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Abstract. Given three distinct primitive complex characters w1; w2; w3 satisfying some technical
conditions, we prove that the triple product of twisted L-functions Lð f � w1; 1=2Þ Lð f � w2; 1=2Þ
Lð f � w3; 1=2Þ does not vanish for a positive proportion of weight 2 primitive forms for G0ðqÞ,
when q goes to infinity through the set of prime numbers. This result, together with some var-
iants, implies the existence of quotients of J0ðqÞ of large dimension satisfying the Birch–Swin-

nerton-Dyer conjecture over cyclic number fields of degree less than 5.
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1. Introduction

In recent years, questions about nonvanishing of automorphic L-functions at their

critical point have received considerable attention [BFH, Du, Lu1, MM, IS, PS].

One reason for this is their connections with topics such as the Phillips–Sarnak

deformation theory of Maass forms, the conjecture of Birch and Swinnerton-Dyer,

and the theory of liftings of automorphic forms.

This work deals with the nonvanishing for central values of L functions attached

to the family S�
2ðqÞ of primitive Hecke eigenforms forms of weight 2, for the group

G0ðqÞ with trivial nebentypus. In this context, the proportion of nonvanishing for
the central value of a single L function was investigated first by Duke in [Du]; sub-

sequently, using mollification techniques, his results were improved by E. Kowalski

and the authors in [KM2, V1, KMV1] to yield a large positive proportion of nonvan-

ishing central values.

In their seminal paper [IS] on the Landau–Siegel zero problem, Iwaniec and Sar-

nak demonstrated the importance of establishing, for a positive proportion of primi-

tive forms, the simultaneous nonvanishing of central values of L functions of
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primitive forms twisted by two different characters. They solved this problem (in-

effectively) for the case when the first character is trivial and the second is real. In

[KMV2], using mollification of fourth moments, the question of simultaneous non-

vanishing for the first character trivial and the second arbitrary was solved. The pre-

sent work extends the methods of [KMV2] to treat simultaneous nonvanishing for

central values of L functions with three twists and discuss applications connected

to the Birch–Swinnerton-Dyer conjecture for J0ðqÞ.

A primitive form f 2 S�
2ðqÞ admits a Fourier expansion at infinity

fðzÞ :¼
X
n51

ffiffiffi
n

p
lf ðnÞeðnzÞ;

with lf ð1Þ ¼ 1: The Fourier coefficients
ffiffiffi
n

p
lf ðnÞ are real algebraic integers. For w a

primitive Dirichlet character of modulus D, the twist of f by w, namely

ð f � wÞðzÞ :¼
X
n51

wðnÞ
ffiffiffi
n

p
lf ðnÞeðnzÞ;

is a cuspidal modular form of level qD2 and nebentypus w2. If D is coprime with q

(which we henceforth assume), f � w is a primitive form. The associated L-function is

Lð f � w; sÞ ¼
X
n

lf ðnÞwðnÞ
ns

¼
Y
p

1�
lf ðpÞwðpÞ

ps
þ
eqðpÞw2ðpÞ

p2s

� ��1

;

where eq is the trivial character modulo q. This has analytic continuation to the

whole complex plane and satisfies the functional equation [Li]

Lð f � w; sÞ ¼ �wð�qÞ
GðwÞ
Gð�wÞ

efLð f � �w; 1� sÞ ð1:1Þ

where GðwÞ is the Gauss sum, ef ¼ 
1, and

Lð f � w; sÞ ¼ ðqD2Þ
s=2

ð2pÞ�sGðsþ 1
2ÞLð f � w; sÞ:

When q is squarefree, [Li]

ef ¼ mðqÞ
ffiffiffi
q

p
lf ðqÞ: ð1:2Þ

Let w1; w2; w3 be three distinct primitive characters of moduli D1;D2;D3 respectively.

In this paper we consider the simultaneous nonvanishing of the central value

Lð f � w1;
1
2ÞLð f � w2;

1
2ÞLð f � w3;

1
2Þ

when the level q is prime.

THEOREM 1.1. There exists an effective positive constant c satisfying: for any

w1; w2; w3 three distinct primitive characters whose conductors D1;D2;D3 are square-

free, and such that w21; w
2
2; w

2
3 remain primitive with the same moduli, we have

jf f 2 S�
2ðqÞ;Lð f � w1;

1
2ÞLð f � w2;

1
2ÞLð f � w3;

1
2Þ 6¼ 0gj5 cjS�

2ðqÞj

for all sufficiently large primes q, where the requisite size of q depends only on

D1;D2;D3.
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As is now standard, this is proved through mollification techniques, combined with

estimates for the twisted fourth moments of Lð f � wi; 1=2Þ. Bounds on moments of this
sort are analyzed thoroughly in [DFI2], and indeed we adopt their methods to control

the largest remainder terms. However, for mollification we also need the asymptotics

of these moments. When wi is the trivial character these asymptotics were computed
for the first time in [KMV2], and the bulk of the present paper is spent obtaining

the necessary variant when wi is nontrivial. There is no significant distinction in the
handling of the remainder terms in this case, but the asymptotics are considerably

more intricate (since the Eisenstein series arising from w� �w has square level). The
two assumptions on w in Theorem 1.1 are there to simplify the calculations, not

because we expect the results to be false in other settings. For the applications we

have in mind (see below) the assumptions do not cause us any significant difficulties.

In the course of the proof, we obtain the following precise asymptotic for the

fourth moment:

PROPOSITION 1.2. Let w be a complex primitive character of squarefree conductor

D > 1, such that w2 is primitive. If q is prime, thenX
f2S�

2
ðqÞ

1

4pð f; f Þ
jLð f � w; 1=2Þj4

¼ PwðlogðqD
2=4p2ÞÞ þ 2<eðwðqÞCwÞ þOe;Dðq

�1=12þeÞ;

where Cw is a constant depending on w only and PwðXÞ is a polynomial of degree 4,

whose coefficients depend only on w, with leading coefficient

1

12zð2Þ

Y
pjD

ð1� 1=pÞ3

ð1þ 1=pÞ
jLðw2; 1Þj2:

This should be compared with Corollary 1.3 of [KMV2] which treated the case of

the trivial character and where the degree of the corresponding polynomial is 6. The

difference in degrees is explained by the fact that the family fLð f � w; sÞgf2S�
2
ðqÞ is pre-

dicted to admit an ‘unitary’ symmetry (in the terminology of [KS]) when w is com-
plex, and an ‘orthogonal’ symmetry when w is trivial and f is restricted to ‘even

forms’. In both cases our computations fit well with the predictions of Conrey and

Farmer [CF] and Keating and Snaith [KeSn] using random matrix models. Note that

Cw and the coefficients of Pw can be explicitly computed.

1.1. ARITHMETIC APPLICATIONS

These investigations on simultaneous nonvanishing were motivated by the recent

progress made towards the Birch–Swinnerton-Dyer conjecture for quotients of

J0ðqÞ (the Jacobian of the modular curve X0ðqÞ) over abelian number fields. Let K

be an Abelian extension of Q. By the Kronecker–Weber Theorem, K is a subfield

of some cyclotomic extension Qðexpð2pi=DÞÞ. Identifying GalðQðexpð2pi=DÞÞÞ with
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ðZ=DZÞ�, there exists a subgroup dGalðKÞ of the Dirichlet characters of modulus D

(which is identified with the group of characters of GalðKÞ) such that the Dedekind

L-function of the field K takes the form

LðK; sÞ :¼
Y

p2SpecðOKÞ

1�
1

NK=QðpÞ
s

� ��1

¼
Y

w2 dGalðKÞLð~w; sÞ;
where ~w is the underlying primitive character of w. For f 2 S�

2ðqÞ, by successive appli-

cations of the cyclic base change theory (due to Saito, Shintani and Langlands [La])

there is an automorphic form fK over GL2ðAKÞ called the base change lift of f from Q

to K whose associated L function is given by

Lð fK; sÞ ¼
Y

w2 dGalðKÞLð f � ~w; sÞ:
Hence, Theorem 1.1 implies the following

COROLLARY 1.3. There exists an effective positive constant c satisfying: let K be a

Galois extension of degree 5 unramified at 5, then for any sufficiently large prime q

ðdepending on KÞ j f f 2 S�
2ðqÞ;Lð fK;

1
2Þ 6¼ 0gj5 cjS�

2ðqÞj:

The condition that 5 is unramified insures that the conductor of any w 2 dGalðKÞ is
square-free. The corollary fits with the following results proven in [KMV2]:

THEOREM. There exists an effective positive constant c satisfying: let K be a Galois

extension of degree 2 or 3, then for any sufficiently large prime q ðdepending on KÞ

j f f 2 S�
2ðqÞ;Lð fK;

1
2Þ 6¼ 0gj5 cjS�

2ðqÞj;

if K is quadratic and wKð�qÞ ¼ 1 ðhere wK is the Kronecker symbol of KÞ or if K is cubic.

If K is quadratic and wKð�qÞ ¼ �1 then

j f f 2 S�
2ðqÞ; ords¼

1
2
Lð fK; sÞ ¼ 1gj5 cjS�

2ðqÞj:

Note that we have said nothing so far about extensions of degree 4. The following

variant of Theorem 1.1, along with its corollary, takes care of the case of cyclic

extensions:

THEOREM 1.4. There exists an effective positive constant c satisfying: let w2 a real

character and w3 a complex character of squarefree conductors D2;D3 such that w2D3
is

primitive, then

j f f 2 S�
2ðqÞ; w2ð�qÞ ¼ 1; ord

s¼
1
2
Lð f; sÞLð f � w2; sÞLð f � w3; sÞ ¼ 0gj5 cjS�

2ðqÞj;

j f f 2 S�
2ðqÞ; w2ð�qÞ ¼ �1; ord

s¼
1
2
Lð f; sÞLð f � w2; sÞLð f � w3; sÞ ¼ 1gj5 cjS�

2ðqÞj;

for all sufficiently large primes q ðdepending on D2;D3Þ.
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COROLLARY 1.5. There exists an effective positive constant c satisfying: let K be a

cyclic extension of degree 4 unramified at 2 and such that K is unramified over its

ðuniqueÞ quadratic subfield K0. Let wK0 be the Kronecker symbol associated to K0, then

for any q prime large enough ðdepending on KÞ

jf f 2 S�
2ðqÞ; wK0 ð�qÞ ¼ 1; ord

s¼
1
2
Lð fK; sÞ ¼ 0gj5 cjS�

2ðqÞj:

jf f 2 S�
2ðqÞ; wK0 ð�qÞ ¼ �1; ord

s¼
1
2
Lð fK; sÞ ¼ 1gj5 cjS�

2ðqÞj:

We will not give the proof of Theorem 1.4 here as it turns out to be easier in many

aspects than that of Theorem 1.1; however we shortly discuss how this variant is

obtained in Section 11.

Remark. The remaining degree four case is that of the biquadratic field. By our

methods this would require precise asymptotics for the twisted sixth moments of

Lð f � w; 1=2Þ, which are beyond the reach of current techniques.

Combining these results with the work of Gross, Zagier, Kolyvagin, Logachev,

and Kato, [GZ, Ko, KL, Ru, Sc] we obtain the following theorem:

THEOREM 1.6. Let K be a cyclic extention of Q of degree at most five such that 2

ðrespectively 5Þ is unramified if ½K : Q� ¼ 4 ðrespectively 5Þ. If K is quartic assume also

that K is unramified over its unique quadratic subfield. There exists an absolute positive

constant c such that for q a sufficiently large prime ðdepending on KÞ, J0ðqÞ admits a

quotient J of dimension dim J5 c dim J0ðqÞ, whose group of K-rational points satisfies

the weak Birch–Swinnerton-Dyer conjecture. More precisely, denote by JK the K-

rational abelian variety obtained from J by extension of scalars to K, and by LðJK; sÞ

the associated L-function. Then

rankZJðKÞ ¼ ords¼1LðJK; sÞ

¼
dim J if K contains K0; quadratic; with wK0 ð�qÞ ¼ �1,

0 else.

�
Our paper is organized as follows: after introducing some notation and definitions

in Section 2, we show in Section 3 how Theorem 1.1 and its variant 1.4 implies the

Corollaries 1.3, 1.5, and 1.6. In Section 4 we explain how the proof of Theorem 1.1

reduces to the estimate of (mollified) third and fourth moments. The triple moment is

computed in Sections 5 and 6. The computation of the fourth moment is handled in

Sections 7, 8 and 9. In Section 7, we isolate the main terms and compute the easiest

ones, the so-called ‘diagonal’ and ‘off-diagonal’ terms. In Sections 8 and 9 we com-

pute the third main term (which, lacking a better term, we call ‘off-off-diagonal’);

this is by far the most difficult and technical portion of the paper. The key is that,

as in [KMV2], the off-off-diagonal term is defined by a double integral whose inte-

grand is an odd function of both variables (s; t say); hence by contour shift, the OOD

term equals the residue of the integrand at s ¼ t ¼ 0 (see (9.5) and (9.10)). Let us
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emphasize that without this rather delicate property, it is not possible to mollify

properly the OOD portion. The mollification (and the completion of the proof of

Theorem 1.1) is sketched in Section 10, most of the techniques being those of

[KMV2] Sections 5 to 7. In Section 11 we discuss the proof of Theorem 1.4. We

end with a series of appendices dealing with some general forms of the Poisson for-

mula and the study of various exponential sums encountered in this paper.

2. Notation and Formulae

We refer the reader to [KMV2] for background on modular forms. In addition to the

formulae mentioned above, we will also use the multiplicative relation for the coeffi-

cients of Hecke eigenforms in S�
2ðqÞ:

lf ðmÞlf ðnÞ ¼
X

djðm;nÞ

eqðdÞlf
mn

d2

� 	
: ð2:1Þ

Mobius inversion then gives the inverse equation

lf ðmnÞ ¼
X

djðm;nÞ

eqðdÞmðdÞlf
m

d

� 	
lf

n

d

� 	
; ð2:2Þ

where eq is the trivial character modulo q.

The fundamental formula of this paper is Petersson’s trace formula, which we now

review. Let B2ðqÞ be an orthogonal basis of S�
2ðqÞ. ThenX

f2B2ðqÞ

cf ðmÞ �cf ðnÞ

4pð f; f Þ
¼ dm;n þ Dðm; nÞ ð2:3Þ

with

Dðm; nÞ :¼ �2p
X
c�0ðqÞ
c>0

Sðm; n; cÞ

c
J1

4p
ffiffiffiffiffiffiffi
mn

p

c

� �
and

Sðm; n; cÞ ¼
X

xðcÞ;ðx;cÞ¼1

e
mxþ n �x

c

� �
:

Note that the identity (2.3) is independent of the choice of the basis B2ðqÞ; since in
this paper q is prime, there are no ‘oldforms’ and S�

2ðqÞ is an orthogonal basis of

S�
2ðqÞ. In particular we have

jS�
2ðqÞj ¼ dimS2ðqÞ ¼

q

12
þOð1Þ: ð2:4Þ

To simplify later discussions, we introduce some notation. Given an Euler

product LðsÞ ¼
Q

p LpðsÞ and an integer A, let LAðsÞ ¼
Q

pjA LpðsÞ and LðAÞðsÞ ¼Q
ðp;AÞ¼1 LpðsÞ. To avoid confusion, the Ath power of LðsÞ will be noted LðsÞA. Given

an integer h and a character w of modulus D, we let Gðw; hÞ ¼
P

xðDÞ wðxÞeðhx=DÞ

denote the Gauss sum and let GðwÞ denote Gðw; 1Þ. When the modulus of w is not clear
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from the context (for example if w is induced from a character of lower level) we use

the more precise notation Gðw; h;DÞ. We let ~w denote the unique primitive character
inducing w. If D ¼

Q
p p

ap , we factor wð Þ into wð�Þ :¼
Q

pjD wpð�Þ where wp are charac-
ters of modulus pap .

Because (2.3) will be used for essentially all averaging over forms in this paper,

it will be convenient to introduce the the following notation for the weighted average

of forms:Xh
f2S�

2
ðqÞ

af :¼
X

f2S�
2
ðqÞ

af
4pð f; f Þ

:

3. Derivation of the Arithmetic Applications

In this section we show how Theorem 1.1 and its variant, Theorem 1.4, imply 1.3, 1.5

and Theorem 1.6. For K a cyclic extension of degree at most five we let GalðKÞ

denote its Galois group over Q and dGalðKÞ its character group. Let w be the genera-
tor of dGalðKÞ. Then for f 2 S�

2ðqÞ,

Lð f; 12ÞLð f � w;
1
2ÞLð f � w

2; 12Þ 6¼ 0 () Lð f; 12ÞLð f � �w;
1
2ÞLð f � �w

2; 12Þ 6¼ 0;

and, since 1; w; w2; �w; and �w2 cover all of dGalðKÞ, we have
Lð fK;

1
2Þ ¼

Y
w2 dGalðKÞLð f � w;

1
2Þ 6¼ 0:

Thus, Theorem 1.1 implies Corollary 1.3 and similarly Theorem 1.4 implies Corol-

lary 1.5.

