f E N is reduced with respect to £ if and only if f = 0.

PROOF: Suppose that / is a nonzero element of N reduced with respect to E. If
rk(f) < rk(gi), then the autoreduced set {/} has lower rank than £ . If rk(gi) < rk(f)
( / and <7i cannot have the same rank, since / is reduced with respect to £) , then /
and the elements g e £ that have lower rank than / form an autoreduced set that has
lower rank than £. In both cases we arrive at a contradiction with the fact that £ is a
characteristic set of N. U

PROPOSITION 4 . 6 . Let N be a cyclic An(K)-submodule of the free R-module
E generated by an element g € E. Then {g} is a characteristic set of the module
N = An(K)g.

k
PROOF: Let h € N, so that h can be written as h = J2 c^i9 where 0; € 0 ,

t=i

Cj e K, a # 0 (1 ^ i ^ k), and 0* ^ 0j if i ± j (1 ^ i,j ^ fc). Obviously, if
6P and 9q are maximal elements of the set {6i,...,0k} relative to the orders <x and
<a, respectively, then Uh = 0pug and Vh = 0qvg. We see that h contains the multiple
OpUg of the x-leader ug such that ordg (0pvg) ^ ordg {0qvg) = ordgv^ whence h is not
reduced with respect to g. Furthermore, since ug ^x 8pug = u/, and vg ^ 3 OqVg = Vh,
rk(g) ^ rk(h), and rk(g) — rk(h) if and only if 6P = 6q = 1, that is h = eg for some
c 6 K. Thus, N does not contain elements reduced with respect to g, and g is the
element of the lowest rank in AT. It follows that if £ = {hi,..., hi} is a characteristic
set of N, then rk(g) = rk(h\) and I — 1, whence {g} is also a characteristic set of
N. . D

PROPOSITION 4 . 7 . Let N be an An(K)-submodule of the free An{K)-
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module E and let E = {gi,... ,gr} be a characteristic set of N. Then the elements

Si) • • • i9r generate the An(K)-module N.

P R O O F : Let / be any element of N. By Proposition 4.3, there exist elements
A i , . . . , Ar € An{K) and an element f £ E such that / ' is reduced with respect to

r
E and / — / ' = £ ) ^i9i- Therefore, f £N, and Proposition 4.5 shows that / ' = 0,

t=i

whence f = J2 ^»5« • ^
i=l

PROPOSITION 4 . 8 . Let N be an An(K)-submodule of the free An{K)-
module E and let Ei = {gi, • • • ,gr} &nd E2 = {hi,... ,hs} be two characteristic
sets of N such that lcx(gi) — 1 and lcx(hj) = 1 for i = 1 , . . . , r; j — 1 , . . . , s. Then
r = s and gi = hi for i = 1 , . . . , r.

P R O O F : Since Ei and E2 are two autoreduced sets of the same (lowest possible)
rank, r = s, ugi — u^, and vgi — v^ for i = 1, . . .,r. Suppose that there exists i,

1 ^ i ^ r 1 such that gi ^ hi.Setting fi = gi — hi we obtain that Uf{ <x u9i (since
lcx(gi) = lcx(hi) = 1), Vfi ^ j , v9i, and fc is reduced with respect to any element gj

(1 ^ j ' ^ f ) . Indeed, suppose that fi contains a multiple 6ugj of some x-leader ug.

such that oids(Ovgj) ^ OTdgVf{ (obviously, fi is reduced with respect to gi, so we
can assume that j =fi i). Then at least one of the elements gi, hi must contain 8ug.

and orda (6v9i) = ordg (6vh.i) ^ ordj, Vft ^ ordy vgi = ordy D/li, which contradicts the
fact that the sets Ex and E2 are autoreduced. Now, Proposition 4.5 shows that fi — 0

whence gi = hi. D

5. BlFILTERED MODULES OVER WEYL ALGEBRAS, THEIR CHARACTERISTIC

POLYNOMIALS AND INVARIANTS

In what follows, the ring An{K) will be considered as a bifiltered ring with respect
to the natural bifiltration defined as a bisequence {Dra)T s g Z such that Drs = 0, if at
least one of the numbers r, s is negative, and if r ^ 0, s ^ 0, then Drs is a vector
K-space generated by the set Q(r,s) = {6 € 0 | ordx6> ^ r,oxdg6 ^ s } . Obviously,
\j{Drs I r,s e Z} = An{K), DT3 C Dr+i,a, Drs C £>r , s + 1 for any r , s € Z , and

DkiDrs = Dr+ktS+i for any r,s,k,l £ N . Furthermore, as follows from the third

statement of Proposition 3.2, Card Q(r, s) = I if I for any r, s € N .

