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Representing Multipliers of the Fourier
Algebra on Non-Commutative L? Spaces

Matthew Daws

Abstract. 'We show that the multiplier algebra of the Fourier algebra on a locally compact group G can
be isometrically represented on a direct sum on non-commutative L? spaces associated with the right
von Neumann algebra of G. The resulting image is the idealiser of the image of the Fourier algebra.
If these spaces are given their canonical operator space structure, then we get a completely isometric
representation of the completely bounded multiplier algebra. We make a careful study of the non-
commutative L? spaces we construct and show that they are completely isometric to those considered
recently by Forrest, Lee, and Samei. We improve a result of theirs about module homomorphisms. We
suggest a definition of a Figa-Talamanca—Herz algebra built out of these non-commutative L? spaces,
say Ap(a). It is shown that Az(a) is isometric to L!(G), generalising the abelian situation.

1 Introduction

The Fourier algebra A(G) is, for a locally compact group G, the space of coefficient
functionals s — (A(s)€|n) for s € G, where &, € L*(G). Here X denotes the left-
regular representation of G on L?(G). For an abelian group, A(G) is nothing but the
Fourier transform of L!(G), where G is the Pontryagin dual of G. Eymard defined
A(G) for general G in [7]. We can also identify A(G) as the predual of the group von
Neumann algebra VN(G); see [34, Chapter VII, Section 3].

In this paper we shall be interested in the multiplier algebra of A(G). This can
either be thought of abstractly as the double centraliser algebra (see [17]) of A(G) or,
as A(G) is a regular algebra of functions on G, as the space of continuous functions
f such that fa € A(G) for each a € A(G); see [31], for example. There is now
much evidence that A(G) is often best viewed as an operator space when given the
standard operator space structure as the predual of VN(G). Then it is natural to
consider only the completely bounded multipliers, leading to M,A(G) (see [31] or
[4]). In [24] a representation of M,A(G) on CB(B(L*(G))) was defined, extending
a representation of M(G) defined in [9]. It was shown that these representations
are commutants of each other, hence in some sense extending Pontryagin duality.
Similar ideas were considered for Kac algebras in [21] and have been extended (along
with the commutation ideas) to Locally Compact Quantum Groups in [18].

It is shown in [4] that both MA(G) and M,A(G) are dual spaces, in such a way
that the algebra products are separately weak*-continuous (so these are dual Banach
algebras); see also [31, Section 6.2]. Now, CB(B(L*(G))) is also a dual Banach algebra,
and the representation of M, A(G) constructed in [24] is weak*-weak*-continuous.
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However, it was shown in [3, Corollary 3.8] (and extended in [36] to the completely
bounded case) that a dual Banach algebra A admits an isometric, weak*-weak*-cont-
inuous representation on B(E) for some reflexive Banach space E. The space E is built
as the large direct sum of real interpolation spaces, and is rather abstract.

In this paper, we shall show that we can represent MA(G) on a direct sum of non-
commutative L? spaces associated with VN(G); we can also represent M,A(G) on
the same space, if it is equipped with the canonical operator space structure. Indeed,
our construction is motivated by that of Young in [39]. As Young did not consider
multipliers, we sketch his ideas in SectionRlbelow.

Once we have motivated looking at (non-commutative) L? spaces, we discuss
weights on VN(G) and non-commutative L? spaces for (possibly) non-semifinite
von Neumann algebras in Section[3l This will involve introducing the complex in-
terpolation method. In Section @ we apply these ideas to the Fourier algebra, leading
to a scale of spaces L? (G), for 1 < p < o0, which are A(G)-modules. We make
a careful study of these spaces and prove some approximation results that allow us
to work with functions instead of abstract operators in the von Neumann algebra.
With this perspective, the A(G)-module actions are just point-wise multiplications
of functions. We show that our spaces are (completely) isometrically isomorphic to
the two families of spaces constructed in [8, Section 6]. We think that our construc-
tion is easier and more natural than that of [8], although we have to worry more
about the details of the complex interpolation method. The payoff is that, for exam-
ple, we can easily extend a cohomological result from [8], which we can show to hold
for all values of p (and not just p > 2).