Our starting point in the derivation of Theorem 1.6 is the work of Shimura [SH]

on the arithmeticity of central values of L functions: for any s 2 Galð �QÞ; f 2 S�
2ðqÞ,

and character w,

Lð f � w; 1=2Þ 6¼ 0 () Lð f s � ws; 1=2Þ 6¼ 0:

When w is real, it follows from [GZ] that

ord
s¼
1
2
Lð f � w; sÞ ¼ 1 () ord

s¼
1
2
Lð f s � ws; sÞ ¼ 1

(here by Lð f � w; sÞ we really mean Lð f � ~w; sÞ, the L-function of the twist by the

primitive underlying character). From this it follows thatY
w2 dGalðKÞLð f �w;1=2Þ 6¼ 0 ,

Y
w2 dGalðKÞLð f

s �ws;1=2Þ 6¼ 0,
Y

w2 dGalðKÞLð f
s �w;1=2Þ 6¼ 0;

since s stabilizes dGalðKÞ. More precisely, if w has order d and sðexpð2pi=dÞÞ ¼
expð2pia=dÞ for ða; dÞ ¼ 1 then ws ¼ wa. It follows thatY

w2 dGalðKÞLð f � w; 1=2Þ 6¼ 0 () 8w 2 dGalðKÞ; Y
f s;fs2Galð �QÞg

Lð f s � w; 1=2Þ 6¼ 0:
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Let Af denote the subquotient of J0ðqÞ associated to f by Shimura theory. This is an

Abelian variety of dimension 2df. Let A
K
f ¼ ResK=QAf=K be the restriction from K to

Q of the extension of scalars of Af to K; this is an Abelian variety over Q of dimen-

sion ðdeg KÞðdimAfÞ. The set of rational points AK
f ðQÞ is naturally isomorphic as a

Z-module to the set of K-rational points of Af ; in particular there is an action of

GalðKÞ on AK
f ðQÞ and a natural decomposition of AK

f ðQÞ � C into w eigencompo-
nents for w 2 dGalðKÞ,

AK
f ðQÞ � C ¼

M
w2 dGalðKÞðA

K
f ðQÞ � CÞw:

By the work of Kato? (see [Ru, Sc] and the discussion in Section 5 of [Me]),Y
f02f f s;s2Galð �QÞg

Lð f s � w; 1=2Þ 6¼ 0 implies that dimðAK
f ðQÞ � CÞw ¼ 0:

hence

Lð fK;
1
2Þ 6¼ 0 implies that rankAfðKÞ ¼ 0: ð3:2Þ

If K contains a quadratic field K0 such that wð�qÞ ¼ �1, then

Lð f; 12ÞLð f � wK0 ; 12Þ ¼ Lð fK;
1
2Þ ¼ 0;

so if we assume that ord1
2
Lð fK; sÞ ¼ 1 when either

Lð f; 12Þ 6¼ 0 or Lð f � wK0 ; 12Þ 6¼ 0;

and that Lð f � w; 12Þ 6¼ 0 for all the other w 2 dGalðKÞ, then this argument continues to
hold and for all w 2 dGalðKÞ with one exception the corresponding w-eigencomponent
is zero-dimensional. Suppose that the exception is the trivial character: ord

s¼
1
2Lð f; sÞ ¼ 1; then from the [GZ, Ko, KL],

rankAfðQÞ ¼ ord
s¼
1
2
LðAf; sÞ ¼ df;

hence in this case

ord
s¼
1
2
Lð fK; sÞ ¼ 1 implies that rankAfðKÞ ¼ df: ð3:3Þ

The same argument holds in the case ord
s¼
1
2
Lð f � wK0 ; sÞ ¼ 1 with a minor difficulty:

one needs instead to consider the product Af � Af�wK0 where Af�wK0 is the subquotient

of J0ðqðcondwK0 Þ
2
Þ corresponding to the twisted form f � wK0 2 S�

2ðqðcondwK0 Þ
2
Þ. From

the hypotheses ord1
2
Lð f � wK0 ; sÞ ¼ 1; Lð f; 12Þ 6¼ 0 we have rankAf � Af�wK0 ¼ df�wK0 ¼ df.

To conclude the derivation of Theorem 1.6, we consider, for K cyclic of degree at

most five, the quotient J ¼
Q

f Af, where f ranges through a set of representatives of

Galð �QÞ-orbits of f 2 S�
2ðqÞ such that the order of Lð fK; sÞ at s ¼

1
2 is 1 or 0, depending

on whether K does or does not contain a quadratic subfield K0 such that

wK0 ð�qÞ ¼ �1. From (3.2) and (3.3) JðKÞ has the expected rank. The condition that

?If w is real, one uses the work of Gross and Zagier and Kolyvagin and Logachev instead.
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K is unramified at 2 or 5 if degK ¼ 4 or 5, respectively, insures that the conductors of

the characters of GalðKÞ are coprime with their order and hence are squarefree, so,

from Corollaries 1.3 and 1.5 we have for q a sufficiently large prime

dim J5 2cjS�
2ðqÞj ¼ 2c dim J0ðqÞ:

4. Principle of the Proof of Nonvanishing

The basic idea of the proof is that for any numbers L1ð f Þ;L2ð f Þ;L3ð f Þ one has by

Hölder’s inequalityX
f2S�

2
ðqÞ

L1ð f ÞL2ð f ÞL3ð f Þ

0@ 1A4

4
X
f2S�

2
ðqÞ

L1L2L3 ð f Þ6¼0

1

0BB@
1CCA X

f2S�
2
ðqÞ

jL1ð f Þj
4

0@ 1A X
f2S�

2
ðqÞ

jL2ð f Þj
4

0@ 1A X
f2S�

2
ðqÞ

jL3ð f Þj
4

0@ 1A:
We take Lið f Þ ¼ Mið f ÞLð f � wi;

1
2Þ where Mið f Þ is a ‘mollifier’ chosen so thatX

f2S�
2
ðqÞ

L1ð f ÞL2ð f ÞL3ð f Þ

jS�
2ðqÞj

5 c0 þ oð1Þ and
X

f2S�
2
ðqÞ

jLið f Þj
4

jS�
2ðqÞj

4 ci þ oð1Þ;

where c0; c1; c2; c3 are positive. In the following sections we will show that����� Xh
f2S�

2
ðqÞ

L1ð f ÞL2ð f ÞL3ð f Þ

�����5 ðc0 þ oð1ÞÞðlog qÞk0 ð4:1Þ

and X
f2S�

2
ðqÞ

jLið f Þj
44 ðci þ oð1ÞÞðlog qÞki ;

for i ¼ 1; 2; 3, with 4k0 ¼ k1 þ k2 þ k3 so that

c40
c1c2c3

þ oð1Þ4
Xh
f2S�

2
ðqÞ

L1L2L3 ð f Þ6¼0

1:

To finish the proof of Theorem 1.1, we must still replace the weight 1=4pð f; f Þ by
the ‘natural’ weight 1=jS�

2ðqÞj. This can be done using the axiomatic system of [KM2]

and [KMV2] with no loss in the size of the constants, but since we do not care about

the size of the constants, it is enough to use the inequality (already used by Luo in

[Lu2], in a similar context)

Xh
f2S�

2
ðqÞ

L1L2L3 ð f Þ6¼0

14
X
f2S�

2
ðqÞ

L1L2L3 ð f Þ6¼0

1

0BB@
1CCA
1=2 Xh

f2S�
2
ðqÞ

1

4pð f; f Þ

0@ 1A1=2

and the upper bound due to E. Royer [Ro]:

SIMULTANEOUS NONVANISHING OF TWISTS OF AUTOMORPHIC L-FUNCTIONS 143

https://doi.org/10.1023/A:1020544429383 Published online by Cambridge University Press

https://doi.org/10.1023/A:1020544429383


LEMMA 4.1. There exists an absolute constant C such that, for q a sufficiently large

prime,Xh
f2S�

2
ðqÞ

1

4pð f; f Þ
4Cq�1:

5. The Third Moment

5.1. EXPRESSION OF THE CENTRAL VALUES AS RAPIDILY CONVERGING SERIES

Let w be a primitive character of conductor D, and let ew ¼ �wð�qÞGðwÞ=Gð�wÞ. Take
f 2 S�

2ðqÞ with ðq;DÞ ¼ 1. Then from (1.1) and a contour shift we have

Lð f � w; 12Þ ¼
X
n

lf ðnÞwðnÞ
n1=2

V
n

q1=2D

� �
þ ewef

X
n

lf ðnÞwðnÞ
n1=2

V
n

q1=2D

� �
; ð5:1Þ

where

VðyÞ ¼
1

2pi

Z
ð3Þ

Gð1þ sÞð2pyÞ�s ds

s
:

If w is real thenffiffiffi
q

p
D

2p

� ��1

L0
ð f � w; 12Þ ¼ ð1� ewef Þ

X
n

lf ðnÞ
n1=2

V
n

q1=2D

� �
: ð5:2Þ

For w1; w2 two primitive characters of respective moduli D1;D2, and ðq;D1D2Þ ¼ 1,

we denote by

w1 � w2ðnÞ ¼
X

n1n2¼n

w1ðn1Þw2ðn2Þ;

their Dirichlet convolution. By (2.1), we get

Lð f � w1; sÞLð f � w2; sÞ ¼ LðqÞð2s; w1w2Þ
X
n

lf ðnÞw1 � w2ðnÞn
�s

so that

Lð f � w1;
1
2ÞLð f � w2;

1
2Þ ¼

X
n

lf ðnÞw1 � w2ðnÞ
n1=2

Ww1w2
n

qD1D2

� �
þ

þ ew1ew2
X
n

lf ðnÞ�w1 � �w2ðnÞ
n1=2

Ww1w2
n

qD1D2

� �
:¼Pð f; w1w2Þ þ ew1ew2Pð f; �w1 �w2Þ ð5:3Þ

say, with

Ww1w2 ðyÞ ¼
1

2pi

Z
ð3Þ

Gð1þ sÞ2LðqÞð1þ 2s; w1w2Þð4p
2yÞ�s ds

s
:

Shifting the line of integration, we infer that

yjVðjÞðyÞ; yjWðjÞ
w1w2

ðyÞ � ð1þ yÞ�A
j log yj ð5:4Þ
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for all j5 0 and all A > 0, the implied constant depending on j;A;D1;D2 only (the

j log yj factor appearing if and only if w1 ¼ �w2). On the other hand, if we shift the line
to <es ¼ �1=2 we have (if w1 6¼ �w2)

Ww1w2 ðyÞ ¼ Lðw1w2; 1Þ þOD1;D2
ðy1=2Þ: ð5:5Þ

5.2. MOLLIFICATION

Let w1; w2; w3 be distinct primitive Dirichlet characters of conductors D1; D2; D3, and

let q be a large prime with ðq;D1D2D3Þ ¼ 1. Since Lð f � �w; 12Þ ¼ Lð f � w; 12Þ we may also
assume that wi 6¼ �wj for i 6¼ j. For each f 2 S�

2ðqÞ and wi; i ¼ 1; 2; 3 we associate a

mollifier Mið f Þ of the form

Mið f Þ ¼
X
‘4L

ð‘;qÞ¼1

xið‘Þ
lf ð‘Þ
‘1=2

;

where L :¼ qD for some fixed D < 1 and the xið‘Þ are complex numbers satisfying

xið‘Þ � qe for all e > 0, the implied constant depending on e;D1;D2;D3 only. To

simplify the notations to come we note that (2.1) lets us write

M1ð f ÞM2ð f ÞM3ð f Þ ¼: Mð f Þ ¼
X
‘4L0

ð‘;qÞ¼1

xð‘Þ

‘1=2
;

with L0 ¼ q3D and the xð‘Þ satisfying the same bound. To be precise, we have

xð‘Þ ¼
XX
d;d0

1

dd0
X
‘3‘4¼‘

X
‘1‘2¼‘3d

0

x1ðd‘1Þx2ðd‘2Þx3ðd
0‘3Þ: ð5:6Þ

In view of (5.1) and (5.3), it suffices to estimate the sums

PMðw1; w2; w3Þ :¼
Xh
f

Pð f; w1w2ÞPð f; w3ÞMð f Þ

and

PMeðw1; w2; �w3Þ :¼
Xh
f

efPð f; w1w2ÞPð f; �w3ÞMð f Þ

and to take an appropriate linear combination involving the conjugates of w1; w2. We
make an additionial reduction by writing Pð f; w3ÞMð f Þ in the form

Pð f; w3ÞMð f Þ ¼
X
‘;n

lf ð‘nÞ

ð‘nÞ1=2

X
ðd;qÞ¼1

xðd‘Þw3ðdnÞ
d

V
dn

q1=2D3

� �
:¼
X
n

lf ðnÞ
n1=2

yðnÞ: ð5:7Þ

Note that, in view of (5.4) and the bound on xð‘Þ,

yðnÞ � qe 1þ
n

q1=2þ3D

� ��A

ð5:8Þ

for all e;A > 0 the implied constant depending on e;A; and D1D2D3.
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5.3. EVALUATION OF PMðw1; w2; w3Þ

Since q is prime, we have B2ðqÞ ¼ S�
2ðqÞ and Petersson’s formula provides a decom-

position of PMðw1; w2; w3Þ into the sum of a diagonal term,X
m

yðmÞw1 � w2ðmÞ

m
Ww1w2

m

qD1D2

� �
ð5:9Þ

and a nondiagonal term,

PMND ¼ �2p
X

c>0;c�0ðqÞ

c�1
XX

m;n

w1 � w2ðmÞ

m1=2
Ww1w2

m

qD1D2

� �
yðnÞ

n1=2
�

� Sðm; n; cÞJ1
4p

ffiffiffiffiffiffiffi
mn

p

c

� �
: ð5:10Þ

Now we appeal to the large sieve inequality of [DFI2]:

PROPOSITION 5.1. Let k5 2 be an integer. For Z a smooth function supported in

½C,2C� such that ZðiÞ �i C
�i for all i5 0, set

DZðn; ‘Þ :¼ 2pi�k
X

c�0ðqÞ
c>0

Sðn; ‘; cÞ

c
Jk�1

4p
ffiffiffiffiffi
‘n

p

c

� �
ZðcÞ:

Then for any sequences of complex numbers xm; yn,X
m4M

X
n4N

xmynDZð‘; nÞ �e;k Ce

ffiffiffiffiffiffiffi
LN

p

C

� �k�3=2

1þ
L

q

� �1=2
1þ

N

q

� �1=2
jjxjj2jjyjj2

with any e > 0 the implied constant depending on e and k only.

Introducing a smooth partition of unity on the variables c;m; n and using

Proposition 5.1 alongwith (5.4) and (5.8), we find that the expression (5.9) is dominated

by qe�ð1�6DÞ=8 for all e > 0 the implied constant depending on e;D1;D2;D3.

Remark. It is possible to avoid the use of Proposition 5.1, a rather deep result,

through elementary methods (see [V2], for example) with no loss in the quality of the

estimate. Here we prefer to get the desired result as quickly as possible. &

We thus have (using (5.5))Xh
f

Pð f; w1w2ÞPð f; w3ÞMð f Þ

¼
X
d;‘;n

xðd‘Þw1 � w2ð‘nÞw3ðdnÞ
d‘n

V
dn

q1=2D3

� �
Ww1w2

‘n

qD1D2

� �
þ oð1Þ:

¼ Lðw1w2; 1Þ
X
d;‘;n

xðd‘Þw1 � w2ð‘nÞw3ðdnÞ
d‘n

V
dn

q1=2D3

� �
þ oð1Þ

ð5:11Þ

as long as D < 1=6, the implied constant depending on D1;D2;D3;D.
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Before going to the evaluation of the more difficult term PMeðw1; w2; �w3Þ, we show
that we are finished calculating the third moment if any of the characters, say w1, is
real. By (1.1),

Lð f � w1;
1
2Þ ¼

1þ ew1ef
2

Lð f � w1;
1
2Þ

since both sides vanish if ef ¼ �ew1 , so

Lð f � w1;
1
2ÞLð f � w2;

1
2ÞLð f � w3;

1
2Þ

¼
1þ ew1ef

2
Lð f � w1;

1
2ÞLð f � w2;

1
2ÞðPð f; w3Þ þ ew3efPð f; �w3ÞÞ:

But, since both sides are zero unless ef ¼ ew1 , we have

ð1þ efew1 Þew3ef ¼ ð1þ efew1Þew3ew1 :

Thus

Lð f � w1;
1
2ÞLð f � w2;

1
2ÞLð f � w3;

1
2Þ

¼ Lð f � w1;
1
2ÞLð f � w2;

1
2ÞðPð f; w3Þ þ ew1ew3Pð f; �w3ÞÞ;

and both terms can be evaluated by (5.11).

6. Evaluation of PMeðv1; v2; �v3Þ

Note that, by appropriate labelling of characters, we may assume that w1w2ð�1Þ ¼ 1.

We define yðnÞ by

Pð f; �w3ÞMð f Þ ¼
X
‘;n

lf ð‘nÞ

ð‘nÞ1=2

X
ðd;qÞ¼1

xðd‘Þ�w3ðdnÞ
d

V
dn

q1=2D3

� �
:¼
X
n

lf ðnÞ
n1=2

yðnÞ: ð6:1Þ

We have

PMeðw1; w2; �w3Þ

¼ �
ffiffiffi
q

p XX
m; n

w1 � w2ðmÞyðnÞ

m1=2n1=2
Ww1w2

m

qD1D2

� �Xh
f

lf ðqmÞlf ðnÞ:

We use Petersson’s formula to break this into a ‘diagonal’ term,

�
X
m

w1 � w2ðmÞyðqmÞ

m
Ww1w2

m

qD1D2

� �
;

and a ‘nondiagonal’ term,

� 2p
ffiffiffi
q

p X
c>0;c�0ðqÞ

c�1
XX

m;n

w1 � w2ðmÞ

m1=2
Ww1w2

m

qD1D2

� �
yðnÞ

n1=2
�

� Sðqm; n; cÞJ1
4p

ffiffiffiffiffiffiffiffiffi
qmn

p

c

� �
:

SIMULTANEOUS NONVANISHING OF TWISTS OF AUTOMORPHIC L-FUNCTIONS 147

https://doi.org/10.1023/A:1020544429383 Published online by Cambridge University Press

https://doi.org/10.1023/A:1020544429383


By (5.4) and (5.8) the diagonal term is � qeð1þ qð1�6DÞ=2Þ�A for all e;A > 0 and is

thus negligible as long as D < 1=6. Thus we need only consider the non-diagonal

term. Note first that the contribution from when n is divisible by q is

� qeð1þ qð1�6DÞ=2Þ�A for all e;A > 0, and can thus also be ignored. Thus we may

assume that ðn; qÞ ¼ 1. We note that Sðqm; n; cÞ ¼ 0 unless q divides c exactly once,

in which case, writing c ¼ qc0 with ðc0; qÞ ¼ 1, we have

Sðqm; n; cÞ ¼ Sðm; �qn; c0ÞSð0; c0n; qÞ ¼ �Sðm; �qn; c0Þ:

Thus

PMe ¼
2pffiffiffi
q

p
X

ðn;qÞ¼1

yðnÞ

n1=2

X
ðc;qÞ¼1

X
m

w1 � w2ðmÞ

m1=2

Sðm; �qn; cÞ

c
�

�Ww1w2
m

qD1D2

� �
J1

4p
ffiffiffiffiffiffiffiffiffiffiffi
mn=q

p

c

� �
þ Err:

By Weil’s bound for Kloosterman sums and the inequality J1ðxÞ � x we can ignore

the contribution from large c, say c5C for C ¼ q1000. To simplify computations, we

multiply the expression by ZðmÞ, where ZðxÞ is smooth, vanishing near the origin, and
equal to one on ½1;þ1Þ. Note that the sum is unchanged by this step.