\ m J\ n J
DEFINITION 5.1: Let M be a module over a Weyl algebra An(K) equipped with

the bifiltration (-Drs)rsez- A bisequence (^rs) r j S 6z °f v e c t o r if-subspaces of the
module M is called a bifiltration of M if the following three conditions hold:

(i) If r € Z is fixed, then Mrs C Mr ] S + 1 for all s 6 Z and MT8 = 0 for all
sufficiently small s £ Z. Similarly, if s £ Z is fixed, then Mrs C M r + i i S
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for all r € Z and Mra = 0 for all sufficiently small r e Z.
(ii) \J{MTS\r,s€Z} = M.

(iii) DklMT3 C Mr+fc,s+i for any r, s 6 Z, fc, I € N .

EXAMPLE 5.1. Let M be a finitely generated An (K) -module with generators f \ , . . . . fp.
p

Then the vector K-spaces Mra — ]T Drsfi (r, s € Z) form a bifiltration of the module
»=i

M. This bifiltration is called the natural bifiltration of M associated with the system
of generators fi,...,fp.

It is easy to see that every component Mrs of the natural bifiltration is a finitely

generated vector K-space and DkiMrs = Mr+k,s+i for any r, s, k,l e N .

THEOREM 5 . 1 . Let M be a finitely generated An(K)-module with a system
of generators {fi, • • •, f p } , E a free An(K)-module with a basis e\,...,ep, and ir :
E —> M the natural An(K) -epimorphism of E onto M (7r(ej) = fi for i = 1 , . . . ,p).

Furthermore, let N = KerTr and let E = {<7i,. ..,<?<*} be a characteristic set of N.
p

Finally, for any r,s 6 N , let Mrs = J2 Drsfi, and let Urs denote the set {w 6 0e |
«=i

ordx w ^ r, ordgw ^ s, and either w is not a multiple of any u9i (1 ^ i ^ d) or

OTdg{9vg) > s for any 6 6 ©, j j g E such that w = 6ug. }.

Then 7r(C/rs) is a basis of the vector K-space Mrs.

PROOF: Let us prove, first, that every element #/t( l ^ i ^ p, 6 G Q(r,s)), that
does not belong to n(Urs), can be written as a finite linear combination of elements of
Tr{Urs) with coefficients from K (so that the set 7r(f/rs) generates the vector K-space
Mrs). Since 0/< £ 7r(L/rs), fle* £ C/rs whence 0ej = 9'ugj for some 0' € O, 1 ̂  j ^ d,
such that oida(0'vgj) ^ s. Let us consider the element gj — ajU9j + ... (aj € K,
a,j ̂  0), where dots are placed instead of the other terms that appear in gj (obviously,
those terms are less than ug. with respect to the order <a;). Since gj & N = Ker7r,

n(gj) — ajir(ugj) + • • • = 0, whence n(0'gj) — ajix{6'ugj) + • • • — a.jn(6ei) + •• • =

o-jOfi + • • • — 0, so that 9fi is a finite linear combination with coefficients from K

of some elements 6fk (1 ^ fc ^ p) such that 6 e 9(r , s) and de^ <x 0'ugj. (Note

ordx8 ^ r , since 8ek <x Oei and 6 € &(r,s); OTdgO ^ s, since 6ek ^a vg/g. — 9'vg.

and ordd(0'vgj) ^ s). Thus, we can apply induction on 9ej (9 e 0 , 1 ̂  j ^ p) with

respect to the order < x and obtain that every element 9fc (9 e G(r, s), 1 ̂  j ' ^ p) can

be written as a finite linear combination of elements of ir[Ura) with coefficients from

the field K.

Now, let us prove that the set 7r(C/rs) is linearly independent over K. Let

53 a.iir{ui) = 0 for some u\,..., uq e {/rs, a i , . . . , aq £ K. Then h = J2 a«u» is a n
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ment of N reduced with respect to £ . Indeed, if an element u = Oej appears in h (so

that u — Ui for some i = 1 , . . . ,q), then either u is not a multiple of any ug. (1 ^ j• $J d)

or u = 6u9k for some 0 € 0 , 1 ^ fc < d, such that OTda(6vgk) > s ^ ordaVh (since vh

is one of the elements u\,. ..,uq that lie in Urs )• Applying Proposition 4.5, we obtain

that h = 0, whence ai = ••• = aq = 0. This completes the proof of the theorem. D

The following theorem is the main result of this section.