In Section[5lwe prove our representation result. Let p,, — 1in (1, c0), and let E be
the 2 direct sum of the spaces L (é). Then MA(G) is weak*-weak*-continuously
isometric to the idealiser of A(G) in B(E). If we equip E with the canonical op-
erator space structure, then M43A(G) is weak*-weak*-continuously completely iso-
metric to the idealiser of A(G) in €B(E). As arguments involving multipliers often
use bounded approximate identities, it is worth stressing that our results hold for all
locally compact groups G. As hinted at in Section 2] Figa-Talamanca—Herz algebras
make a natural appearance, and with our new tools, we define a notion of what A p(@)
should be for a non-abelian group G. We show that Ay (G) is canonically isometric to
L'(G), but we have been unable to decide if AP((A;) is always an algebra.

For Banach algebra notions, we follow [2,25]; we always write E* for the dual of
a Banach or Operator space E, reserving the notation A’ for the commutant. We
shall only use standard facts about Operator spaces, for which we refer the reader to
[5,28]. In the few places where we use matrix calculations, we shall simply write || - ||
for the norm on M, (E) for any #.

2 Group Convolution Algebras

In this section we quickly review Young’s construction in [39, Theorem 4], as applied
to multipliers. Let G be a locally compact group, and consider the group convolution
algebra L'(G). The multiplier algebra of L'(G) can be isometrically isomorphically
identified with M(G), the measure algebra of G. This is Wendel’s theorem ([37] or
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[2, Theorem 3.3.40]).

Let (p,) be some sequence in (1, 00) converging to 1. Let E be the direct sum, in
an /2 sense, of the spaces L”"(G). To be exact, E consists of sequences (£,) where, for
each n, &, € LP*(G) with

1/2
IE)] = (Z |§n||2,,) < oo,

Thus E is reflexive. Then M(G) acts contractively on each L?"(G) space by convo-
lution, and hence also on E, leading to a contractive homomorphism 6: M(G) —

B(E).
Theorem 2.1 With notation as above, 0 is isometric and weak™ -weak™ -continuous.

We first introduce some further concepts. We write ® for the (completed) pro-
jective tensor product (see [2, Appendix A3], for example). For any reflexive Banach
space F, we thus have that B(F) = (FQF*)*. Let Ap: L'(G) — B(LP(G)) be the left-
regular representation, and let (A,).: L? (G)RLP ' (G) — L*°(G) be the adjoint. Here
p’ is the conjugate index to p, so that LP(G)* = L?'(G). Fora € LY(G), ¢ € LP(G),
andn € L (G), we see that

(€ @), a) = (m Ap(@)(E)) = / / N(OaE) ds dt = (e, a).
GJG

Here w ,, denotes the function s — fG &(s~'t)n(r) dr. Thus we, is a member of the
Figa-Talamanca—Herz algebra A,(G), identified as a subalgebra of Cy(G) C L>°(G).
For further details see [12,13].

This then suggests an abstract way to define #: M(G) — B(L?(G)), namely

(n,0(w©) = (mywey) (1€ M(G),E € LP(G),n e LP (G)).

By the above calculation, this extends . Furthermore, if £, € Cpo(G), the space
of compactly support continuous functions, then £ € LP(G), n € L? (G), and for
1 € M(G) we see that

(0, 8u)(©)) = /G /G (s~ 0m(e) dt dyu(s) = (m, u*€),

where 4 * & has the unambiguous meaning of /1 convolved with . As such  and 7
are dense, we are justified in saying that 6 is simply the convolution action of M(G)
on L?(G).