6.1. APPLICATION OF POISSON’S FORMULA

We now write Sðm; �qn; cÞ as a sum of exponentials eððamþ aqnÞ=cÞ and apply Propo-

sition A.2 for the function

ZðxÞFðxÞ ¼ ZðxÞx�1=2Ww1w2
x

qD1D2

� �
J1

4p
ffiffiffiffiffiffiffiffiffiffi
xn=q

p

c

� �
:

We can then write PMe ¼ PMe
main þ PMe

er þ Err with

PMe
main ¼ 2p

Gðw2ÞLð1; w1 �w2Þffiffiffi
q

p �

�
X

ðn;qÞ¼1

yðnÞ

n1=2

X
c4C;D2jc
ðc;qÞ¼1

w1
c

D2

� �
Gðw2; �qn; cÞ

c2

Z 1

0

ZðxÞFðxÞdxþ

þ 2p
Gðw1ÞLð1; �w1w2Þffiffiffi

q
p �

�
X

ðn;qÞ¼1

yðnÞ

n1=2

X
c4C;D1jc
ðc;qÞ¼1

w2
c

D1

� �
Gðw1; �qn; cÞ

c2

Z 1

0

ZðxÞFðxÞdx;

where Gðw2; �qn; cÞ ¼
P

aðcÞ;ða;cÞ¼1 w2ðaÞeða �qn=cÞ and
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PMe
er ¼�

4p2ffiffiffi
q

p
X

ðn;qÞ¼1

yðnÞ

n1=2

X
c4C

ðc;qÞ¼1

X
m1;m2

Rðm1;m2; �qn; cÞ

cc1c2
�

�

Z 1

0

ZðxÞFðxÞY0

�
4p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m1m2x

c1c2

r �
dxþ

þ 8p
w2ð�1Þffiffiffi

q
p

X
ðn;qÞ¼1

yðnÞ

n1=2

X
c4C
ðc;qÞ¼1

X
m1;m2

Rðm1;m2;� �qn; cÞ

cc1c2
�

�

Z 1

0

ZðxÞFðxÞK0 4p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m1m2x

c1c2

r� �
dx;

where Rðm1;m2; n; cÞ is the exponential sum defined in (B.1). Using Lemma B.1 we

see that

PMe
er � q�1=2

X
ðn;qÞ¼1

jyðnÞj

n1=2

X
c4C
ðc;qÞ¼1

X
m51

tðmÞ
ððc1c2=c

2Þn� qm; cÞ

c2
�

�

���� Z 1

0

ZðxÞFðxÞY0 4p
ffiffiffiffiffiffiffiffiffi
mx

c1c2

r� �
dx

����þ
þ q�1=2

X
ðn;qÞ¼1

jyðnÞj

n1=2

X
c4C
ðc;qÞ¼1

X
m5 1

tðmÞ
ððc1c2=c

2Þnþ qm; cÞ

c2
�

�

���� Z 1

0

ZðxÞFðxÞK0 4p
ffiffiffiffiffiffiffiffiffi
mx

c1c2

r� �
dx

����;
the implied constant depending only on D1;D2. We bound these terms by the meth-

ods of [KM2] 2.4.6 which gives that the inner sums over the variable c;m are boun-

ded by � qe�1=2n1=2. Note in particular the singularity for

n ¼ qmðc1c2=c
2Þ

�15 qm=ðD1D2Þ

,but from (5.8), as long as 1=2þ 3D < 1, it gives a negligable contribution. The net

result is that PMe
er is bounded by

� qe�1
X

ðn;qÞ¼1

jyðnÞj � qe�1=2þ3D;

which is admissible as long as D < 1=6.

6.2. EVALUATION OF PMe
main

Now we evaluate the two terms of PMe
main. First we remove the function ZðxÞ from

the integral at a cost � q�1=2þ3D (using that J1ðxÞ � x), and we extend the summa-

tion to c > C at a negligible cost. Next we make the change of variable

y ¼ ð4p
ffiffiffi
n

p
=

ffiffiffi
q

p
cD2Þx

1=2. In the definition of Ww1w2 as an inverse Mellin transform
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we shift the line of integration to s ¼ 1=4, switch this integral with the x-integral and

the c sum (everything is absolutely convergent) and use the identityZ 1

0

J1ðyÞy
�2sdy ¼ 2�2s

Gð1� sÞ

Gð1þ sÞ
:

We obtain finally that the first of the two terms of PMe
main is

Gðw2Þ
D2

Lð1; w1w2Þ
X
n

yðnÞ

n

1

2pi
�

�

Z
ð1=4Þ

Gð1� sÞGð1þ sÞLðqÞð1þ 2s; w1w2ÞZð1þ 2sÞ
D1

D2n

� �s
ds

s
;

ð6:2Þ

where

ZðsÞ ¼
X

ðc;qÞ¼1

w1ðcÞ
Gðw2; �qn; cD2Þ

cs
:

We have

Gðw2; �qn; cD2Þ ¼
X
aðcD2Þ

ða;cÞ¼1

w2ðaÞe
a �qn

cD2

� �

¼
X
ujc

mðuÞw2ðuÞ
X
aðcD2Þ

w2ðaÞe
au �qn

cD2

� �
¼
X
ujc

c=ujn

mðuÞw2ðuÞ
c

u

X
aðD2Þ

w2ðaÞe
a �qn=ðc=uÞ

D2

� �

¼ Gðw2Þw2ðqÞ
X
ef¼n
ejc

e�w2ð f Þmðc=eÞw2ðc=eÞ:

We obtain that

ZðsÞ ¼
X
ef¼n

ðe;qÞ¼1

w1ðeÞ�w2ð f Þe
1�sLðqÞðw1w2; sÞ

�1:

Note that we can drop the condition ðe; qÞ ¼ 1 at an admissible cost since qje implies

that qjn, and we have already ruled out that case. Finally, up to an admissible

remainder term, (6.2) equals

G2ðw2Þw2ðqÞ
D2

Lð1; w1 �w2Þ
X
n

yðnÞ

n
Fðw1; w2; nÞ;

where

Fðw1; w2; nÞ ¼
1

2pi

Z
ð1=4Þ

Gð1� sÞGð1þ sÞ
D1

D2

� �sX
ef¼n

w1ðeÞ�w2ð f Þ
e

f

� �s
ds

s
: ð6:3Þ
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So, up to a remainder dominated by � qe�1=2þ3D,

PMe ¼
X
n

yðnÞ

n

G2ðw2Þw2ðqÞ
D2

Lð1; w1 �w2ÞFðw1; w2; nÞ
�

þ

þ
G2ðw1Þw1ðqÞ

D1
Lð1; �w1w2ÞFðw2; w1; nÞ

�
:

This finishes our computation of PMeðw1; w2; �w3Þ.

6.3. END OF THE COMPUTATION

We now combine the sums to calculate

Xh
f

Lð f � w1;
1
2ÞLð f � w2;

1
2ÞefPð f; �w3ÞMð f Þ

¼
Xh
f

Pð f; w1w2ÞefPð f; �w3ÞMð f Þ þ ew1ew2
Xh
f

Pð f; �w1 �w2ÞefPð f; �w3ÞMð f Þ:

At this point, it is sufficient to compute

G2ðw2Þw2ðqÞ
D2

Lð1; w1 �w2ÞFðw1; w2; nÞ þ
G2ðw1Þw1ðqÞ

D1
Lð1; �w1w2Þ

X
n

Fðw2; w1; nÞ

" #
þ

þ ew1ew2
G2ð�w2Þ�w2ðqÞ

D2
Lð1; �w1w2Þ

X
n

Fð�w1; �w2; nÞþ

"

þ
G2ð�w1Þ�w1ðqÞ

D1
Lð1; w1 �w2Þ

X
n

Fð�w2; �w1; nÞ

#
: ð6:4Þ

By shifting the s contour in (6.3) to s ¼ �1=4 we get a simple pole at s ¼ 0. Making

the change of variable s ! �s, we have

Fðw1; w2; nÞ þ Fð�w2; �w1; nÞ ¼ w1 � �w2ðnÞ:

Using the hypothesis w1w2ð�1Þ ¼ 1 and the identity

ew1ew2 ¼ w1w2ðqÞ
Gðw1Þ
Gð�w1Þ

Gðw2Þ
Gð�w2Þ

;

we find that (6.4) equals

G2ðw2Þw2ðqÞ
D2

Lð1; w1 �w2Þw1 � �w2ðnÞ þ
G2ðw1Þw1ðqÞ

D1
Lð1; �w1w2Þ�w1 � w2ðnÞ: ð6:5Þ
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Thus we have proved the following, theorem:

THEOREM 6.1. Let w1; w2; w3 be three distinct primitive characters of conductor

D1;D2;D3 such that w1w2ð�1Þ ¼ 1. Then for any D < 1=6,XhY
Lð f:wi;

1
2ÞMið f Þ

¼ PMðw1; w2; w3Þ þ ew1ew2PMð�w1; �w2; w3Þ þ

þ e3PMeðw1; w2; �w3Þ þ e3PMeðw2; w1; �w3Þ þ oð1Þ ð6:6Þ

the implied constant depending on only on D1;D2;D3;D, where

PMðw1; w2; w3Þ ¼ Lð1; w1w2Þ
XX

d;‘;n

xðd‘Þw1 � w2ð‘nÞw3ðdnÞ
d‘n

V
dn

q1=2D3

� �
ð6:7Þ

and

PMeðw1; w2; �w3Þ ¼ G2 ðw2Þw2ðqÞ
D2

Lð1; w1 �w2Þ
XX

d;‘;n

xðd‘Þ � �w2ð‘nÞ�w3ðdnÞ
d‘n

V
dn

q1=2D3

� �
ð6:8Þ

7. The Fourth Moment

In this section and the following, w is a complex primitive character of conductor D,
such that w2 is also primitive of conductor D > 1. We wish to calculate asymptotics

for the fourth momentXh
jLð f:w; 12Þj

4jMð f Þj4:

We start by calculating a precise asymptotic expansion for the twisted fourth

moment

M4ð‘Þ :¼
Xh

f2S�
2
ðqÞ

jLð f:w; 1=2Þj4lfð‘Þ: ð7:1Þ

We can assume in what follows that ‘ is coprime with qD.

PROPOSITION 7.1. Let w be a nontrivial complex character of conductor D

squarefree, we assume also that w2 is also primitive. For any prime q, and any ‘ < q

coprime with qD, an any e > 0 we have

M4ð‘Þ ¼MDð‘Þ þMODð‘Þ þMOODð‘Þ þOe;Dðq
eð‘3=4q�1=12þ ‘17=8q�1=4þ ‘q�1=6ÞÞ

where MDð‘Þ þMODð‘Þ is defined in ð7:9Þ and MOODð‘Þ is defined in ð8:14Þ.

This proposition is a variant of Theorem 1.2 of [KMV2] and is proved in essen-

tially the same way. Since the analysis of the error terms is exactly the same as in

[DFI2, KMV2] (because D is fixed) we will almost entirely skip it to concentrate

on the evaluation of the main terms. In particular when we refer to an expression
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as being an ‘admissible error term’ we mean that the contribution of this expression

to the whole M4ð‘Þ can be bounded by Oe;Dðq
eð‘3=4q�1=12 þ ‘17=8q�1=4 þ ‘q�1=6ÞÞ.

To simplify notation we define the twisted divisor function

twðnÞ :¼ w � �wðnÞ ¼
X
ab¼n

wðaÞ�wðbÞ

it satisfies

twðmÞtwðnÞ ¼
X
djðm;nÞ

eDðdÞtw
mn

d2

� �
; twðmnÞ ¼

X
djðm;nÞ

eDðdÞmðdÞtw
m

d

� 	
tw

n

d

� 	
: ð7:2Þ

Let GðsÞ be a real even polynomial such that Gð0Þ ¼ 1 and G vanishes at order at

least 2 at s ¼ 1; 2; 3 (this simplifies some technical aspects of the computation).

We have

jLð f� w; 1=2Þj2 ¼ 2
X
n

twðnÞffiffiffi
n

p lf ðnÞW
n

qD2

� �
with

WðyÞ :¼
1

2pi

Z
ð3Þ

GðsÞG2ð1þ sÞzðqDÞ
ð1þ 2sÞð4p2yÞ�s ds

s
:

We have by (2.1)

M4ð‘Þ ¼
X
de¼‘

d�1=2
X
ab¼d

mðaÞ
a1=2

twðbÞ
X
m;n

twðmÞtwðnÞ

ðmnÞ1=2
W

m

qD2

� �
�

�W
adn

qD2

� �Xh
f

lfðmÞlfðaenÞ:

Using (2.3), we split this into

M4ð‘Þ ¼ MDð‘Þ þMNDð‘Þ

with

MD
4 ð‘Þ ¼

X
de¼‘

1

d1=2

X
ab¼d

mðaÞ
a1=2

twðbÞ
X
n

twðaenÞtwðnÞ

ðaeÞ1=2n
W

aen

qD2

� �
W

adn

qD2

� �
;

MND
4 ð‘Þ ¼ �2p

X
de¼‘

1

d1=2

X
ab¼d

mðaÞffiffiffi
a

p twðbÞ
X

c�0ðqÞ

1

c

X
m;n

twðmÞtwðnÞffiffiffiffiffiffiffi
mn

p W
m

qD2

� �
�

�W
adn

qD2

� �
Sðm; aen; cÞJk�1

4p
ffiffiffiffiffiffiffiffiffiffiffi
aemn

p

c

� �
:

We have by (7.2)

MDð‘Þ ¼
1

‘1=2

X
de¼‘

X
n

twðenÞtwðdnÞ
n

W
en

qD2

� �
W

dn

qD2

� �
: ð7:3Þ
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Before evaluating MNDð‘Þ, we make a smooth dyadic partition of unity on the vari-

ables x and n by introducing (as with the third moment) ZðxÞ, which vanishes near
the origin and is one on ½1;þ1Þ. We decompose Z as ZðxÞ ¼

P
M51 ZMðxÞ; a sum

of smooth functions ZM which are compactly supported on ½M=2; 2M� with deriva-

tives satisfying xjZðjÞðxÞ �j 1 for any j. We set

Dðx; nÞ :¼
1ffiffiffiffiffiffi
xn

p W
x

qD2

� �
W

adn

qD2

� �
ð7:4Þ

and we use the generic notation FM;Nðx; nÞ or Fðx; nÞ to designate a function of the

form

FM;Nðx; nÞ :¼ ZMðxÞZNðnÞDðx; nÞ:

We thus have

MND
4 ð‘Þ ¼ �2p

X
de¼‘

1

d1=2

X
ab¼d

mðaÞffiffiffi
a

p twðbÞ �

�
X
M;N

X
c�0ðqÞ

1

c

X
m;n

twðmÞtwðnÞFM;Nðm; nÞSðm; aen; cÞJ1
4p

ffiffiffiffiffiffiffiffiffiffiffi
aemn

p

c

� �
:

ð7:5Þ

We note that we can remove the contributions from MþN5 q1þe and then from

c5C (where C ¼ minðq7=6; q2=3M1=2Þ) at an admissible cost, using (5.4) and Propo-

sition 5.1. We apply Proposition A.2 and get

c
X
m

twðmÞFðm; nÞSðm; aen; cÞ

¼ dDjc2<e w
c

D

� 	
Gðw; aen; cÞGð�wÞLð1; w2Þ

� 	 Z 1

0

Fðx; nÞ dxþ

þ
X



wð�1Þ
X
m51

Tðm;�aen; cÞF̂
ðm; nÞ ð7:6Þ

where

F̂
ðy; nÞ :¼ �2p
Z 1

0

Fðx; nÞJ1
4p

ffiffiffiffiffiffiffiffiffiffi
xaen

p

c

� �
K
 4p

ffiffiffiffiffiffi
xy

p

½c;D�

� �
dx;

K�ðxÞ :¼ �2pY0ðxÞ; KþðxÞ :¼ 4K0ðxÞ;

Tðm; n; cÞ :¼
X

m1m2¼m

Rðm1;m2; n; cÞ

and

Rðm1;m2; n; cÞ ¼
c

½c;D�
2

X
xðcÞ

ðx;cÞ¼1

e
n �x

c

� � X
r1;r2ð½c;D�Þ

wðr1Þ�wðr2Þe
m1r1 þm2r2

½c;D�
þ

r1r2x

c

� �
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is the sum studied in Section B.1 of the Appendix. The contribution of the first term

can be shown negligible in exactly the same way as in [DFI2] p. 229 or [KMV2] 3.3,

the only adjustment being powers of D to consider, so we will not cover it in detail

here. This leaves the sum over m, which we break into two cases.

7.1. EVALUATION OF THE OFF-DIAGONAL TERM

We first consider the special case m ¼ ðD=ðc;DÞÞ
2aen (the ‘off-diagonal’ term), spe-

cifically its contribution to the ‘þ’ part of the sum in (7.6). For notational conveni-

ence, we let D3 ¼ D=ðc;DÞ, so that

MOD
4 ð‘Þ ¼

X
de¼‘

1

d1=2

X
ab¼d

mðaÞffiffiffi
a

p twðbÞ �

�
X
M;N

X
c�0ðqÞ
c4C

1

c

X
n

twðnÞTðaenD2
3; aen; cÞF̂

�
M;NðD

2
3aen; nÞ: ð7:7Þ

From (B.4), we see that TðaenD2
3; aen; cÞ ¼ 0 unless D3 ¼ 1, so Djc. Combining (B.4)

with (B.3), we find that

Tðaen; aen; cÞ ¼ twðaenÞf
c

D1

� �
mðD1Þ;

where D1 is the largest divisor of ðD; cÞ such that ðD1; c=D1Þ ¼ 1. As in [KMV2] 3.5,

we can drop the constrains c4C and MþN4 q1þe at an admissible cost. At

this point (7.7) is almost exactly identical to the off-diagonal terms studied in

[KMV2], Section 3.6, the only difference being the replacement of t by tw and
fðcÞ by fðc=D1ÞmðD1Þ. Thus we may follow the steps of that paper precisely, using

the calculation

X
qDjc

fð c
D1
ÞmðD1Þ

c1þ2s
¼

fðqÞ
q1þ2s

D1�2s zð2sÞ

zðqDÞ
ð1þ 2sÞzðDÞ

ð1� 2sÞ
;

and the functional equation

zð2sÞGðsÞ ¼ p2s�1=2zð1� 2sÞGð1=2� sÞ:

to get an off-diagonal term of

X
de¼‘

1

‘1=2

X
ab¼d

mðaÞ
a

twðbÞ
X
n

twðaenÞ
n

W
adn

qD2

� �
�

�
1

2pi

Z
ð3Þ

GðsÞG2ð1� sÞ
jðqÞ
q

zðDÞ
ð1� 2sÞ

4p2aen
qD2

� �s
ds

s
: ð7:8Þ
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We make the change of variable s0 ¼ �s, then shift the resulting contour to the right

up to <es0 ¼ 3, passing a pole at s0 ¼ 0. After rearranging the a; b; e sums and com-

bining with the the diagonal term (7.3), we obtain that

MDð‘Þ þMODð‘Þ ¼
jðqÞ
q

4

‘1=2

X
de¼‘

X
n

twðdnÞtwðenÞ
n

W
dn

qD2

� �
Ress¼0�

�
GðsÞG2ð1þ sÞðqD2Þ

s

sð4p2enÞs
zðDÞ

ð1þ 2sÞþ

þ
4

‘1=2

X
de¼‘

X
n

twðdnÞtwðenÞ
n

W
dn

qD2

� �
W� en

qD2

� � ð7:9Þ

up to and admissible error term with

W�ðyÞ ¼
1

2pi

Z
ð3Þ

GðsÞG2ð1þ sÞðzðqDÞ
ð1þ 2sÞ �

jðqÞ
q

zðDÞ
ð1þ 2sÞÞð4p2yÞ�s ds

s
:

Shifting the contour to <es ¼ e gives W�ðyÞ �e ðyqÞ
eq�1, so this second sum is neg-

ligible.