THEOREM 5 . 2 . Let M be a finitely generated An(K) -module with a system of
generators {/i,-•-,/p} and let ( M r s ) r s g N be the corresponding natural bifiltration

p
of M (Mrs = ^jDrsfi for r,s € N ) . Then there exists a numerical polynomial

t=i

4>M(ti,t2) in two variables ti,t2 such that degtl <f>M{ti,t2) ^ n, degt2<pM(tx,t2) ^ n,
and <j>M(ris) — dim/f Mrs for all sufficiently large (r, s) € N 2 .

P R O O F : Let E be a free j4n(.ftT)-module with a basis e\,...,ep, let N be the
kernel of the natural epimorphism TT : E —> M, and let the set Ura (r,s 6 N )
be the same as in the conditions of Theorem 5.1. (As before, E = {<h, •• .,<?<*} is a
characteristic set of AT.) By Theorem 5.1, for any r, s € N , 7r(f/rs) is a basis of the
vector if-space Mrs. Therefore, dim;<-Mrs = Card7r(C/rs) = Ca,rdUrs. (It was shown
in the second part of the proof of Theorem 5.1 that the restriction of the mapping -K

on Urs is bijective.)
Let U'ra — {w 6 Urs I ID is not a multiple of any element u9i (1 < i ^ d)} and

U"a = {w £ t/rg | iw = flug^ for some gj (1 ^ j ^ d) and 6 £ © such that orda(^i;s.) >
« } . Then [/„ = Ur3UUr'8 and UraDU^=<D, whence CardC/r4 = Cardf/;s + CardUr's.

By Proposition 3.2, there exists a numerical polynomial 01(̂ 1,̂ 2) in two vari-
ables £1 and £2 such that u>(r, s) = Cardt^s f°r a ' l sufficiently large (r,s) €
N 2 . In order to express Card Ur'a in terms of r and s, let us set at — ordx ugi,

bi = OTddU9i, C{ — OTdavgi, ciij — oxAxlcm{ugi,ugj),bij — orda lcm(ug i ,ug j) ,
aijk = ordx lcm(ugi,ugj,ugk), bijk = ord9 lcm(ugi,ugj,ugk), ... (1 ^ i, j , k,... ^ d).

d

Then UT'S = U {[®(r ~ a « ' s ~ »̂) \ ®( r ~ a « ' s ~ Ci)]^} • By the combinatorial prin-
t=i

ciple of inclusion and exclusion (see [5, Chapter 5, Theorem 5.1.1]),

d

Card Ur'3 = XI C a r d { [0(r - °i>s - bi) \ 6(r - a*, a -
i = l

n [9(r - Oi, s - bj) \ ©(r - a,-, s - Cj-)
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+ J2 Card{[e(r-ai,s-6i)\e(r-o<Is-ci)]uffi

n [6(r - a,, s - bj) \ 9(r - ajy s - Cj)]ugj

n [Q(r-ak,s-bk)\G(r-ak,s-ck)]ugk}

Furthermore, for any two different elements flt,5j € E, we have

Card j [6(r -a.i,s- bj \ 9(r -aits- Ci)]u9i

n [6(r - aj, s - bj) \ e(r - ah s - Cj))ug. j

= Card loicm\ugvugA | 9 6 9, ord^6 ^ r - a^, orda^ ^ s - ity,

and orda 9 + bij — bj + Cj > s >

= Card < e\6 6 6 , ordx 9 < r - aij, orda 0 < s - b{j and

orda 9 > s — min{cj + b^ — at,Cj + b^ — a,j >

- min{cj + b^ - bit Cj + b^ -_ /r + n- a,ij\ Ws + n- bij\ _ fs + n

Similarly, for any three different elements gi,gj,gk G E we obtain that

Card j [0(r -a.i,s- b{) \ 0 ( r -at,s- Ci)]ugi

n [6(r - aj, s - bj) \ 0 ( r - a,, s - Cj)]ug.

D [0(r - afc, s - 6fc) \ 6(r - afc, s - ck)]ugk j

_ /r + n- aijk\ Ws + n- bijk\

_ fs + n- min{ci + 6ijfc - &i, Cj + 6jjfc - 6j, cfc + bijk - bk}\ 1

and so on.