Proof of Theorem[Z.1] Consider the adjoint map 6, : ERE* — M(G)* given by

(O.Em), 1) = (0,60)(©)) =D (n 0(1)(&)) =D (1. we,m,)

n n
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where £ = (¢,) € E,;n = (n,) € E*, and u € M(G). In particular, 6, maps into
Co(G), the predual of M(G), so that 8 is weak™-weak*-continuous.

For f,g € Coy(G), we have that wy, = g * fas functions, where f(s) = f(s7h
for s € G. Furthermore, we have that

lim [ fllp = WAl tim gl = iglloo-

Forany g € Coo(G) and € > 0, we can find some f € Cy(G) with || f]l; = 1 and
llg * f — glloo < € (for example, see the proof of [2, Lemma 3.3.22]). As p, — 1, we
can find 7 with [|g||,r < (1 + €)||g]|co and || f]|,, < 1+ €. It follows that

(1, 8) | = [ wyrg) | = ellull,

and that

lwrglla, G < 1 flpllgllp; < (1+€)*lglloo-

By taking suitable supremums, it now follows easily that  is an isometry. ]

For a Banach algebra A, we say that A is faithful if for a € A, when bac = 0 for
all b, c € A, then a = 0. We shall always assume that our algebras are faithful: notice
that if A is unital, or has an approximate identity, then A is faithful. A pair (L, R) of
linear maps A — A is a multiplier (or centraliser) if

L(ab) = L(a)b, R(ab) = aR(b), aL(b)=R@b  (a,bc A).

The Closed Graph Theorem then shows that L, R € B(A). For further details see
[2,17] or [25, Section 1.2]. Indeed, [25, Theorem 1.2.4] shows thatif L,R: A — A
are any maps with aL(b) = R(a)b for a,b € A, then (L, R) is already a multiplier.
Let M(A) be the space of multipliers, normed by embedding into B(A) x B(A),
and made into an algebra for the product (L, R)(L’,R’) = (LL’, R'R). Notice that A
embeds (as A is faithful) into M(A) by a — (L,, R,), where L,(b) = ab, R,(b) = ba
fora,b € A.

Then Wendel’s Theorem tells us that for (L, R) € M(L'(G)) there exists a unique
it € M(G) such that L(a) = pa and R(a) = au for a € L'(G). Indeed, from the
proof of [2, Theorem 3.3.40], we have that p is the weak*-limit of (L(e,)) in M(G),
where (e,) is a bounded approximate identity for L!(G). It is then easy to show that
L(a) = pa for a € L'(G). Notice then that R(a)b = aL(b) = a(ub) = (au)b for
a,b € LY(G), so as L' (G) is faithful, R(a) = ay as required.

Theorem 2.2 With notation as above, the image of 6: M(G) — B(E) is exactly the
idealiser of O(L'(G)), namely

J={TeBE): T0a),0@T € 0(L'(G) (acI'(G)}.

Proof For ;1 € M(G), we have A(;1)0(a) = 6(ua) and 6(a)f(p) = O(ap) for
a € LY(G), so that (M (G)) C J.
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Conversely, let T € J and define L, R: L'(G) — L'(G) by
L) =07 (TO(@), R@=0"'(0@T) (acI}G)),

which makes sense, as 6 is injective onto its range. For a,b € L!'(G) we see that
0(a)0(L(b)) = 6(a)TO(b) = 6(R(a))d(b), so that aL(b) = R(a)b. Thus (L,R) €
M(L'(G)). Hence there exists u € M(G) with L(a) = pa for a € L'(G), so that
0(p)6(a) = TH(a) for a € L'(G).

By the construction of E, we see that {#(a)¢ : a € L'(G), £ € E} is linearly dense
in E, from which it follows that T = 9(u), completing the proof. [ ]

Notice that we implicitly used the Closed Graph Theorem in invoking [25, Theo-
rem 1.2.4]. In the completely bounded setting, this would not be available to us, and
indeed, it is unclear to the author if a direct analogue of this result would be true.
However, if A is commutative (or has a bounded approximate identity), then L and
R are closely related, allowing a modification of the proof to work; see Theorem
In relation to this, it is interesting to note that [18] works with one-sided multipliers
(or centralisers).