8. The Off-Off Diagonal Term

The ‘off-off diagonal’ term,whichwedenoteMOODð‘Þ, is the contribution fromMNDð‘Þ

when m 6¼ D2
3aen. As in [KMV2], its evaluation is by far the most difficult and

technical. We start with a notational adjustment: to any c > 0 we associate the

decomposition D ¼ D1D2 and the divisor D3jD2 uniquely defined by the properties

c ¼ c0D1; ðc0;D1D3Þ ¼ 1; ðD2=D3Þ
2
jc0:

Note that this is slightly different than the decomposition in Appendix B, we have

adjusted it because here the only important distinction is between primes dividing

c once and dividing it any other number of times. There is no change in the meaning

of D3, but what we now call D2 is called D2D3 in the appendix.

We first write MOODð‘Þ as a sum over M and N of terms of the form

MOOD
M;N ð‘Þ ¼ �2p

X
de¼‘

1

d1=2

X
ab¼d

mðaÞffiffiffi
a

p twðbÞ �

�
X
c�0ðqÞ

1

c2

X



wð�Þ
X
h 6¼0

X
m
D2

3
aen¼h

Tðm;�aen; cÞF

M;Nðm; nÞ:

Using Equation (B.4), we see that the off-off-diagonal term is provided by the sum

over a; c; e, M, and N of

wD3
ð�1Þ

X
n2f
1g

wð�nÞ
X
h6¼0

rðh; c0Þ�

�
X

m1m2þnD2
3
aen¼h

�wD2
ðm1ÞwD2

ðm2ÞtwðnÞRðm1;m2;�naen;D1ÞF̂


M;Nðm1m2; nÞ

24 35
ð8:1Þ
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with

Rðm1;m2;n;D1Þ¼
1

D1

X
xðD1Þ

� X
r1;r2ðD1Þ

wD1
ðr1Þ�wD1

ðr2Þe
m1r1þm2r2þD3ðr1r2xþn �xÞ

D1

� �
:

Since qjc0, we can decompose rðh; c0Þ as

rðh; c0Þ ¼
X

gc00¼c0;ðq;gÞ¼1
c00jh

mðgÞc00 þ
X

gc00¼c0;qjg
c00jh

mðgÞc00 :¼ rmðh; c0Þ þ reðh; c0Þ:

One can show, exactly as in [KMV2] 4.4, that the reðh; cÞ portion contributes an

admissible error term so in the expression (8.1) we may replace rðh; c0Þ by rmðh; c0Þ.

We compute now the sum over the m1;m2; n variables. The treatment of remainder

terms and the choice of parameters in what is to come is the same as in [DFI2] and

we refer to that paper (and also to [DFI1]). We apply the d-symbol method [DFI1] to
detect the condition m1m2 
D2

3aen ¼ h, giving

X
m1m2þnD2

3
aen¼h

� � � ¼
X

14r<2R

1

D1

X
dðrÞ

�
e

�dh

r

� � X
r1;r2;xðD1Þ

�
wD1

ðr1Þ�wD1
ðr2Þe

r1r2x

D1

� �
�

�
X
m1;m2

�wD2
ðm1ÞwD2

ðm2Þe
m1r1 þm2r2

D1
þ

dm1m2

r

� �
�

�
X
n

twðnÞe nD2
3ae

d

r
�

�x

D1

� �
n

� �
Enðm1m2; nÞ; ð8:2Þ

where R is chosen depending on M;N and

Enðx; yÞ ¼ F̂nðx; yÞDrðxþ nD2
3aey� hÞ:

Now we perform Poisson summation using Proposition A.1 of Appendix A: we

obtain

X
m1;

X
m2;n

���¼Ress¼t¼0

bEnð1þs;1þtÞ

½r;D�
2ðsþtÞ

I0
s2
þ
1

s
ðI�þIþÞ

� �
II0
t2

þ
wðnÞ
t

ðII�þIIþÞ

� �
þErr;

ð8:3Þ

where

bEnð1þ s; 1þ tÞ ¼

Z Z þ1

0

Enðx; yÞxsyt dxdy;

I0 ¼ I0ðd; r1; r2Þ ¼
1

½r;D�
2

X
s1;s2ð½r;D�Þ

�wD2
ðs1ÞwD2

ðs2Þe
r1s1 þ r2s2

D1
þ

ds1s2
r

� �
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II0 ¼ II0ðd; xÞ ¼
1

½r;D�
2

X
s1;s2ð½r;D�Þ

�wðs1Þwðs2Þe D2
3ae

d

r
�

�x

D1

� �
s1s2

� �
;

I�¼I�ðd;r1;r2Þ¼
1

½r;D�
2

X
s1;s2ð½r;D�Þ

�wD2
ðs1ÞwD2

ðs2Þe
r1s1þr2s2

D1
þ
ds1s2
r

� �
�
G0

G
s1

½r;D�

� �� �
;

II� ¼ II�ðd;xÞ ¼
1

½r;D�
2

X
s1;s2ð½r;D�Þ

�wðs1Þwðs2Þe D2
3ae

d

r
�

�x

D1

� �
s1s2

� �
�
G0

G
s1

½r;D�

� �� �
and Iþ; IIþ are defined similarly with �G0=Gðs2=½r;D�Þ?. The portion called ‘Err’ is

the sum of 8 more terms (see (A.2)) involving sums of the (discrete) Fourier trans-

forms of the functions

ðs1; s2Þ ! �wD2
ðs1ÞwD2

ðs2Þe
s1r1 þ s2r2

D1
þ

ds1s2
r

� �
;

ðs1; s2Þ ! �wðs1Þwðs2Þe nD2
3ae

d

r
�

�x

D1

� �
s1s2

� �
;

weighted by certain Bessel transforms of En. Summing back over the variables

d; r1; r2; x one obtains sums of Kloosterman sums to which one applies Weil’s

bound. The details work precisely as in [DFI2], so we skip the rather tedious calcu-

lations involved. This shows, as in [DFI2] p. 229–231, that Err contributes an admis-

sible remainder term to the fourth moment, so that the main term comes from the

contribution of the pole at s ¼ t ¼ 1 of the Hurwitz zeta functions.

8.1. COMPUTATION OF I0ðd; r1; r2Þ

Since w2 is primitive, either w2D2
is nontrivial or D2 ¼ 1. Summing over s2 we see that

I0ðd; r1; r2Þ is zero unless D2 ¼ 1 and Djr. In this case the sum becomes

I0ðd; r1; r2Þ ¼
1

r2

X
s1;s2ðrÞ

e
r1s1 þ r2s2

D
þ

ds1s2
r

� �
¼
1

r
e �

�dr0r1r2
D

 !
ð8:4Þ

with r ¼ r0D.

8.2. COMPUTATION OF II0ðd; xÞ

Summing over s2, then over s1, we find that II0 is zero unless D1jjr and w2D1
is

trivial. The same holds for D2 and w2D2
, so, since wD is assumed non-trivial, we

have

II0ðd; xÞ ¼ 0: ð8:5Þ

?Note that in order to factor out the term wðnÞ we have (implicitly) made the changes of variables
s02 ¼ ns2 for II� and s01 ¼ ns1 for IIþ, so that these expressions are now independent of n.
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8.3. COMPUTATION OF I�ðd; r1; r2Þ

Once again, the sum is zero unless Djr and ðD; r=DÞ ¼ 1. Let r ¼ Dr0. Decomposing

s2 as s2 ¼ s02 þDt; with 04 t < r0, we get s1 � 0ðr0Þ and

I�ðd;r1;r2Þ¼
�wD2

ðr0Þ

r0D2

X
s1;s2ðDÞ

�wD2
ðs1ÞwD2

ðs2Þe
D2r

0r1s1þD2r2s2þds1s2
D

� �
�
G0

G
s1
D

� 	� �
:

The s2 sum is now a Gauss sum equalling

D1 �wD2
ð �D1ds1ÞGðwD2

Þds1�� �dD2r2ðD1Þ
;

so

I�ðd; r1; r2Þ ¼
�wD2

ð �D1dr
0Þ

r0D2D
GðwD2

Þ
X
s1ðDÞ

s1�� �dD2r2ðD1Þ

�w2D2
e

r0r1s1
D1

� �
ðs1Þ �

G0

G
s1
D

� 	� �
:

Since � �dD2r2 is coprime with D1, the exponential term is constant, and we can detect

the congruence through multiplicative characters c of modulus D1, namelyX
s1ðDÞ

s1�� �dD2r2ðD1Þ

¼
1

jðD1Þ

X
cðD1Þ

�cð� �dD2r2Þ
X

14s14D

cðs1Þ�w2D2
ðs1Þ �

G0

G
s1
D

� 	� �
:

Using (A.9) we obtain

I�ðd; r1; r2Þ ¼
�wD2

ð �D1dr
0Þ

r0D2
e �

r1r2r
0D2

�d

D1

 !
GðwD2

Þ

jðD1Þ
�

�
X
cðD1Þ

�cð� �dD2r2ÞRess¼0D
sLðc�w2D2

; 1þ sÞ: ð8:6Þ

The same holds for Iþðd; r1; r2Þ except that w and �w exchange places.

8.4. COMPUTATION OF II�ðd; xÞ

Summing over s2 shows that the sum is zero unless D2jjr, and more generally we see

that the sum is zero unless every prime factor of ðr;DÞ divides r exactly once. Thus

we may factor r into r ¼ r0ðr;DÞ with ðr0;DÞ ¼ 1. Summing over s2 ¼ s02 þDt with

04 t < r0 gives zero unless s1 � 0 modulo r0=ðae; r0Þ, so

II�ðd; xÞ ¼
�wðr0=ðae; r0ÞÞ

r0D2

X
s1ðDðae;r0ÞÞ

s2ðDÞ

�wðs1Þwðs2Þe D2
3

ae

ðae; r0Þ

d

ðD; rÞ
�

r0 �x

D1

� �
s1s2

� �
�

� �
G0

G
s1

Dðae; r0Þ

� �� �
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The s2 sum now equals

G w;D2
3

ae

ðae;r0Þ
d

D

ðD;rÞ
�D2r

0 �x

� �
s1;D

� �
¼ �w D2

3

ae

ðae;r0Þ
d

D

ðD;rÞ
�D2r

0 �x

� �
s1

� �
GðwÞ;

note that this is zero unless D3 ¼ 1, so Djc. Using (A.9),

IIþðd; xÞ ¼ ðae; r0Þ
w aer0

ðae;r0Þ2
d D
ðD;rÞ �D2r

0 �x
� 	� 	

r0D
Gð�wÞLðw2; 1Þ: ð8:7Þ

Again, the same applies for II�ðd; xÞ except that w and �w exchange places.

8.5. COMPUTATION OF THE CROSS-TERMS

Next we need to compute

Aðh; c; rÞ :¼
1

D1

X
dðrÞ

�
e

�dh

r

� �
�

�
X

r1;r2;xðD1Þ

�
wD1

ðr1Þ�wD1
ðr2Þe

r1r2x

D1

� �
I0ðd; r1; r2Þ

X



II
ðd; xÞ

Bðh; c; rÞ :¼ 1=D1

X
dðrÞ

�
e

�dh

r

� �
�

�
X

r1;r2;xðD1Þ

�
wD1

ðr1Þ�wD1
ðr2Þe

r1r2x

D1

� �X



I
ðd; r1; r2Þ
X



II
ðd; xÞ:

By Section 8.4, these terms are zero unless D3 ¼ 1, and that c only affects Aðh; c; rÞ

and Bðh; c; rÞ through the decomposition of D into D1 and D2.

8.5.1. Computation of Aðh; c; rÞ

As seen in Section 8.1, Aðh; c; rÞ is zero unless D1 ¼ D and Djr, so the sum over r1;

r2 is X
r1;r2ðDÞ

wðr1Þ�wðr2Þe
r1r2ðx� �dr0Þ

D

 !
¼ 0;

since w2 is nontrivial. So Aðh; c; rÞ ¼ 0.

8.5.2. Computation of Bðh; c; rÞ

By Section 8.3, Bðh; c; rÞ is zero unless r ¼ Dr0 with ðr0;DÞ ¼ 1. For notational pur-

poses, we let rð1Þ:¼ r1, rð�1Þ:¼ r2, so that for e; e0 2 f�1; 1g,
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Ieðd; r1; r2Þ ¼
weD2

ð �D1r
0dÞ

r0D2
Gð�weD2

Þe �
r1r2r

0D2
�d

D1

 !
1

jðD1Þ
�

�
X
cðD1Þ

�cð�D2
�drðeÞÞRess¼0DsLðcw2eD2

1þ sÞ;

IIe
0

ðd; xÞ ¼ ðae; r0Þ
we

0 aer0

ðae;r0Þ2
ðd�D2r

0 �xÞ
� 	

r
Gð�we

0

ÞLðw2e
0

; 1Þ:

Thus we can define

Bðh; c; rÞ ¼
X
e;e0

Bee0 ðh; c; rÞ; ð8:8Þ

with

Bee0 ðh;c;rÞ :¼
1

D1

X
dðrÞ

�
e

�dh

r

� � X
r1;r2;xðD1Þ

�
wD1

ðr1Þ�wD1
ðr2Þe

r1r2x

D1

� �
Ieðd;r1;r2ÞII

e0 ðd;xÞ

¼
weD2

ð �D1r
0Þwe

0 aer0

ðae;r0Þ2

� 	
Gð�weD2

ÞGð�we
0

ÞLðw2e
0

;1Þ

r2=ðae;r0Þ

1

jðD1Þ
�

�
X
cðD1Þ

�cð�D2ÞRess¼0D
sLðcw2eD2

;1þ sÞ�

�
X
dðrÞ
xðD1Þ

�
e �

dh

r

� �
ðcweD2

ÞðdÞwe
0

ðd�D2r
0 �xÞ�

�
X

r1;r2ðD1Þ

wD1
ðr1Þ�wD1

ðr2Þ �cðrðeÞÞe
r1r2ðx� r0D2

�dÞ

D1

 !

:

The r1 and r2 sums giveX
r1;r2ðD1Þ

wD1
ðr1Þ�wD1

ðr2Þ �cðrðeÞÞe
r1r2ðx� r0D2

�dÞ

D1

 !
¼ dc¼w2e

D1

jðD1ÞGð�weD1
ÞweD1

ðx� r0D2
�dÞ;

so

Bee0 ðh; c; rÞ ¼
weD2

ðr0Þ�weD1
ðD2Þwe

0 aer0

ðae;r0Þ2

� 	
Gð�weÞGð�we

0

ÞLðw2e; 1ÞLðw2e
0

; 1Þ

r2=ðae; r0Þ
�

�
X
dðrÞ
xðD1Þ

�
e �

dh

r

� �
ðweD1

weþe0
D2

ÞðdÞwe�e0
D1

ðxÞweþe0
D1

ðdx�D2r
0Þ:

We next compute the sum over d and x. It factors over moduli into the

product Sðr0ÞSðD1ÞSðD2Þ of 3 sums. We let d ¼ D1D2d
0 þ r0D1d2 þ r0D2d1, so the

first sum is
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Sðr0Þ ¼
X
d0ðr0Þ

�
e �

d0h

r0

� �
¼ rðh; r0Þ

and the third sum is

SðD2Þ ¼ weþe0 ðr0Þ
X
dðD2Þ

�
e �

d2h

D2

� �
weþe0
D2

ðd2D1Þ ¼ weþe0
D2

ðD1r
0ÞGðweþe0

D2
; h;D2Þ:

The second sum is more complicated:

SðD1Þ ¼
X

d1;xðD1Þ

�
e �

d1h

D1

� �
weD1

ðd1r
0D2Þw�e0

D1
ðxÞweþe0

D1
ðxd1r

0D2 � r0D2Þ:

Making the variable change x0 ¼ xd1 lets us factor this into a Jacobi sum over x and

a Gauss sum over d1, giving

SðD1Þ ¼ w2eþe0
D1

ð�r0D2ÞGðweþe0
D1

; h;D1ÞJðw�e0
D1

; weþe0
D1

Þ:

Combining the various sums thus yields

Bee0 ðh; c; rÞ

¼
weD2

ðr0Þ�weD1
ðD2Þwe

0 aer0

ðae;r0Þ2

� 	
Gð�weÞGð�we

0

ÞLðw2e; 1ÞLðw2e
0

; 1Þ

r2=ðae; r0Þ
�

� rðh; r0Þweþe0
D2

ðD1r
0ÞGðweþe0

D2
; h;D2Þw2eþe0

D1
ðD2r

0ÞGðweþe0
D1

; h;D1Þ Jðw�e0
D1

; weþe0
D1

Þ:

¼
w2ðeþe0Þðr0Þwe

0 ae
ðae;r0Þ2

� 	
Gð�weÞGð�we

0

ÞLðw2e; 1ÞLðw2e
0

; 1Þrðh; r0Þ

r2=ðae; r0Þ
�

� Gðweþe0 ; h;DÞJðw�e0
D1

; weþe0
D1

Þ:

The two cases e ¼ 
e0 contribute in slightly different ways. If e ¼ e0, then

Beeðh; c; rÞ ¼ Jðw�e
D1
; weþe0

D1
Þw4eðr0Þwe

ae

ðae; r0Þ2

� �
Gð�weÞ2Gðw2e; h;DÞ �

� Lðw2e; 1Þ2
rðh; r0Þ

r2=ðae; r0Þ
: ð8:9Þ

However, if e ¼ �e0, then Jðw�e
D1
; weþe0

D1
Þ ¼ mðD1Þ, so

Be�eðh; c; rÞ ¼ mðD1Þ�we
ae

ðae; r0Þ2

� �
jLðw2; 1Þj2

rðh; rÞ

rr0=ðae; r0Þ
: ð8:10Þ
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8.6. THE MAIN OFF-OFF-DIAGONAL TERM

Since Aðh; c; rÞ vanishes,XX
m1;m2;n

� � � ¼ bEnð1; 1ÞwðnÞBðh; c; rÞ þ Err

where Err is admissible and n 2 f
1g. Following [DFI1] p. 215, we have

bEnð1; 1Þ ¼

Z Z 1

0

F̂nðx; yÞDrðxþ nD2
3aey� hÞdxdy

¼

Z 1

0

F̂nðh� nD2
3aey; yÞdyþ Err;

since Dr approximate well the Dirac distribution. HenceXX
m1;m2;n

� � � ¼ wðnÞBðh; c; rÞ
Z 1

0

F̂nðh� nD2
3aey; yÞ dyþ Err; ð8:11Þ

where in both equations Err is an admissible error term. Collecting all the terms (ie.,

summing over M;N), we find that the main off-off diagonal term is given by

MOODð‘Þ ¼ wð�1Þ
X
de¼‘

1

d1=2

X
ab¼d

mðaÞ
a1=2

twðbÞ �

�
X

c�0ðqDÞ

c4 qA

1

c2

X
r�0ðDÞ

ðD;r=DÞ¼1

X
h 6¼0

rmðh; c0ÞBðh; c; rÞ½VþðhÞ þ V�ðhÞ�

with A ¼ 100, say, and

V
ðhÞ ¼ �2p
Z Z 1

0

dh�aey>0K

 4p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xðh� aeyÞ

p
c

 !
J1 4p

ffiffiffiffiffiffiffiffiffiffiffiffiffi
xðaeyÞ

p
c

 !
�

� ZðxÞZðyÞDðx; yÞdxdy;

where D is defined by (7.4). Since rmðh; c0ÞBðh; c; rÞ is even in h, we can replace h by its

absolute value, as in [KMV2], with the effect of replacing ½VþðhÞ þ V�ðhÞ� by (com-

pare [KMV2] (35))

h1=2

ðaeÞ1=2

Z Z
ðxyÞ�1=2W

x

gD2

� �
W

dhy

eqD2

� �
ZðxÞZ

hy

ae

� �
J1 4p

ffiffiffiffiffiffiffiffi
hxy

p
c

 !
�

� �2pY0 4p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hxð1þ yÞ

p
c

 !
� 2pdy>1Y0 4p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hxðy� 1Þ

p
c

 !"
þ

þ4dy<1K0 4p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hxð1� yÞ

p
c

 !#
dxdy:

One can show, exactly as in [KMV2] 4.1, that we may, up to an admissible error

term, drop the constraint c4 qA and replace ZðxÞ and Z hy
ae

� �
by 1. Following
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[KMV2] 4.1–4.3, but with slightly simpler calculations because there are no loga-

rithms, we find that (8.13) equals

16ðaeÞ�1=2

ð2piÞ2

Z
ð1:7Þ

Z
ð0:6Þ

zðqDÞ
ð1þ 2sÞzðqDÞ

ð1þ 2tÞ
e

d

� 	t
c1�2shs�t ðqD

2Þ
sþt

ð4p2Þt
�

� GðsÞGðtÞGð1þ sÞGð1� sÞGð1þ tÞGð1� tÞ �

� cos p
tþ s

2

� 	
Gðtþ sÞ cos p

t� s

2

� 	
Gðt� sÞ

ds dt

st
:

Plugging this into (8.12) we obtain, up to an admissible error term,

MOODð‘Þ ¼
1

‘1=2
16

ð2piÞ2

Z
ð1:7Þ

Z
ð0:6Þ

zðqDÞ
ð1þ 2sÞzðqDÞ

ð1þ 2tÞLð‘; s; tÞ
ðqD2Þ

sþt

ð4p2Þt
�

� GðsÞGðtÞGð1þ sÞGð1� sÞGð1þ tÞGð1� tÞ �

� cos p
tþ s

2

� 	
Gðtþ sÞ cos p

t� s

2

� 	
Gðt� sÞ

ds dt

st
;

where

Lð‘; s; tÞ ¼ wð�1Þ
X
abe¼‘

mðaÞ
a

twðbÞ
e

ab

� 	t X
c�0ðqDÞ

1

c1þ2s
�

�
X
r�0ðDÞ

ðD;r=DÞ¼1

X
h51

hs�trmðh; c0ÞBðh; c; rÞ ð8:15Þ

and Bðh; r; cÞ is given by (8.9) and (8.10). This concludes the proof of Propo-

sition 7.1. &

9. Computation of MOODð‘Þ

We next need to evaluateMOODð‘Þ. The largest remaining step is to compute the for-

mal L series Lð‘; s; tÞ and its contribution to the off-off-diagonal term. Up to the

symmetry w ! �w it is enough to compute Lþþð‘; s; tÞ and L�þð‘; s; tÞ, defined as in

(8.15) but with Bþþðh; c; rÞ and B�þðh; c; rÞ instead of Bðh; c; rÞ:

9.1. COMPUTATION OF Lþþð‘; s; tÞ

Wewant to factorLþþð‘; s; tÞ over relatively primemoduli as much as possible. We set

h ¼ h0h00; ðh0;DÞ ¼ 1; h00jD1;

c ¼ c0D1 ¼ c00D1D
2
2D

0; D0jD1
2 ; ðc00;DÞ ¼ 1;

r ¼ r0D; ðr0;DÞ ¼ 1;

so that

rmðh; c0Þ ¼ rmðh0h00; c00D2
2D

0Þ ¼ rmðh0; c00Þrðh00;D2
2D

0Þ

Bþþðh; c; rÞ ¼ w
aeðr0Þ4

ðae; r0Þ2

� �
w2ðh0Þðae; r0Þ

rðh0; r0Þ

ðr0Þ2
JðwD1

; w2D1
Þ�

� Gðw2; h00;DÞ
GðwÞ2Lðw2; 1Þ2

D2
:
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Hence we have

Lþþð‘; s; tÞ ¼
GðwÞ2Lðw2; 1Þ2

D2
�

� wð�1Þ
X

D1D2¼D

D0 jD1
2

JðwD1
; w2D1

Þ

ðD1D
2
2D

0Þ
1þ2s

X
hjD1

hs�trðh;D2
2D

0ÞGðw2; h;DÞ

0BB@
1CCA�

�
X
abe¼‘

mðaÞ
a

twðbÞ
e

ab

� 	t
wðaeÞ

X
c�0ðqÞ

0 1

c1þ2s

X
r

0
w4ðrÞ

w2ððae; rÞÞðae; rÞ
r2

�

 

�
X
h5 1

0
w2ðhÞrðh; rÞrmðh; cÞt�s

!

:¼
GðwÞ2Lðw2; 1Þ2

D2
LD

þþð‘; s; tÞLðDÞ;þþð‘; s; tÞ ð9:1Þ

where the
P0 means sum over integers coprime with D.

9.1.1. Computation of LðDÞ;þþð‘; s; tÞ

We follow [KMV2], (43) through (45): using (8.2) we have (setting A ¼ ae)

LðDÞ;þþð‘; s; tÞ

¼
1

‘t

X
Ab¼‘

twðbÞA2tzAð1þ 2tÞ�1wðAÞ
X 0

ðg;qÞ¼1

mðgÞ
g1þ2s

�

�
X 0

c�0ðqÞ

1

c2s

X
v

mðvÞw4ðvÞ
v2

X 0

w

w4ðwÞ
w2ððA; vwÞÞðA; vwÞ

w

X 0

c;wjh

w2ðhÞ
ht�s

:

The g sum is zðqDÞ
ð1þ 2sÞ�1. We separate variables using the identityX

c;w

f ðc;wÞ
X
c;wjh

gðhÞ ¼
X
u;x

mðuÞ
X
c;w

f ðuxc; uxwÞ
X
h

gðcwu2xhÞ:

We factor the resulting c and h sums to obtain (compare with [KMV2] (43))

LD;þþð‘; s; tÞ

¼
w2ðqÞLðw2; tþ sÞLðw2; t� sÞ

qsþtzðqDÞ
ð1þ 2sÞ

1

‘t

X
Ab¼‘

twðbÞA2tzAð1þ 2tÞ�1wðAÞ�

�
X
v

mðvÞw4ðvÞ
v2

X
x

w2ðxÞ
x1þtþs

X0

ðu;qÞ¼1

mðuÞ
u1þ2t

X
w

w2ðwÞ
w2ððA; uvwxÞÞðA; uvwxÞ

w1þt�s
:
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Next we factor u ¼ u1u2 with u1jA; ðu2;AÞ ¼ 1, replace A by u1A, sum over u2,

and write u1b ¼ B to obtain

LD;þþð‘; s; tÞ

¼
wð‘Þw2ðqÞLðw2; tþ sÞLðw2; t� sÞ

qsþtzðqDÞ
ð1þ 2sÞzðqDÞ

ð1þ 2tÞ
�

�
1

‘t

X
AB¼‘

A2t
X
v

mðvÞw4ðvÞ
v2

X
x

w2ðxÞ
x1þtþs

X
w

w2ðwÞ
w2ððA; vwxÞÞðA; vwxÞ

w1þt�s
:

We factor v ¼ v1v2 as we did for u, replacing A by Av2, so the v1 sum equals

LAv2ðw
4; 2ÞLðw4; 2Þ�1. We combine the product xw into a single variable w, and use

the relationX
A;w

�w2ððA;wÞÞðA;wÞ f ðA;wÞ ¼
X
E

E�w2ðEÞLEðw2; 1Þ
�1
X
A;w

f ðEA;EwÞ;

together withX
E;w

s2sðEwÞ

ðEwÞs
gðE;wÞ ¼

X
a

mðaÞ
X
E;w

s2sðEÞ
Es

s2sðwÞ
ws

gðaE; awÞ

to end up with

LðDÞ;þþð‘;s;tÞ

¼
�w2ðqÞLðw2;1þ tþsÞLðw2;1þ t�sÞLð�w2;tþsÞLð�w2;t�sÞ

qsþtLðw4;2ÞzðqDÞ
ð1þ2sÞzðqDÞ

ð1þ2tÞ
�

�
wð‘Þ
‘t

X
aAEj‘

A2tLAðw2;1Þ
�1Ets2sðEÞ

Es

mðaÞw2ðaÞ
a

LaEðw2;1Þ
�1LaAEðw4;2Þ: ð9:2Þ

9.1.2. Computation of Lþþ
D ð‘; s; tÞ

Since w2 is primitive, rðh;D2
2D

0ÞGðw2; h;DÞ is zero unless h ¼ 1 and D2
2D

0 ¼ 1, so that

D1 ¼ D. This simplifies calculations considerably, leaving us with

Lþþ
D ð‘; s; tÞ ¼ wð�1Þ

Jð�wD; w
2
DÞGðw

2Þ

D1þ2s
¼ D�2s Gðw

2Þ
2

GðwÞ2
: ð9:3Þ

9.1.3. Computation of the off-off diagonal term I

Using (8.14) (9.1), (9.2), and (9.3) we see that the contribution of Lþþð‘; s; tÞ to

MOODð‘Þ is

MOOD;þþð‘Þ ¼
�w2ðqÞ
‘1=2

Gðw2Þ2

GðwÞ4
Lðw2; 1Þ2

Lðw4; 2Þ
�

�
16

ð2piÞ2

Z
ð1:7Þ

Z
ð0:6Þ

Lðw2; 1þ tþ sÞLðw2; 1þ t� sÞLð�w2; tþ sÞ�
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�Lð�w2; t� sÞ
D2t

ð2pÞ2t
� GðsÞGðtÞGð1þ sÞGð1� sÞGð1þ tÞGð1� tÞ�

� cos p
tþ s

2

� 	
Gðtþ sÞ cos p

t� s

2

� 	
Gðt� sÞ�

�
wð‘Þ
‘t

X
aAEj‘

A2tLAðw2; 1Þ
�1Et s2sðEÞ

Es

mðaÞw2ðaÞ
a

LaEðw2; 1Þ
�1
�

� LaAEðw4; 2Þ
ds dt

st
:

Since w2 is primitive and w2ð�1Þ ¼ 1, Lð�w2; sÞ satisfies the asymmetric functional
equation

2
D

2p

� �s

cosðps=2ÞGðsÞLð�w2; sÞ ¼ Gð�w2ÞLð�w2; 1� sÞ:

Applying this twice we obtain

MOOD;þþð‘Þ

¼
�w2ðqÞ
‘1=2

D2

GðwÞ4
Lðw2; 1Þ2

Lðw4; 2Þ
�

�
4

ð2piÞ2

Z
ð1:7Þ

Z
ð0:6Þ

GðsÞGðtÞ
Y



Gð1
 sÞGð1
 tÞ
Y

;


Lðw2; 1
 t
 sÞ�

�
wð‘Þ
‘t

X
aAEj‘

A2tLAðw2; 1Þ
�1Et s2sðEÞ

Es

mðaÞw2ðaÞ
a

LaEðw2; 1Þ
�1LaAEðw4; 2Þ

ds dt

st
:

ð9:4Þ

Let Fðs; t; ‘Þ be the multiplicative function

Fðs; t; ‘Þ ¼
1

‘t

X
aAEj‘

A2tLAðw2; 1Þ
�1Et s2sðEÞ

Es

mðaÞw2ðaÞ
a

LaEðw2; 1Þ
�1LaAEðw4; 2Þ:

One can check (compare with [KMV2] 4.3.1) that Fðs; t; ‘Þ is an even function is both
s and t: obviously we may assume that ‘ ¼ pa for some prime p=jD. Evenness in s is

obvious, but evenness in t requires a case-by-case breakdown of whether p divides

each of the variables. More precisely we rewrite

Fðs; t; ‘Þ ¼
X

acAE¼‘

�A
ac

	t
LAðw2; 1Þ

�1 s2sðEÞ
Es

mðaÞw2ðaÞ
a

LaEðw2; 1Þ
�1LaAEðw4; 2Þ

and we split the sum according to three cases which are even in s and t:

. If pjE, we haveX
E‘0¼‘
E>1

s2sðEÞ
Es

1

1þ w2ðpÞ
p

X
AB¼‘0

�A
B

	t
LAðw2; 1Þ

�1LBðw2; 1Þ
�1:
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. If E ¼ 1, and either A ¼ ‘ or ac ¼ ‘, we have

‘t
1

1þ w2ðpÞ
p

þ ‘�t 1�
w2

p 1þ w2ðpÞ
p

� 	
0@ 1A ¼

‘t þ ‘�t

1þ w2ðpÞ
p

:

. If E ¼ 1, and pjA and pjac, we have

1

1þ w2ðpÞ
p

X
AB¼‘=p2

A

B

� �t X
ac¼Bp

mðaÞw2ðaÞ
a

Laðw2; 1Þ
�1

¼
1� w2ðpÞ

p þ
w4ðpÞ
p2

1þ w2ðpÞ
p

X
AB¼‘=p2

A

B

� �t

:

From (9.4) it follows that the integrand in MOOD;þþð‘Þ is an odd function of s and t.

Thus, by shifting the contours in s and t, we find that MOOD;þþð‘Þ equals one-fourth

of the residue at s ¼ t ¼ 0 of the integrand (since the polynomial GðsÞ vanishes at

s ¼ 
1, the G factors contribute no poles). The same holds for L��ðs; t; ‘Þ with w
exchanged for �w, thus

MOOD;eeð‘Þ ¼ �w2eðqÞ
D2

GðweÞ4
Lðw2e; 1Þ6

Lðw4e; 2Þ
weð‘Þ
‘1=2

Feð‘Þ ð9:5Þ

with

Feð‘Þ ¼
X
aAEj‘

LAðw2e; 1Þ
�1tðEÞ

mðaÞw2eðaÞ
a

LaEðw2e; 1Þ
�1LaAEðw4e; 2Þ: ð9:6Þ

9.2. COMPUTATION OF L�þð‘; s; tÞ

Next we compute

L�þð‘; s; tÞ

¼ wð�1ÞjLðw2; 1Þj2
X
abe¼‘

mðaÞ
a

twðbÞ
e

ab

� 	t X
c�0ðqDÞ

1

c1þ2s
�

�
X

ðD;r0Þ¼1

X
h5 1

hs�trmðh; c0ÞmðD1ÞwðaeÞwððae; r0ÞÞ
2 rðh; r

0DÞðae; r0Þ

Dðr0Þ2
:

The calculation is again done by factoring over primes and grouping those pri-

mes’into three disjoint sets: those dividing D, those dividing ‘, and those divi-

ding’neither. The last set requires exactly the same computations as were done in

[KMV2], except slightly simpler since there are no logarithms involved, and we wind

up with

q�s�tzðq‘DÞ
ð1þ 2sÞ�1zðq‘DÞ

ð1þ 2tÞ�1zð‘DÞ
ð2Þ�1

�
Y



zð‘DÞ
ð1
 sþ tÞz‘Dðt
 sÞ: ð9:7Þ
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The product over primes dividing ‘ is similar both to the calculations of the pre-

vious’section and to those of [KMV2]. Introducing the same variables to account

for the divisibility conditions on h and the various common divisors, we wind up

with

wð‘Þ
Y
pj‘

ð1� p�1�2sÞð1� p�1�2tÞð1� p�2Þ

ð1� p�1�t�sÞð1� p�1�tþsÞð1� p�t�sÞð1� p�tþsÞ
�

�
1

‘t

X
aEAj‘

A2tLAðw2; 1Þ
�1Et s2sðEÞwðEÞ

2

Es

mðaÞwðaÞ2

a
LaEðw2; 1Þ

�1zaAEð2Þ: ð9:8Þ

Let Cðs; t; ‘Þ be the multiplicative function of ‘ given on the second line of (9.8).

Once again, one can check thatCðs; t; ‘Þ is even in both s and t. From (9.7) and (9.8),

the contribution from all primes not dividing D is now

wð‘Þ
qsþt

zðqDÞ
ð1þ 2sÞ�1zðqDÞ

ð1þ 2tÞ�1zðDÞ
ð2Þ�1�

�
Y



zðDÞ
ð1
 sþ tÞzðDÞ

ðt
 sÞCðs; t; ‘Þ: ð9:9Þ

It thus remains to calculate the contribution from primes dividing D. Since

ðD; ‘Þ ¼ 1, several things simplify, and we are left with

L�þ
D ðs; tÞ ¼

X
DjcjD1

mðD1Þ

c1þ2s

X
hjD1

hs�trðh; c0Þrðh;DÞ=D;

where c0 ¼ c=D; D1D2 ¼ D with D2 ¼ ðD; c0Þ. Again, this sum factors over primes.