Thus, for all sufficiently large {r,s) £ N 2 , Cardiff = u{r,s) where w(fi,i2) is
the following numerical polynomial:

( n )[{ n ) { n
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_ (t n- min{ci + 6^ - bt, Cj + bij - bj}

+n-aijk

. . _ /t2 + n- min{ci + 6^* - &i, Cj + bijk - bj,ck + bijk - bk}

n

It is clear now that the numerical polynomial <j>M(ti,t2) = u(ti,t2) + w(t\,t2) has
all the desired properties. D

DEFINITION 5.2: The numerical polynomial (f>M(ti,t2), whose existence is estab-
lished by Theorem 5.2, is called a characteristic polynomial of the module M associated
with the system of generators {/i,..., fp} (or with the bifiltration (Mrs)r s e N . )

EXAMPLE 5.2. With the notation of Theorem 5.2, let n = 1 and let the AX(K)-
module M be generated by a single element / that satisfies the defining equation x2f +
d2f + xdf = 0 . In other words, M is a factor module of a free Ax (K) -module
E — Ai(K)e with a free generator e by its j4i(.fir)-submodule N = Ax(K)g where
g = (x2 + d2 +xd)e. By Proposition 4.6, {g} is a characteristic set of iV. Applying
Proposition 3.3 (and using the notation of Theorem 5.2), we obtain that ug — x2e,
vg = d2e, and

t2 + 1\ /"<! + ! - 2\ fa + A o* , o

Furthermore, formula (5.1) shows that

Thus, the characteristic polynomial of the module M associated with the generator /
is as follows: <^>M(*I, t2) — w(*i, t2) + uj(ti,t2) = 2t\ + 2t2•

THEOREM 5 . 3 . Let M be a finitely generated An(K) -module and let 0 M ( ' I , £2) =

Y2 £ aij I • ) ( • I be a characteristic polynomial associated with some finite
i=0j=0 \ l J \ J J

system of generators {gi,---,gP} of M. (We write (j>M{ti,t2) in the form (3.1) with

integer coefficients atj,l ^ i,j ^ n.) Furthermore, let A = {(i, j) € N 2 | 0 ^ i,j <

n and a^ ^ 0} , and iet /x = (HI, /J,2) and v = (vi, v2) be the maximal elements of the

set A relative to the lexicographic and reverse lexicographic orders on N 2 , respectively.
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Then n, v and the coefficients ann, aliltfl2, aVliV2 of the characteristic polynomial
<l>M{ti,t2) do not depend on the finite system of generators of the An{K) -module M
this polynomial is associated with.

PROOF: Let {hi,...,hq} be another finite system of generators of the An{K)-
module M and let (M r s ) r s 6 Z and {M'rs)r s 6 Z be the the natural bifiltrations associated

with the systems of generators {<?i,.. .,<?p} and {h\,...,hq}, respectively. (M r s =
p 9
J2 Drsgi and M'TS = J2 Drshi for r, s G N , Mrs = 0 and M'ra = 0, if at least one of
t=i i=i

the indices r,s is negative.) Furthermore, let (f>m
M(ti,t2) = 53 5Z&»i( )

i=oj=o \ * / \ 3

(bij £ Z for i = 0 , . . . , n; j = 0 , . . . , n) be the characteristic polynomial associated with
the system {hi,...,hq}, let A' = {(i,j) € N 2 | 0 ^ i,j ^ n, and by ^ 0 } , and let
a = (c^, 02), e = (^1,^2) be the maximal elements of A' relative to the lexicographic
and reverse lexicographic orders on N 2 , respectively. In order to prove the theorem,
we should show that fj, = a, u = e, ann — bnn, a^ i w = baia2, and aVlU2 = beiE2.

Since (J Mrs — \J M'rg = M, there exist elements ro,so € N such that
r.sgZ r.sgZ

Mrs C M'r+rQS+aQ and M^3 C M r + r O i S + s o for all r , s € N . It follows that <f>M(r,s) ^
4>*M{r + rQ, s + s0) and <f>*M(r, s) ^ cj)(r + ro,s + s0) for all sufficiently large r, s € N ,
say for all r ^ rt, s ^ s\ where rt and s\ are some positive integers. Therefore,
«nn = (n!)2

r_>Um_>oo(0M(r,«)/rman) ^ (n\)2
r^m^JpM(r+ ro,s + so)/r

nsn) =

(n!)2 ^^ liiri^ (<t>*M(r, s)/rns") = 6nn and similarly bnn ^ a n n , so that bnn = ann.