It is classical that L?(G) can be described as a complex interpolation space between
L'(G) and L>(G); see below for definitions or [1, Chapter 4]. We can recover the ac-
tion of L'(G) on L?(G) by interpolation, but some care is needed. Indeed, obviously
L'(G) is an L'(G)-bimodule over itself, and so by duality, L>°(G) is an L!(G)-bimod-
ule. However, notice that the resulting left action of L'(G) on L*°(G) is not the usual
convolution action. With this in mind, the constructions in Section[d should appear
less artificial.

3 Non-Commutative L? Spaces

In this section we sketch the complex interpolation approach to non-commutative
L? spaces; see [15,35].

3.1 Weights on Group von Neumann Algebras

For a locally compact group G, let A and p be, respectively, the left- and right-regular
representations, defined by

(M) () =£67"D), (p()€) (1) = p(ts)V(5)'* (£ € 1X(G), 5,6 € G).

Here V is the modular function on G. For f € L'(G), we shall write A(f) and p(f)
for the operators induced by integration, for example

(P(NE) (s) = / fOEOV@)' 2 de (£ €XQ).
G

Then the group von Neumann algebra VIN(G) is the von Neumann algebra gen-
erated by A, so VN(G) = A(G)"'. Similarly, the right group von Neumann algebra,
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denoted here by VN,(G), is generated by p. We have that VN(G)’ = VN,(G) and
VN,(G)" = VN(G); see [34, Chapter VII, Section 3].

An alternative way to construct VN(G) is to start with Cyo(G), considered as a
left Hilbert algebra. The inner-product is inherited from L?(G); the product is con-
volution, and the involution is f’i(s) = f(s~)V(s)! for f € Cpo(G),s € G. See
[34] or [33] for further details on left Hilbert algebras. One word of caution: for
f € Coo(G) (or more generally, for right bounded elements of L*(G)) we can define
7.(f) € VN,(G) (using the notation of [34]). This is not equal to p(f); we have
() = p(K(f)) for K defined below.

At this point, we shall stress that henceforth, for functions a,b on G, we denote
the convolution product by ab (when this makes sense) and the point-wise product
by a - b. An exception is that V always acts by point-wise multiplication.

The left Hilbert algebra leads naturally to a weight ¢ on VN(G). This weight is
explored in detail by Haagerup in [11, Section 2]. We let n, = {x € VN(G) :
p(x*x) < oo} and m, = linnfn,, and extend ¢ to m, in the usual way. Let us just
note that

e(A(f) = flec)  (f € Coo(G)?),
where eg is the unit of G, and Cyo(G)? = lin{fg : f,g € Coo(G)}.
Let (7w, H, A) be the GNS construction for (VN(G), ¢). We may hence identify
H with L*(G) by A(\(f)) = f for f € Co(G) (or more generally for left bounded
f € L*G)). Henceforth we shall drop 7 and always regard VN(G) as acting on
L*(G). The modular conjugation is the map

Ji2(G) = IAG), JE© =EDVE ™ (€€IX(G)s€q).

We define a linear version of J to be K, where K(§) = J(€) for £ € L*(G). We
define the “check map” by £(s) = £(s"), so K& = €V ~1/2, We have that VN,(G) =
VN(G)' = JVN(G)]J, and

M) =Tp(NT=Kp(HK  (fe1(G).

The modular operator is given by point-wise multiplication by V, and this leads to
the modular automorphism group (o) given by o (-) = V(- )V,
We shall pick a canonical choice of weight ¢’ on VN,(G) by

') =p(x])  (x€VNJ(G)).

Then m,, = Jm,J, and the formula above defines ¢’ on m. Let (7', H’, A’) be
the GNS construction for ¢’. We can identify H' with H by A’(x) = JA(Jx]) for
x € N, = Jn, J. Hence we identify H' with L*(G) by

A(p(f) = JAA)) =K(f)  (f € C(G)).