The important distinction is whether a given prime divides c exactly once (in which

case it divides D1), or more than once (in which case it divides D2). The first case

yields

p�2�2smðpÞ
X
l50

plðs�tÞrðpl; pÞ ¼ �p�2�2s
p1þs�t � 1

1� ps�t
¼ �p�1�s�t 1� p�1�sþt

1� ps�t
;

while the second yields

X
k52

p�kð1þ2sÞ p� 1

p

X
l5k�1

plðs�tÞrðpl; pkÞ ¼ ð1� p�1Þ
1� p�1�sþt

1� ps�t

p�2s�2t

1� p�s�t
:

Combining the terms, we have

p�2s�2t
ð1� p�1�sþtÞð1� p�1þsþtÞ

ð1� ps�tÞð1� p�s�tÞ
:
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From this last equation and (9.9) we obtain that the full product is

L�þð‘; s; tÞ ¼
wð‘Þ

ðqD2Þ
sþt

wð�1ÞjLðw2; 1Þj2

zðqDÞ
ð1þ 2sÞzðqDÞ

ð1þ 2tÞ
zðDÞ

ð2Þ�1�

�
Y



zðDÞ
ð1
 sþ tÞzðt
 sÞ

zðDÞ
ð1
 s� tÞ

Cðs; t; ‘Þ:

Again, Lþ� is the same except with w and �w switched.

9.2.1. Computation of the Off-Off-Diagonal Term II

Putting this back in (8.14) and using the functional equation

Gðt
 sÞzðt
 sÞ

ð2pÞt
s
¼

zð1� ðt
 sÞÞ

2 cosðpðt
 sÞ=2Þ

we find that the contribution of B�þ is

MOOD�þð‘Þ ¼ 4
wð�1ÞjLðw2; 1Þj2

zðDÞ
ð2Þð2piÞ2

Z
ð1:7Þ

Z
ð0:6Þ

wð‘Þ
‘1=2

Cðs; t; ‘Þ�

� GðsÞGðtÞ
Y



Gð1
 sÞGð1
 tÞ
Y

;


zðDÞ
ð1
 s
 tÞ

ds dt

st
;

and since the whole integrand is now evidently odd in s and t we have

MOOD�þð‘Þ ¼ Ress¼t¼0
wð�1ÞjLðw2; 1Þj2

zðDÞ
ð2Þ

wð‘Þ
‘1=2

Cðs; t; ‘Þ�

�
GðsÞGðtÞ

st

Y



Gð1
 sÞGð1
 tÞ
Y

;


zðDÞ
ð1
 s
 tÞ: ð9:10Þ

9.3. COMPUTATION OF THE ‘PURE’ FOURTH MOMENT

We now analyze the case ‘ ¼ 1 in greater detail. From Proposition 7.1 we have for all

e > 0

M4ð1Þ ¼ MDð1Þ þMODð1Þ þ 2<eðMOODþþð1Þ þMOOD�þð1ÞÞ þOe;Dðq
�1=12þeÞ:

where MDð1Þ þMODð1Þ is given by the first term of (7.9), and the other terms are

given by (9.5), (9.10). Shifting the t-contour in the integral defining Wðn=qD2Þ to

<et ¼ �1=2 we see that, up to an admissible remainder term, MDð1Þ þMODð1Þ

equals

Ress¼t¼04
GðsÞGðtÞG2ð1þ sÞG2ð1þ tÞ

st
�

�
qD2

p2

� �sþt

zðDÞ
ð1þ 2sÞzðDÞ

ð1þ 2tÞ
X
n51

twðnÞ
2

n1þsþt
:
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SinceX
n51

twðnÞ
2

n1þsþt
¼

Lðw2; 1þ sþ tÞLð�w2; 1þ sþ tÞ

zðDÞ
ð2þ 2sþ 2tÞ

zðDÞ
ð1þ sþ tÞ2;

we see that MDð1Þ þMODð1Þ is a polynomial in logðqD2=4p2Þ whose highest degree
term is given by

4
Gð1Þ2G2ð1ÞzDð1Þ

�4
jLðw2; 1Þj2

zðDÞ
ð2Þ

Ress¼t¼0

qD2

4p2

� 	sþt

stðsþ tÞ22s2t

¼
jLðw2; 1Þj2

12zð2Þ

Y
pjD

ð1� 1=pÞ3

ð1þ 1=pÞ
log

qD2

4p2

� �4
:

From (9.10), 2<eMOOD�þð1Þ is a constant depending on w only, while from (9.5),

2<eMOODþþð1Þ ¼ 2<e �w2ðqÞ
D2

GðwÞ4
Lðw2; 1Þ6

Lðw4; 2Þ

� �
:

This concludes the proof of Proposition 1.2.

10. Mollification

In this section we evaluate the mollified moments, using the asymptotics already cal-

culated. Following the notation of [KMV2], Section 5, we introduce the following

conventions:

. For z ¼ ðz1; z2; z3; z4Þ 2 C4 we use nðs; t; z; ‘Þ for any arithmetic function of the
form

nðs; t; z; ‘Þ ¼
Y
pj‘

1þ
1

p
fðs; t; z; pÞ

� �

with jfðs; t; z; pÞj ¼ Oðp3=4Þ uniformly for s; t; z in the domain s; t;<ezi 5 � 1=4:

. We use Zðs; t; zÞ to denote any Euler product of the form

Zðs; t; zÞ ¼
Y
p

1þ
1

p

2

fðs; t; z; pÞ

� �

absolutely convergent and bounded (together with its low partial derivatives) for z

in the domain <ezi 5�1=4:

. Our notations are ‘generic’ in the sense that the exact value of nðs; t; z;mÞ or

Zðs; t; zÞ may change from line to line.

The idea is that factors of this nature appear naturally in mollified moments but do

not affect the degrees of any poles at the origin, so we can ignore them unless we
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need to compute the exact values of the residues. Their main advantage is that any

Euler product that occurs below will be considered as a factor of type Zðs; t; zÞ times
a product of degree one Euler products. In the event that we would want to know the

proportion of non-vanishing precisely, we would want to be very careful with the

exact value of such functions (especially at the origin, where we will be evaluating

everything), but since the goal of this paper is merely to prove the existence of such

a constant, we can afford to be a little bit less precise.

The mollifiers we use will have the following form: for R > 1 fixed (independent of

w1; w2; w3) let PR be the product of primes less than R. We set

xwð‘Þ ¼
0; if ð‘;PRÞ 6¼ 1,
wð‘Þmð‘ÞPðlogð‘=LÞÞ; else;

�
ð10:1Þ

with L ¼ qD for some fixed small D. We take

PnðxÞ ¼
1

2pi

Z
ð3Þ

e�xz dz

zn
;

a degree-ðn� 1Þ polynomial on ð�1; 0Þ which is zero identically on ½0;1Þ.

10.1. THE THIRD MOMENT

We use Theorem (6.1). Suppose first that all three characters are complex. The lead-

ing term of the mollified third moment will come from PMðw1; w2; w3Þ, the other three
PM-type terms contributing lower powers of log q. In order to cover all four terms at

once, we consider the general expression

PMðwA; wB; wCÞ ¼ Lð1; wAwBÞ
X
d;‘;n

xðd‘ÞwA � wBð‘nÞwCðdnÞ
d‘n

V
dn

q1=2D3

� �
;

where wA; wB; and wC are distinct non conjugate characters to be determined later.
Using (10.1) we see that

PMðwA;wB;wCÞ

¼Lð1;wAwBÞ
X
d;‘;n

wA � wBð‘nÞwCðdnÞ
d‘n

�

�
X
d1;d3

1

d1d3

X
‘3‘4¼d‘

X
‘1‘2¼d3‘4

w1ðd1‘1Þw2ðd1‘2Þw3ðd3‘3Þmðd1‘1Þmðd1‘2Þmðd3‘3Þ�

�
1

ð2piÞ4

Z Z Z Z
Gð1þ sÞ

q1=2D3

dn

� �s
Lz1þz2þz3

dz1þz2
1 dz3

3 ‘
z1
1 ‘

z2
2 ‘

z3
3

ds

s

dz1dz2dz3
zn1
1 zn2

2 zn3
3

: ð10:2Þ

Since the only important issue is the presence of poles, it is enough to assume that

d1d3d‘n is square-free–all other terms can be collapsed into Z functions. Thus, given
a prime p, it is enough to consider the contributions to first order when it divides

each of d; ‘; n; d1 and d3. Some straightforward analysis gives
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PMðwA; wB; wCÞ

¼
LðwAwB; 1Þ

ð2piÞ4

Z Z Z Z
Gð1þ sÞqs=2Ds

3Zðs; z1; z2; z3Þ�

� LðwAwC; 1þ sÞLðwBwC; 1þ sÞ�

�
Lz1þz2þz3Lðw1w2; 1þ z1 þ z2ÞLðw1w3; 1þ z1 þ z3ÞLðw2w3; 1þ z2 þ z3ÞQ3

i¼1 LðwiwA; 1þ ziÞLðwiwB; 1þ ziÞLðwiwC; 1þ zi þ sÞ
�

�
ds

s

dz1dz2dz3
zn11 zn22 zn33

: ð10:3Þ

for some Zðs; z1; z2; z3Þ. Now we evaluate by shifting contours to the left. Since we are
assuming q to be much larger than L, we can first shift s to <s ¼ �1=10 and each zi
to <zi ¼ 1=10, and bound the resulting contour integral by q�1=20L3=10; which is

small enough to ignore. The only pole we cross in the process is at s ¼ 0, and it is

a simple pole since wA, wB, and wC are distinct and non-conjugate. Thus we have,

up to negligible error,

PMðwA; wB; wCÞ

¼
LðwAwB; 1ÞLðwAwC; 1ÞLðwBwC; 1Þ

ð2piÞ3

Z Z Z
Lz1þz2þz3Zðz1; z2; z3Þ�

�
Lðw1w2; 1þ z1 þ z2ÞLðw1w3; 1þ z1 þ z3ÞLðw2w3; 1þ z2 þ z3ÞQ3

i¼1 LðwiwA; 1þ ziÞLðwiwB; 1þ ziÞLðwiwC; 1þ ziÞ

dz1dz2dz3
zn11 zn22 zn33

:

ð10:4Þ

Now we shift the z contours to the left, one at a time. Were we to assume the

Riemann Hypothesis for these L-functions, this would be simple, we could shift each

to <ezi ¼ �1=10 without hitting any poles. However, as discussed in detail in

[KMV2], we don’t need the Riemann Hypothesis to bound the resulting contour

integrals if we just shift to a contour lying to the right of all the zeros of the arious

L-functions. Since nonvanishing of these L-functions has been proved in small ran-

ges of the critical strip, this is enough (again, see [KMV2] 5.3 for a detailed discus-

sion of how to bound the contour integrals). Thus all we have left is the residues at

z1 ¼ z2 ¼ z3 ¼ 0, and it is here that we need to be more careful about poles. For rea-

sons discussed while analyzing the fourth moment, we will always be taking ni ¼ 4.

Suppose first that the characters are all complex. If all of the L-functions in the

denominator come from nontrivial characters, then all the poles are degree 4, and

the leading term goes as ðlogLÞ9. However, if (for example) wA ¼ w1, the z1 pole is

only a triple pole, so the lead term goes at most as ðlogLÞ8. Thus the largest term

in (6.6) when all of the characters are complex is the one coming from

PMðw1; w2; w3Þ, not from any of the conjugates, and that main term is

PMðw1; w2; w3Þ ¼
Zð0; 0; 0ÞQ3
i¼1 Lðw

2
i ; 1Þ

ðlogLÞ9: ð10:5Þ
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It remains to see that Zð0; 0; 0Þ is bounded away from zero for all choice of charac-

ters. Had we written Zðz1; z2; z3Þ out explicitly, it would have been an Euler product
over primes not dividing PR of terms of the form

1þ p�2fðw1; w2; w3; p; z1; z2; z3Þ;

with f bounded, times some nonzero factors from primes dividing PR (namely, cer-

tain factors from the z and L-functions). The latter is a finite product of nonzero

terms, each of which is between 1� p�1 and 1þ p�1, and the former’s logarithm’s

absolute value is dominated by cR
P

p�2 for some constant cR, and thus it also can-

not be zero. Thus Zð0; 0; 0Þ is bounded away from zero by a constant depending only

on R, not on the characters or their conductors. In practice, it turns out to be enough

to take PR ¼ 2� 3� 5� 7, but for the sake of the proof it is enough to show that it

exists.

If any of the characters are real, this isn’t quite right, since then Lðw2i ; 1Þ is infinite.
Everything we have derived through (10.4) is still correct, so it is just a matter of

evaluating the degree of the various poles (in particular, so long as the characters

are distinct we get no poles from the shift of the s contour, so log q never appears

in the formula). As we have just seen, if any of the characters are complex then

we only get contributions to the main term from those PM’s in which they appear

unconjugated. Thus in the remaining analysis, we can assume that wA ¼ w1 and so
forth.

Now suppose for a moment that w1 is real but w2 and w3 are complex. Then (10.4)
becomes

PM¼
Lðw1w2;1ÞLðw1w3;1ÞLðw2w3;1Þ

ð2piÞ3

Z Z Z
Lz1þz2þz3Zðz1;z2;z3Þ

zD1
ð1þz1Þ

�

�
Lðw1w2;1þz1þz2ÞLðw1w3;1þz1þz3ÞLðw2w3;1þz2þz3Þ

Lðw1w2;1þz1ÞLðw1w3;1þz1Þ
Q3

i¼2Lðwiw1;1þziÞLðwiw2;1þziÞLðwiw3;1þziÞ
�

�
dz1dz2dz3

z41z
4
2z
4
3

: ð10:6Þ

The z2 and z3 contours can be shifted as before, giving the same powers of logL, and

the z1 contour can also be shifted, and also gives only a triple pole, since the

zD1
ð1þ z1Þ

�1 provides a zero. Thus we wind up with a main term of

PM ¼ Zð0; 0; 0Þ
fðD1Þ=D1

Lðw22; 1ÞLðw
2
3; 1Þ

ðlogLÞ8: ð10:7Þ

Similarly, we will always get a main term of the form

Zð0; 0; 0Þ
Y
w2
i
¼1

fðDiÞ

Di

Y
w2
i
6¼1

Lðw2i ; 1Þ

0@ 1A�1

ðlogLÞ3cþ2r; ð10:8Þ
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where there are r real characters and c complex characters. Since we are only con-

cerned with the existence of such a constant, not its precise value, this is enough.

10.2. THE FOURTH MOMENT

We now assume that w is complex, of squarefree level D > 1, such that w2 is still
primitive. We wish to compute (and bound)

MðwÞ ¼
Xh

f2S�
2
ðqÞ

jLðf � w; 1=2Þj4jMwð f Þj
4; ð10:9Þ

where the coefficients of Mwð f Þ are defined by (10.1). Using (2.2) (and (‘; qDÞ ¼ 1)

we have

jMwð f Þj
4 ¼

1

ð2piÞ4

Z
ð2Þ4

Lðw2; 1þ z1 þ z3ÞLð�w2; 1þ z2 þ z4Þ �

�
Y
ij

ði;jÞ6¼ð1;3Þ;ð2;4Þ

zðDÞ
ð1þ zi þ zjÞZðzÞ �

X
ð‘;qDÞ¼1

lfð‘Þ
‘1=2

nðz; ‘Þ �

�
X

‘¼m1m2�

m3m4

wðm1m3Þ�wðm2m4Þ
mðm1Þmðm2Þmðm3Þmðm4Þ

mz1
1 m

z2
2 m

z3
3 m

z4
4

0BB@
1CCALzdz

zn
:

Thus jMwð f Þj
4 ¼

P
lfð‘Þxð‘Þ‘�1=2 with xð‘Þ only supported on ‘ < L4,

ð‘; qDPRÞ ¼ 1. Shifting the zi contours to <ezi ¼ e=4 shows that xð‘Þ �e ‘
e for any

e > 0. Proposition 7.1 implies that

MðwÞ ¼
X
‘4L4

ð‘;qDÞ¼1

1

‘1=2
xð‘Þ MDð‘Þ þMODð‘Þ þMOODð‘Þ

! "
þ oDð1Þ

so long as L < q1=60�d for some fixed d.

10.3. THE DIAGONAL AND OFF-DIAGONAL TERMS

We recall from (7.9) that the diagonal and off-diagonal terms take the following

form:

MDð‘Þ þMODð‘Þ ¼ Ress¼0
jðqÞ
q‘1=2

4

2pi

Z
ð2Þ

GðsÞGðtÞG2ð1þ sÞG2ð1þ tÞzðDÞ
ð1þ 2sÞ�

� zðqDÞ
ð1þ 2tÞ �

X
de¼‘

1

dset

X
n5 1

twðdnÞtwðenÞ
n1þsþt

qD2

4p2

� �sþt
dt

st
:
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We have

X
de¼‘

1

dset

X
n5 1

twðdnÞtwðenÞ
n1þsþt

¼
X
abd¼‘

1

ds

mðaÞtwðbÞ
a1þsþ2tbt

X
n5 1

twðadnÞtwðnÞ
n1þsþt

so that, using the identity twðpkþaÞ ¼ wðpaÞtwðpkÞ þ wðpkÞtwðpaÞ � wðpaÞwðpkÞ,

X
n5 1

twðadnÞtwðnÞ
ns

¼
zðDÞ

ðsÞ2Lðw2; sÞLðw2; sÞ

zðDÞ
ð2sÞ

�

�
Y
pajjad
a>0

twðpaÞ þ wðpaÞ 1�
zpðsÞLpðw2; sÞ

zpð2sÞ

� �� �
:

Hence

MDð‘ÞþMODð‘Þ

¼Ress¼0
jðqÞ
q‘1=2

4

2pi

Z
ð2Þ

GðsÞGðtÞG2ð1þsÞG2ð1þ tÞzðDÞ
ð1þ2sÞzðqDÞ

ð1þ2tÞ�

�
zðDÞ

ð1þ sþ tÞ2Lðw2;1þsþ tÞLðw2;1þ sþ tÞ

zðDÞ
ð2þ2sþ2tÞ

C0ðs;t;‘Þ
qD2

4p2

� �sþt
dt

st
;

with

C0ðs; t; ‘Þ :¼
X
abd¼‘

1

ds

mðaÞtwðbÞ
a1þsþ2tbt

�

�
Y
pajjad
a>>0

twðpaÞ þ wðpaÞ 1�
zpð1þ sþ tÞLpðw2; 1þ sþ tÞ

zpð2þ 2sþ 2tÞ

� �� �
:

ð10:10Þ

One can show that C0ð0; 0; ‘Þ ¼ Cð0; 0; ‘Þ where Cð0; 0; ‘Þ is the multiplicative func-

tion defined in Section 9.2 (see (9.8)), this is important for the problem of computing

an explicit lower bound for the proportion of non-vanishing.