If ann 7̂  0, then (n,n) 6 A and {n,n) s A' hence ^ = i/ = <7 = e = (n,n)

and aMlM2 = ayi^2 = bai<72 = bei£2 = ann - bnn. Suppose that ann = 0. Then
(A*I, HI) y£ (n,n) , 0,1^2 # 0, and the coefficient of the monomial t^t^2 in the polyno-
mial (j>M{ti,t2) is equal to (a^^/fiil^) •

Let s € N , s ^ si, and let d be a positive integer such that sd ^ r\. By
the choice of the elements n and a, (j>M(sd,s) = (aM l M 2//i1!/i2!)s d 'n + M 2 + o(sd"i+' i2)
and ^ ( s d , s ) = (6<T1CT2/CTi!ff2!)s

ci<ri+<r2 + o(sdai+°^) for all sufficiently large values
of d. Since <t>M{sd,s) < </>*(srf + r o , s + s 0 ) = (6<T1a2M!o-2!)s

d<Ti+a2 + o(sd<Ti+<T2) and
<t>M(sd's) ^4>(sd + r0,s+s0) = (alilll2/lj.i\fj,2\)s

d^+^+o(sd^+^) for all s > Sl, we
conclude that d/ii +H2 = d<j\ + cr2 for all sufficiently large d € N and the coefficients of
the power sdtil+fl2 in the polynomials <£A*(*1I*2) and 0J^(tj,i2) are equal. Therefore,
Mi — o'li M2 = <?2 and a^1M2 = ^ 1 M 2 • The equalities ^ = e\, v2 = e2 and a^1>/2 =
6I/XI/2 can be proved similarly. D

It is clear that if (Wr)r&z is the one-dimensional filtration of the Weyl algebra
An{K) introduced in Section 2, then WT C Drr C W2r for all r e N . Therefore,
if (j>M(ti>t2) and ipAf(t) denote, respectively, our characteristic polynomial and the
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Bernstein polynomial associated with the same finite system of generators of an An(M)-

module M, then tpM{r) < </>M (r, r) ^ ^Af(2r) for all sufficiently large r 6 Z. It follows
that n ^ deg^wW = deg^M^i i^) ^ 2n and M € Bn if and only if deg^M(ti,£2) =
n.

The following example shows that a characteristic polynomial (j>M(t\,t2) of a
finitely generated An(K)-module M can carry more invariants (that is, numbers that
do not depend on the choice of a system of generators the characteristic polynomial is
associated with) than the Bernstein polynomial

EXAMPLE 5.3. With the notation of Theorem 5.2, let the Ai(K)-module M be gen-
erated by a single element / that satisfies the defining equation

(5.2) xadbf + da+bf = 0

where a and b are some positive integers. In other words, M is a factor module of
a free A\(K)-module E = A\(K)e with a free generator e by its .^(.fQ-submodule
N = Ai(K)g where g - (xadb + da+b)e. By Proposition 4.6, {g} is a character-
istic set of the module N. Since ug = xadbe and vg — da+be, we obtain (using

the notation of Theorem 5.2) that u>(ti,t2) = u)^atb)}(ti,t2) = ( 1 ) ( 2 I —

I II I = bti + at2 + a+ b - ab. Furthermore, formula (5.1) shows

that u(h,t2) = ( 1 1 1 1 J - l j I = ati + a(l-a).

Thus, the characteristic polynomial of the module M associated with the generator /
is as follows: 4>M(h,t2) = w(<i,i2) + &(ti,t2) — (a + b)ti + at2 + 2a + b - ab - a2.

The Bernstein polynomial ipM(t) associated with the generator / of the Ai(K)-

module M can be obtained from the exact sequence of finitely generated filtered mod-
ules

0 —> Fa+b - A E -±> M —> 0

where M and E are equipped, respectively, with the filtrations (Wre)r€2
 a n d (Wrf)r€Z

defined in Section 2, and Fa+b is a free filtered Ai(K)-module with a single free genera-
tor h and filtration (Wr..(a+b)h) r z . (Here •n denotes the natural j4i(if)-epimorphism
of E onto M that maps e onto / , and a is the natural -Ai(.ftT)-epimorphism of the
free filtered module F o + 6 onto the A\ (K)-module N C M equipped with the filtration

z , a{h) = g.)

Since dim* Wr = Card{xiaj' | i+j ^ r} = (r + 2 J for all r 6 N , dim* (Wr_{a+b)h)

= f J for all sufficiently large r € Z whence V M M = diva.K{Wre) -
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dim* (Wr_{a+b)h) = [ ^ j - {r + 2~(a + b>\ for all sufficiently large r € Z.

Therefore, i>M(t) = ( ' \ *) - (* + 2 " ^ + 6 ) ) - (a + 6)4 - ((a + 6)(a + 6 - 3)/2) .

Comparing the polynomials V M ( ' ) and 0Af(*i!*2) we see that the first polynomial
carries two invariants, its degree 1 and the leading coefficient a + b, while <J>M(t 1,̂ 2)
carries three such invariants, its total degree 1, a + b, and a. Thus, <j>M{ti,t2) gives
both parameters a and b of the equation (5.2) while the Bernstein polynomial ipM(t)
gives just the sum of the parameters.
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