Again, we suppress 7’ and regard VN,(G) as acting on L*(G). Then the modular
conjugation for ¢’ is simply J. The modular automorphism group for ¢’ is (¢/);cr,
and this is given by o/ (x) = Jo,(Jx])] for x € VN,(G). Some care is required when
analytically extending this to complex values; indeed, we have o/(x) = Joz(Jx])J for
analytic x and z € C. Consequently,

a(p(N) =p(V7E)  (f€Cnl(G),z€C).
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3.2 Non-Commutative L? Spaces

There is a long history to non-commutative L? spaces, for which we refer the reader
to [29]. For a von Neumann algebra M with a finite normal trace 7, we can simply
let LP(M, 7) be the completion of M with respect to the norm ||x||, = 7((x*x)?/?),
for 1 < p < oco. Similar remarks apply to semi-finite traces, although the framework
of “measurable operators” gives a realisation of the completed space. See [34, Chap-
ter IX, Section 2] for further details.

For a general von Neumann algebra that might only admit a weight, Haagerup
introduced a crossed-product construction of a non-commutative L? space in [10].
Building on the work of Connes, Hilsum provided a spatial definition of a non-com-
mutative L? space in [14], and showed that the resulting space was isometrically iso-
morphic to Haagerup’s. By analogy with the commutative case, we might expect the
complex interpolation method to play a role. In [20], Kosaki provided a construction
of a non-commutative L? space associated with a von Neumann algebra with a finite
weight (that is, a normal state) using the complex interpolation method. He showed
that his space is isometrically isomorphic to Haagerup’s. In [35], Terp extended a
special case of Kosaki’s construction to the semi-finite case, and she showed that her
L? space is isometrically isomorphic to Hilsum’s (and hence to Haagerup’s).

We shall instead follow Izumi’s construction in [15], which simultaneously gener-
alises Kosaki’s and Terp’s constructions. Of particular interest is that in [16], [zumi
makes a detailed study of his spaces, introducing bilinear and sesquilinear products,
and showing that his L2 spaces are canonically isometrically isomorphic to the stan-
dard Hilbert space constructed from the underlying weight. As such, Izumi’s con-
structions are self-contained (although we note that, technically, he relies upon Terp’s
work in a proof in [15]).

First let us define the complex interpolation method. See [1] and 28, Section 2.7]
for further details. A compatible couple of Banach spaces is a pair (Ey, E;) contin-
uously embedded into a Hausdorff topological vector space X. We can then make
sense of the spaces Ey N E; and Ey + E; and define norms on them by

[ x]| = max(|x||g,, [|x][,)  (x € Eo N Ey),
llx|| = inf{ llallg, + |bllg, : x =a+b,a € Ey,b € El} (x € Ey + Ep).
We need X to be Hausdorff to ensure that we get a norm on E; + E;. However, once

we can form Ej + E;, we can always just replace X by E, + E;.
Let

S={z=x+iyeC:0<x<1,y€R} and
So={z=x+iyeC:0<x< 1,y e R}

We let J be the space of functions f: § — Ey + E; such that:

(i)  f is continuous and bounded, and analytic on Sg;
(ii) for j = 0,1, we have that R +— Ej;t +— f(j + it) is continuous, bounded, and
tends to 0 as |t| — oo.
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For more details on vector-valued analytic functions, see [34, Appendix], for exam-
ple. We give J a norm by setting

[fIl = maxsup|[f(j+it)|[r,  (f €F).
J=0,1 teRr

This is a norm, and then J becomes a Banach space.
For 0 < 6 < 1, we define (Ey, E; ) to be the subspace of E; + E; consisting of
those x such that x = f(0) for some f € F, together with the quotient norm

Ixllio) = inf{ Il - f € F, f(6) = x}.

The following is proved in [1, Theorem 4.1.2].