Inserting (10.10), we find that the contribution of the diagonal and off-diagonal

terms to the fourth moment takes the form

MDODðwÞ ¼
4

2pi

Z
ð2Þ

Ress¼0
1

ð2piÞ4

Z
ð2Þ4

Zðs; t; zÞGðsÞGðtÞG2ð1þ sÞG2ð1þ tÞ�

�
Lðw2;1þ z1þ z3ÞLðw2;1þ z2þ z4ÞLðw2;1þ sþ tÞLðw2;1þ sþ tÞQ4

i¼1Lðw
2ð�1Þi ;1þ sþ ziÞLðw2ð�1Þ

i
;1þ tþ ziÞ

�

�
Y
i<j

ði;jÞ6¼ð1;3Þ;ð2;4Þ

zðDÞ
ð1þ zi þ zjÞ

zðDÞ
ð1þ sþ tÞ2zðDÞ

ð1þ 2sÞzðqDÞ
ð1þ 2tÞQ4

i¼1 z
ðDÞ

ð1þ sþ ziÞz
ðDÞ

ð1þ tþ ziÞ
�

�
qD2

4p2

� �sþt
Lzdz

zn
dt

st
:
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We shift the z contours to <ezi ¼ 1=4 and the t-contour to <et ¼ �1=4, passing a

pole at t ¼ 0. The resulting integral is bounded by � Lq�1=4 which is admissible.

Thus we have

MDODðwÞ ¼
4

ð2piÞ4

Z
ð2Þ4
Ress¼t¼0

ðqD2=4p2Þsþt

st
Zðs; t; zÞGðsÞGðtÞG2ð1þ sÞG2ð1þ tÞ�

�
Lðw2;1þ z1þ z3ÞLð�w2;1þ z2þ z4ÞLðw2;1þ sþ tÞLð�w2;1þ sþ tÞQ4

i¼1 tLð�w2ð�1Þ
i
;1þ sþ ziÞLðw2ð�1Þ

i
;1þ tþ ziÞ

�

�
Y
i<j

ði;jÞ6¼ð1;3Þ;ð2;4Þ

zðDÞ
ð1þ zi þ zjÞ�

�
zðDÞ

ð1þ sþ tÞ2zðDÞ
ð1þ 2sÞzðqDÞ

ð1þ 2tÞQ4
i¼1 z

ðDÞ
ð1þ sþ ziÞz

ðDÞ
ð1þ tþ ziÞ

Lzdz

zn
ð10:11Þ

As in [KMV2] 5.3, everything can be evaluated by shifting the zi contours just past

the line <zi ¼ 0, the only important contribution coming from the following 5

sequences of poles

ðz1 ¼ 0; z2 ¼ 0; z3 ¼ 0; z4 ¼ 0Þ;

ðz1 ¼ 0; z2 ¼ �z3; z4 ¼ z3; z3 ¼ 0Þ;

ðz1 ¼ �z2; z3 ¼ z2; z2 ¼ 0; z4 ¼ 0Þ;

ðz1 ¼ �z2; z3 ¼ 0; z4 ¼ z2; z2 ¼ 0Þ;

ðz1 ¼ �z3; z2 ¼ 0; z4 ¼ z3; z3 ¼ 0Þ:

All other sequences contribute lower powers of log q, so long as n5 4. The impor-

tant question is what power of log L � log q comes out of this calculation. This is

simply a matter of counting poles: the z functions in the numerator contribute eight
poles, those in the denominator remove eight, and the combined powers of s, t, and

zi contribute 4nþ 2. Thus the leading power of log q or logL will be ðlog qÞ4n�4.

Thus, taking n ¼ 4, the fourth moment is dominated by ðlog qÞ12 times a constant

of the form

c
Lðw2; 1ÞLð�w2; 1ÞLðw2; 1ÞLð�w2; 1ÞQ4

i¼1 Lð�w2ð�1Þ
i
; 1ÞLðw2ð�1Þ

i
; 1Þ

zDð1Þ
4 zDð1Þ

2zDð1ÞzDð1ÞÞQ4
i¼1 zDð1ÞzDð1Þ

¼
c

jLðw2; 1Þj4
;

where c is bounded from above independent of w. Recall, (10.5), that the main term
of the third moment was proportional to ðlog qÞ9 times a constant of the form

c0=Lðw21; 1ÞLðw
2
2; 1ÞLðw

2
3; 1Þ when all the characters are complex.
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10.4. THE OFF-OFF-DIAGONAL TERMS

Using (9.5) and (9.6), we have

MOOD;þþðwÞ ¼
�w2ðqÞmðDÞGðw�2ÞGð�wÞ2Lðw2; 1Þ6

Lðw4; 2ÞD2

1

ð2piÞ4

Z
ð2Þ4

ZðzÞ�

�
Lðw2; 1þ z1 þ z3ÞLð�w2; 1þ z2 þ z4Þ

Lðw2; 1þ z1ÞLð�w2; 1þ z3Þz
ðDÞ

ð1þ z2Þz
ðDÞ

ð1þ z3Þ
! "4�

�
Y
i<j

ði;jÞ6¼ð1;3Þ;ð2;4Þ

zðDÞ
ð1þ zi þ zjÞ

Lzdz

zn
: ð10:12Þ

Again, all we need is bounds in terms of powers of logL arising from poles in the z

variables, since there are no powers of log q coming from the s or t residues. The

numerator gives four z functions, the denominator eight, so when combined with
the powers of zi there are a total of 4n� 4 poles in four variables, giving a leading

term of ðlogLÞ4n�8 ¼ ðlogLÞ8 for n ¼ 4. Note that this is a lower power than we

got from the diagonal and off-diagonal terms.

Next we consider the þ� term, which from (9.10) is

MOOD;þ�ðwÞ ¼
wð�1ÞjLðw2; 1Þj2

zðDÞ
ð2Þ

1

ð2piÞ4

Z Z
ð2Þ4

�

�Ress;t¼0Zðs; t; zÞ
GðsÞGðtÞ

st

Y



Gð1
 sÞGð1
 tÞ
Y

;


zðDÞ
ð1
 s
 tÞ�

�
Lðw2; 1þ z1 þ z3ÞLð�w2; 1þ z2 þ z4ÞQ


 Lðw2; 1þ z1 
 tÞLðw2; 1þ z3 
 tÞLð�w2; 1þ z2 
 sÞLð�w2; 1þ z4 
 sÞ
�

�

Q
i<j6¼ð1;3Þ;ð2;4Þ z

ðDÞ
ð1þ zi þ zjÞQ


 zð1þ z1 
 sÞzð1þ z3 
 sÞzð1þ z2 
 tÞzð1þ z4 
 tÞ

Lzdz

zn:
ð10:13Þ

Using the same arguments, it is enough to count the factors of logL arising from tak-

ing the various s, t, z poles, which is 4n� 4. Thus for n ¼ 4 the off-off diagonal terms

produce a main term proportional to ðlogLÞ12 times a constant of the form

c00= jLðw2; 1Þj4
� �

:

Remark. It is instructive to note that althought the off-off-diagonal terms are the

most complicated of the main terms, they contribute less: for the untwisted fourth

moment of Proposition 1.2, the contribution of these terms is by 4 powers of log q

smaller than that of the diagonal terms. For the mollified fourth moment, setting

L ¼ qD we see that the diagonal and off-diagonal terms contribute by (essentially)

’ log12 q, while the MOODþþ terms contribute by � D8 log8 q which is negligeable,
and MOOD�þ by ’ D12 log12 q which althought contributing, becomes smaller for

smaller D (note that for Theorem 1.1 we cannot take D arbitrarly small in view of the
third moment). Note also that, the discrepancy in the contributions of the MOOD�þ
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and theMOODþþ terms can be guessed already by looking at (8.9) and (8.10): in (8.9)

there is an oscillating factor Gðw2; h; DÞ which is not present in (8.10).

10.5. CONCLUSION OF THE PROOF OF THEOREM 1.1

Thus, under the assumption that all the characters are complex, we have shown that

that there exist mollifiers Mið f Þ such that����Xh
f

Lð f:w1;
1
2ÞM1ð f ÞLð f:w2;

1
2ÞM2ð f ÞLð f:w3;

1
2ÞM3ð f Þ

����
5 ðc0 þ oð1ÞÞ

ðlogLÞ9Q3
i¼1 Lðw

2
i ; 1Þ

��� ��� ð10:14Þ

and Xh
f

jLð f:wi;
1
2ÞMið f Þj

44 ðci þ oð1ÞÞ
ðlog qÞ12

jLðw2i ; 1Þj
4 ;

where c0, ci are absolute constants, c0 > 0, and L ¼ qD for some positive fixed D.
This proves that

Xh
f;Lð f:wi;1=2Þ6¼0

i¼1;2;3

15
c40D

4

c1c2c3
þ oð1Þ; ð10:15Þ

and we conclude the proof as explained in Section 4. Suppose now that w1 is the tri-
vial character but w2 and w3 are complex: from (10.7), we have

����Xh
f

Lð f; 12ÞMð f ÞLð f:w2;
1
2ÞM2ð f ÞLð f:w3;

1
2ÞM3ð f Þ

����5 ðc0 þ oð1ÞÞ
ðlogLÞ8

jLðw22; 1ÞLðw
2
3; 1Þj

:

The necessary upper bound on the fourth moment for the trivial character is provi-

ded by [KMV2], Theorem 1.4, which gives (with our present choice of mollifier)

Xh
f

jLð f; 12ÞMð f Þj44 ðc1 þ oð1ÞÞðlog qÞ8:

Since 4� 8 ¼ 8þ 12þ 12, we still have (10.15).

11. Variant for Real Characters

Finally, we discuss the variant, Theorem 1.4. Recall that this involves the case in

which w1 is trivial, w2 is real, and w3 is complex. We assume also that D2; D3 are

squarefree and that w23 is primitive. For q prime such that w2ð�qÞ ¼ 1, the first case

of Theorem 1.4 follows from the inequality
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Xh
f2S�

2
ðqÞ

L1;2ð f ÞL3ð f Þ

0@ 1A4

4
Xh

f2S�
2
ðqÞ

L1;2ð f ÞL3ð f Þ6¼0

1

0BB@
1CCA Xh

f2S�
2
ðqÞ

jL1;2ð f Þj
2

0@ 1A2 Xh
f2S�

2
ðqÞ

jL3ð f Þj
4

0@ 1A; ð11:1Þ

where

L1;2ð f Þ ¼ M1ð f ÞM2ð f ÞLð f;
1
2ÞLð f:w2;

1
2Þ

and

L3ð f Þ ¼ M3ð f ÞLð f:w3;
1
2Þ:

The only remaining question is to evaluate the second momentXh
f

ðLð f; 12ÞLð f:w2;
1
2ÞÞ

2lf ð‘Þ:

This calculation winds up being quite similar to the one we have already done, but

avoids many of the pitfalls that we have encountered above because now 1 � w2ðnÞ
represents the coefficients of an Eisenstein series of square-free level (for example,

it is instructive to compare the calculations of Appendix B.2 which is used here with

those of Appendix B.1). The remainder terms have exactly the same size as before,

and the main term, gets contributions from the diagonal, off-diagonal, and off-

off-diagonal which gives that the averages of jL1;2ð f Þj
2 goes as ðlog qÞ8, which is pre-

cisely the correct power to make the proportion of nonvanishing triple products go

as a constant: recall that the lefthand side of (11.1) goes as ðlogLÞ7�4, and the last

factor of the right-hand side goes as ðlog qÞ12. Rather than reproduce all the calcula-

tions here and lengthen this paper even further, we merely present the asymptotics

for the case ‘ ¼ 1, which has independent interest. The average (using the harmonic

weights) of the square of the kth derivative of Lð f; 12ÞLð f:w2;
1
2Þ is the sum of an error

term of the usual size, plus two main terms MDOD þMOOD, where

MDOD ¼
4ðk!Þ2

ð2piÞ2

Z
ð3Þ

Z
ð2Þ

GðtÞGð1þ tÞ2Lðw2; 1þ 2tÞ

skþ1tkþ1
qD

4p2

� �t

ðFðs; tÞ þ

þ wð�qÞFð�s; tÞÞdsdt;

where

Fðs; tÞ ¼ GðsÞGð1þ sÞ2Lðw2; 1þ 2sÞ
qD

4p2

� �s

�

�
zð1þ sþ tÞzðDÞ

ð1þ sþ tÞLðw2; 1þ sþ tÞ2

Lðw2; 2þ 2sþ 2tÞ
;
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and

MOOD ¼
4ðk!Þ2Lðw2; 1Þ

2

zð2Þð2piÞ2

Z
ð3Þ

Z
ð2Þ

GðsÞGðtÞ
Q


 Gð1
 sÞGð1
 tÞ

tkþ1skþ1
�

�
Dsþt

zDð1þ sþ tÞ
þ

D�s�t

zDð1� s� tÞ

� �Y



zð1
 ðsþ tÞÞLðw2; 1
 ðs� tÞÞ

"
þ

þ wð�qÞ
D�sþt

zDð1� sþ tÞ
þ

Ds�t

zDð1þ s� tÞ

� �
�

�
Y



Lðw2; 1
 ðsþ tÞÞzð1
 ðs� tÞÞ

#
ds dt:

Notice that in both cases, the parity of the integrands is odd precisely when the rele-

vant derivative can be nonzero, that is, when wð�qÞ ¼ 1 for even k and when

wð�qÞ ¼ �1 for odd k. Thus these expressions can be evaluated by taking residues

at s ¼ 0 and then t ¼ 0 in the usual fashion. In particular, for k ¼ 0 and

wð�qÞ ¼ 1, the asymptotics go as Pw2 ðlog qÞ, where Pw2 is a quadratic polynomial with

coefficients depending on w2.

Appendix A. Summation Formulae

In this section we derive a Poisson-like summation formula for the convolution of

two distinct primitive Dirichlet characters. These results are standard but we

couldn’t find them in the existing literature with the required degree of generality.

Our methods essentially follow those of [J] but there are other ways to obtain this

formula. We first start with a very general proposition obtained by double applica-

tion of Poisson summation.

PROPOSITION A.1. Given c1; c25 1 two integers and G a complex valued function

on ðZ=c1ZÞ � ðZ=c2ZÞ. Let

Hðm1;m2Þ ¼
X
r1ðc1Þ

X
r2ðc2Þ

Gðr1; r2Þe
m1r1
c1

þ
m2r2
c2

� �
; ðA:1Þ

denote its discrete Fourier transform, and assume that Hð�m1;�m2Þ ¼ nHðm1;m2Þ for

some n 2 f
1g. Let FðxÞ be a smooth function on ð0;1Þ, vanishing in a neighborhood of

0, such that F and all its derivatives have rapid decacy at 1. ThenX
m1;m251

Gðm1;m2ÞFðm1m2Þ

¼ Ress¼1
F̂ð1þ sÞ

ðc1c2Þ
1þs

Hð0; 0Þ

s2
þ
1

s
ðH� þHþÞ

� �
þ
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þ
n

c1c2

X
m1;m25 1

Hðm1;m2Þ

Z 1

0

FðxÞJn 4p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m1m2x

c1c2

r� �
dxþ

þ
1

c1c2

X
m1;m25 1

Hðm1;�m2Þ

Z 1

0

FðxÞKn 4p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m1m2x

c1c2

r� �
dx; ðA:2Þ

where F̂ðsÞ is the Mellin transform of F, c1 ¼ ½c;D1�; c2 ¼ ½c;D2�,

H� ¼
X
r1ðc1Þ

X
r2ðc2Þ

Gðr1; r2Þ �
G0

G
r1
c1

� �� �
;

Hþ ¼
X
r1ðc1Þ

X
r2ðc2Þ

Gðr1; r2Þ �
G0

G
r2
c2

� �� �
;

JþðxÞ ¼ �2pY0ðxÞ; J�ðxÞ ¼ 2piJ0ðxÞ; KþðxÞ ¼ 4K0ðxÞ; K�ðxÞ ¼ 0:

Proof. We rewrite the sum as

X
m1;m2

Gðm1;m2ÞFðm1m2Þ ¼
X
r1ðc1Þ

X
r2ðc2Þ

Gðr1; r2Þ
X
m1�r1

X
m2�r2

Fðm1m2Þ:

Taking the Mellin transform of F and using the Hurwitz zeta function

zðs; aÞ ¼
X
m5 1

ðmþ aÞ�s;

this becomesXc1
r1¼1

Xc2
r2¼1

Gðr1; r2Þ
1

2pi

Z
ð3Þ

F̂ðsÞ
1

ðc1c2Þ
s z s;

r1
c1

� �
z s;

r2
c2

� �
ds: ðA:3Þ

We shift the contour to the left, crossing over poles at s ¼ 1, then use the functional

equation of zðs; aÞ to convert to convergent sums.

A.1. THE POLES AT s ¼ 1

If s is near 1,

zðs; aÞ ¼
1

s� 1
�
G0

G
ðaÞ þOðs� 1Þ:

The portion of (A.3) coming from the pole is thus

Xc1
r1¼1

Xc2
r2¼1

Gðr1; r2ÞRess¼1F̂ðsÞ
1

ðc1c2Þ
s

1

ðs� 1Þ2
�

1

s� 1

G0

G
r1
c1

� �
þ
G0

G
r2
c2

� �� �� �
:

ðA:4Þ

giving the first term in (A.2).

182 P. MICHEL AND J. VANDERKAM

https://doi.org/10.1023/A:1020544429383 Published online by Cambridge University Press

https://doi.org/10.1023/A:1020544429383


A.2. THE SHIFTED INTEGRAL

We recall the functional equation (see [Da])

zðs; aÞ ¼
2Gð1� sÞ

ð2pÞ1�s

X1
m¼1

sin 2pðmaþ s=4Þ

m1�s
:

Thus upon shifting the contour in (A.3) to <es ¼ �2 and replacing s with 1� s, we

have the following contour integral:

4

c1c2

Xc1
r1¼1

Xc2
r2¼1

Gðr1; r2Þ
1

2pi

Z
ð3Þ

F̂ð1� sÞGðsÞ2
c1c2
4p2

� 	s X
m1;m2

1

ms
1m

s
2

�

�
1

4
e �

s

2
þ

m1r1
c1

þ
m2r2
c2

� �
þ e

s

2
�

m1r1
c1

�
m2r2
c2

� �
þ e

m1r1
c1

�
m2r2
c2

� ��
þ

þe �
m1r1
c1

þ
m2r2
c2

� ��
ds: ðA:5Þ

Note that Hð�m1;�m2Þ ¼ nHðm1;m2Þ, so the contour integral’s contribution to

(A.3) is

1

c1c2

X
m1;m2

1

2pi

Z
ð3Þ

F̂ð1� sÞGðsÞ2
c1c2

4p2m1m2

� �s

ðcnðsÞHðm1;m2Þþ

þ ð1þ nÞHðm1;�m2ÞÞds; ðA.6)

with, cþðsÞ ¼ 2 cosðpsÞ, and c�ðsÞ ¼ �2i sinðpsÞ. We then shift the integration contour
to <es ¼ 1=8, open the Mellin transform F̂ð1� sÞ and use the formulas (see [EMOT]

Vol 1. 7.3 (17), (19), (23)), valid for 0 < s < 1=4,

1

2pi

Z
ðsÞ

G2ðsÞx�sds ¼ 2K0ð2
ffiffiffi
x

p
Þ;

1

2pi

Z
ðsÞ

G2ðsÞ cosðpsÞx�sds ¼ �pY0ð2
ffiffiffi
x

p
Þ;

1

2pi

Z
ðsÞ

G2ðsÞ sinðpsÞx�sds ¼ pJ0ð2
ffiffiffi
x

p
Þ:

This completes the proof of Proposition A.1. &

A.3. CONVOLUTION OF DIRICHLET CHARACTERS

We apply Proposition A.1 to the case

Gðm1;m2Þ ¼ w1ðm1Þw2ðm2Þ

for w1 and w2 two primitive Dirichlet characters.

PROPOSITION A.2. Given w1; w2 distinct primitive Dirichlet characters of con-

ductors D1 and D2, respectively. Let FðxÞ be a smooth function on ð0;1Þ, vanishing in a

neighborhood of 0, such that F and all its derivatives have rapid decay at 1. Given c a

positive integer, and a coprime with c,
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X
m5 1

w1 � w2ðmÞe
am

c

� 	
FðmÞ

¼
dD2jc

c
w1

c

D2

� �
�w2ðaÞGðw2ÞLð1; w1 �w2Þ

Z 1

0

FðxÞdxþ

þ
dD1jc

c
w2

c

D1

� �
�w1ðaÞGðw1ÞLð1; �w1w2Þ

Z 1

0

FðxÞdxþ

þ
w1w2ð�1Þ

c1c2

X
m1;m2

Hða;m1;m2; cÞ�

�

Z 1

0

FðxÞJ
 4p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m1m2x

c1c2

r� �
dxþ

w2ð�1Þ
c1c2

�

�
X
m1;m2

Hð�a;m1;m2; cÞ�

�

Z 1

0

FðxÞK
 4p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m1m2x

c1c2

r� �
dx; ðA.7Þ

where


 ¼ w1w2ð�1Þ; c1 ¼ ½c;D1�; c2 ¼ ½c;D2�;

Hða;m1;m2; cÞ ¼
X
r1ðc1Þ

X
r2ðc2Þ

w1ðr1Þw2ðr2Þe
m1r1
c1

þ
m2r2
c2

� �
e

ar1r2
c

� 	
; ðA:8Þ

JþðxÞ ¼ �2pY0ðxÞ; J�ðxÞ ¼ 2piJ0ðxÞ; KþðxÞ ¼ 4K0ðxÞ; K�ðxÞ ¼ 0:

Proof. This is immediate from Proposition A.1 and the following two

lemmas. &

LEMMA A.3. If w1 and w2 are primitive characters modulo D1 and D2, respectively,

and ða; cÞ ¼ 1, then if w1 ¼ w2 and D1jc,X½c;D1�

r1¼1

X½c;D2�

r2¼1

w1ðr1Þw2ðr2Þe
ar1r2
c

� 	
¼ cw1 �a

c

D1

� �
Gðw1Þ

fðD1Þ

D1

but otherwise the sum is zero.

Proof. If c1 :¼ ½D1; c� > c, we may write r1 ¼ cs1 þ t1, with 14 t14 c and

04 s1 < c1=c, and the s1 sum takes the form
P

w1ðcs1 þ r1Þ ¼ 0 since w1 is primitive
modulo D1. Thus we have c1 ¼ c, and by symmetry we also have c2 ¼ c, so D1 and

D2 must both divide c. We now write r1 ¼ D1s1 þ t1, with 14 t14D1 and

04 s1 < c=D1, so that the s1 sum is

X
s1<c=D1

e
ar2s1D1

c

� �
¼

c

D1
dc=D1jr2 :
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Thus the complete sum is

c

D1

XD1

t1¼1

XD1

s2¼1

w1ðt1Þw2 s2
c

D1

� �
e

as2t1
D1

� �
:

This vanishes unless ðD2; c=D1Þ ¼ 1, which is to say D2jD1. Since the original expres-

sion was symmetric in D1 and D2, we must also have D1jD2, so D1 ¼ D2. The t1 sum

is then

XD1

t1¼1

w1ðt1Þe
as2t1
D1

� �
¼ w1ðas2ÞGðw1Þ;

leaving us with the expression

c

D1
w2

c

D1

� �
w1ðaÞGðw1Þ

XD1

s2¼1

w2ðs2Þw1ðs2Þ;

which is zero unless w1 ¼ w2. &

LEMMA A.4. With notation as above,

�
X
r1ðc1Þ;

X
r2ðc2Þ

w1ðr1Þw2ðr2Þe
ar1r2
c

� 	G0

G
r1
c1

� �
¼ dD2jcc1w1

c

D2

� �
�w2ðaÞGðw2ÞLð1; w1w2Þ

if w1 6¼ w2, and

�
X
r1;r2

w1ðr1Þw2ðr2Þe
ar1r2
c

� 	G0

G
r1
c1

� �
¼ dD1jcc

jðD1Þ

D1
w1

c

D1

� �
w1ðaÞGðw1ÞðlogðD1Þ þ gþCðD1ÞÞ

if w1 ¼ w2, where CðD1Þ ¼
P

pjD1

log p
p�1.

Proof. We perform the r2 sum first, and in a manner similar to the previous proof

we obtain that the sum is zero unless D2jc in which case we are left with

c

D2
Gðw2Þw1

c

D2

� �
�w2ðaÞ

XD1D2=ðc;D1Þ

s¼1

w1w2ðsÞ
G0

G
s

D1D2=ðc;D1Þ

� �
:

We now use the identity, obtained using

�
G0ðaÞ
GðaÞ

¼
1

a
þ gþ

X
k5 1

1

kþ a
�
1

k
;

X
14 r4 cD

wðrÞ �
G0

G
r

cD

� 	� �
¼ ress¼0

ðcDÞ
1þs

s
Lðw; 1þ sÞ:

ðA:9Þ
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Thus if w1 6¼ w2 the sum is

c

D2

D1D2

ðD1; cÞ
Gðw2Þw1

c

D2

� �
w2ðaÞLð1; w1w2Þ;

the desired result, and similar if w1 ¼ w2. &

Appendix B. An Exponential Sum

In this section we study the average of the exponential sum Hða;m1;m2; cÞ defined in

(A.8). Recall that w1; w2 are primitive characters of conductor D1;D2. We again let

c1 ¼ ½c;D1� and c2 ¼ ½c;D2�. We study the average

Rðm1;m2; n; cÞ :¼
c

c1c2

X
aðcÞ

�
e

n �a

c

� �
Hða;m1;m2; cÞ

¼
c

c1c2

X
aðcÞ

�
e

n �a

c

� �X
r1 ðc1Þ

r2 ðc2Þ

w1ðr1Þw2ðr2Þe
m1r1
c1

þ
m2r2
c2

þ
ar1r2
c

� �
:

ðB:1Þ

LEMMA B.1.

jRðm1;m2; n; cÞj4 ðD1D2Þ
3 c1c2

c2
n�m1m2; c

� 	
:

Proof. For p a fixed prime number, we define the exponents d1; d2; k; k1; k2 by

pd1 jjD1,p
d2 jjD2; pkjjc; pk1 jjc1; pk2 jjc2. We set cp ¼ c=pk, with c1;p and c2;p defined

analogously. Let wi;p denote the p-primary component of wi. By the Chinese

Remainder Theorem we can factor Rðm1;m2; n; cÞ over primes to get local sums

(after some changes of variable) of the form

pk�k1�k2
X
aðpkÞ

�
e

c1;pc2;pcp
2n �a

pk

� � X
r1ðp

k1 Þ

w1;pðr1Þe
m1r1
pk1

� �
�

�
X
r2ðp

k2 Þ

w2;pðr2Þe
m2r2
pk2

þ
ar1r2
pk

� �
:

Since the context is now clear, we henceforth write wi instead of wi;p. We also set
Dp :¼ c1;pc2;p=c

2
p. If k < d1 þ d2 the sum is trivially bounded by p3ðd1þd2Þ, so we

may assume that k5 d1 þ d2, so that k1 ¼ k2 ¼ k and Dp ¼ c1c2=c
2. We now break

into cases.

B.0.1. The Case p 6 j D1D2

This is the generic case; the sum takes the form

p�k
X
aðpkÞ

�
e

Dpn �a

pk

� � X
r1ðpkÞ

e
m1r1
pk

� � X
r2ðpkÞ

e
ðm2 þ ar1Þr2

pk

� �
;
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yielding the Ramanujan sumX
aðpkÞ

�
e

ðDpn�m1m2Þ �a

pk

� �
� ðDpn�m1m2; p

kÞ:

B.0.2. The Case p 6 j D1; pjD2

We have

p�k
X
aðpkÞ

�
e

Dpn �a

pk

� � X
r1ðpkÞ

w1ðr1Þe
m1r1
pk

� � X
r2ðpkÞ

e
ðm2 þ ar1Þr2

pk

� �

¼
X�
aðpkÞ

e
ðDpn�m1m2Þ �a

pk

� �
w1ð� �am2Þ � pd1=2ðDpn�m1m2; p

kÞ;

since this is a Gauss sum.

B.0.3. The Case pjD1 and pjD2

We have

p�k
X
aðpkÞ

�
e

Dpn �a

pk

� � X
r1ðpkÞ

w1ðr1Þe
m1r1
pk

� � X
r2ðpkÞ

w2ðr2Þe
ðm2 þ ar1Þr2

pk

� �
:

The r2 sum equals

pk�d2Gðw2Þdpk�d2 jðm2þar1Þ
�w2

m2 þ ar1
pk�d2

� �
:

Since k� d25 d1 we may replace w1ðr1Þ by w1ð�m2 �aÞ and the sum equals

p2k�d2�k1�k2Gðw2Þw1ð�m2Þ
X
aðpkÞ

�
e

ðDpn�m1m2Þ �a

pk

� �
w1w2ð �aÞ

X
s1ðp

d2 Þ

�w2ðs1Þe
m1s1
pd2

� �
� pðd1þd2Þ=2ðDpn�m1m2;p

kÞ:

B.1. THE CASE w1 ¼ �w2

We now restrict to the particular case w1 ¼ �w2 ¼ w, with D, the conductor of w,
square-free. We also suppose that ðn;DÞ ¼ 1, which will always be the case in our

applications. We have

Rðm1;m2; n; cÞ ¼
c

½c;D�
2

X
xðcÞ

�
e

n �x

c

� � X
r1;r2ð½c;D�Þ

wðr1Þ �wðr2Þe
m1r1 þm2r2

½c;D�
þ

r1r2x

c

� �
¼

c

½c;D�
2

jðcÞ
jð½c;D�Þ

X
x;r1;r2ð½c;D�Þ

ðx;cDÞ¼1

wðr1Þ�wðr2Þ�

� e
m1r1 þm2r2

½c;D�
þ

r1r2xþ n �x

c

� �
:
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We factor the sum over primes, setting

D ¼ D1D2D3 and c ¼ D1c2c3

with

ðc3;DÞ ¼ 1; D1 jj c; p jD2 ) p2jc2; ðc3;DÞ ¼ 1:

Then ½c;D� ¼ c3D1c2D3. We have

Rðm1;m2;n;cÞ ¼Rðm1;m2;n;c3ÞRðm1;m2;n;c2ÞRðm1;m2;n;D1ÞRðm1;m2;n;D3Þ;

where (after some simple changes of variable)

Rðm1;m2; n; c3Þ ¼
1

c3

X
xðc3Þ

� X
r1;r2ðc3Þ

e
m1r1 þm2r2 þD3ðr1r2xþ n �xÞ

c3

� �
;

Rðm1;m2; n;D3Þ ¼
1

jðD3ÞD3

X
xðD3Þ

� X
r1;r2ðD3Þ

wD3
ðr1Þ�wD3

ðr2Þe
m1r1 þm2r2

D3

� �
;

Rðm1;m2; n; c2Þ ¼
1

c2

X
xðc2Þ

� X
r1;r2ðc2Þ

wD2
ðr1Þ�wD2

ðr2Þe
m1r1 þm2r2 þD3ðr1r2xþ n �xÞ

c2

� �
;

Rðm1;m2; n;D1Þ

¼
1

D1

X
xðD1Þ

� X
r1;r2ðD1Þ

wD1
ðr1Þ�wD1

ðr2Þ e
m1r1 þm2r2 þD3ðr1r2xþ n �xÞ

D1

� �
:

To evaluate the first sum, we sum first over r1, getting

Rðm1;m2; n; c3Þ ¼ rðm1m1 �D2
3n; c3Þ ¼ rðm1m1 � ðD=ðc;DÞÞ

2n; c3Þ:

The second sum can also be evaluated by doing the r1 sum first, getting

Rðm1;m2; n;D3Þ ¼ wD3
ð�1Þ�wD3

ðm1ÞwD3
ðm2Þ: ðB:2Þ

The third and fourth sums are slightly more complex. Since they are multiplicative in

their modulus, we can factor over primes, reducing to the evaluation of

Rðm1;m2; n; p
aÞ ¼

1

pa

X
xðpaÞ

� X
r1;r2ðpaÞ

wpðr1Þ�wpðr2Þe
m1r1 þm2r2 þD3ðr1r2xþ n �xÞ

pa

� �
:

B.1.1. The Third Sum ða > 1Þ

First note that if pjm1m2, then Rðm1;m2; n; p
aÞ ¼ 0, as can be seen by summing over

ri if pjmi. Thus we may assume that p 6 j m1m2, so we get

Rðm1;m2; n; p
aÞ ¼ �wpðm1Þwpðm2Þrð1; 1;m1m2n; p

aÞ:
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Next we set r1 ¼ x1 þ py1 with x1 < p y1mod ðp
a�1Þ. Summing over y1 we get

1þ r2x � 0ðpa�1Þ. Letting 1þ r2x ¼ zpa�1, we sum over x1, then over z, getting

Gauss sums, and finally over x, getting

Rðm1;m2; n; p
aÞ ¼ �wpðm1Þwpðm2Þrðm1m2 �D2

3n; p
aÞ:

B.1.2. The Fourth Sum ða ¼ 1Þ.

Note that if pjm1m2,

Rðm1;m2; n; pÞ ¼
w2ðm2Þ�wpðm1m2 � nD2

3ÞGð�w
2
pÞ if p j m1

�w2ðm1Þwpðm1m2 � nD2
3ÞGðw

2
pÞ if p j m2

(
When ðp;m1m2Þ ¼ 1 we have Rðm1;m2; n; pÞ ¼ �wpðm1Þwpðm2ÞRð1; 1; nm1m2; pÞ and

some simple computations then give

Rðm1;m2; n; pÞ ¼ wpð�1Þ�wpðm1Þwpðm2Þ
X
xðpÞ

�wpðxð1þ nD2
3m1m2xÞÞwpð1þ xÞ:

An interesting case occurs when m1m2 ¼ nD2
3, in which case

Rðm1;m2; n; pÞ ¼ ��wpðm1Þwpðm2Þ: ðB:3Þ

This is the source of the ‘off-diagonal’ term in the main text.

To summarize, we have

Rðm1;m2; n; cÞ ¼ wD3
ð�1Þrðm1m2 �D2

3n; c
0Þ�wD2D3

ðm1ÞwD2D3
ðm2ÞRðm1;m2; n;D1Þ

ðB:4Þ

where the variables are defined by

D ¼ D1D2D3; c ¼ c0D1; ðc0;D1D3Þ ¼ 1;D2
2jc

0:

B.2. THE CASE w1 ¼ 1

Finally, we consider the case when w1 is trivial, so D1 ¼ 1 and ½c;D1� ¼ c. To simplify

notation, we use w rather than w2 to denote the non-trivial character. We wish to sum

Rðm1;m2; n; cÞ ¼
1

½c;D�

X
aðcÞ

�
e

n �a

c

� � X
r1ðcÞ

r2ð½c;D�Þ

wðr2Þe
m1r1 þ ar1r2

c
þ

m2r2
½c;D�

� �
:

Performing the r1 sum gives

c

½c;D�

X
aðcÞ

�
e

n �a

c

� � X
r2ð½c;D�Þ

dm1þar2�0ðcÞwðr2Þe
m2r2
½c;D�

� �
:

Since D is squarefree, we can write ½c;D� ¼ cD2, with D2 ¼ D=ðc;DÞ and ðD2; cÞ ¼ 1.

We factor w ¼ w1w2 such that the conductor of w2 is D2. We split r2 over relatively

prime moduli as r2 ¼ s1cþ s2D2 to make the sum
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1

D2

X
aðcÞ

�
e

n �a

c

� � X
s1<D2

X
s2ðcÞ

dm1þaD2s2�0ðcÞw1ðs2D2Þw2ðs1cÞe
m2s1
D2

þ
m2s2
c

� �
:

Note that the s2 sum only contributes one term, s2 ¼ �m1 �aD2: The s1 sum is a Gauss

sum, so the entire expression is

Gðw2Þ
D2

w2ðc �m2Þw1ð�m1Þ
X
aðcÞ

�
e

ðn�m1m2D2 Þ �a

c

� �
w1ð �aÞ:
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