Theorem 3.1 With notation as above, we have norm decreasing inclusions Ey N E; —
(Eo, E\)jg) — Eo + Ei. Let (Fo, Fy) be another pair of compatible Banach spaces, and
let T: Ey + E; — Fy + F be a linear map such that for j = 0,1, T(E;) C Fj, and the
restriction T: E; — F; is bounded. Then

T((Eo, EDier) € (Fo, F)ioys TNl < |IT: By — Fol| 7|2 Ey — F|”.
Lemma 3.2 With notation as above, for j = 0,1 let T; € B(E;, F;). There exists

T: Ey+E, — Fy+F, with T|EJ. = Tjfor j = 0,1ifand only if Ty and T\ map Ey N E,
into Fy N Fy and agree on Ey N E;.

Proof If Tj and T, agree on Ey N E; and map into Fy N Fy, then we try to define T
by T'(xo + x1) = To(xo) + T1(x1) for x9 € Eg,x; € Ej. This is well defined, because
ifxo +x; = x{ +x{, then xp — xj = x{ —x; € Eg N E; and so Ty(xp) — To(x§) =
Ty (x]) — T1(x;) € Fy N Fy. The converse is clear. [ |

There is also a bilinear version; see [1, Theorem 4.4.1].

Theorem 3.3 Let (Ey, E;), (Fy, F1) and (Gy, G;) be compatible couples, and let
T:EyNE; X FpNF — Gy NGy
be a bilinear map such that for some constants My, M,, we have
ITCej, ylle; < Mjlixjlle lyjlle; (G =0,1,x; € Ej, yj € F).
For 0 < 0 < 1, there is a bilinear map
Ty: (Eo, E1)ig) X (Fo, F1)ig) — (Go, G1)jay,

which extends T and that is bounded by My’ M.
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Now let M be a von Neumann algebra with normal semi-finite weight (. Let
(H, A) be the GNS construction, where we identify M with a subalgebra of B(H).
Let J be the modular conjugation, and let V be the modular operator. We shall now
sketch Izumi’s approach to non-commutative L? spaces. The idea is to turn (M, M,,)
into a compatible couple; then L? () will be defined as (WM, M. ), /) for 1 < p < oo.

Let (H, A) bea GNS construction for ¢, so that A = A(n,MNny) is a full left Hilbert
algebra in H, which generates M and induces ¢. Let A be the maximal Tomita
algebra associated with U (see [34, Chapter VI, Section 2]), and let ag = A~}(p). In
particular, each x € qy is analytic for (o), and A(x) is in the domain of V for each
aeC

For o € G, we let L(,) be the collection of those x € M such that there exists
o\ e M, with <y*z, <p§j”> = (xJV*A(y)|JV~*A(2)) for y,z € ay. Then Ly is
a subspace of M that contains a3, and is hence o-weakly dense. We norm L, by
setting [|x||z,,, = max(||x|[ac, [|{[lac,) for x € Lia). Leti(a): L) — M be the
inclusion map, and let j(,) : La) — M. be the map x — ¢ %. These are contractive
injections, and j(,) has norm dense range. Izumi proves that we have the following
commuting diagram:

M
V \(*a)
L LZ“_ @)
j("\ /(*(A)
M.

In particular, we have that <y7 cpfc"‘)> = <x, gog,_“)> forx € Loy and y € L_,). By
density we have that iz‘_a) and jEk_u,) are injective, and so we can view (M, M,.) as
a compatible couple. Izumi shows that under this identification, M N M, is pre-
cisely L(q). We finally set

Ly (p) = (M, M) (1<p<o0).

(1/p]

We shall always view Lfa) (¢) as a subspace of M +M,; consequently, by the commut-
ing diagram and Theorem we have that Ji—a) (x) € L‘(Da)(go) for all x € L and all
p.

For most of this paper, we shall actually work just with the case & = 0, which
is exactly the case that Terp considers in [35]. Set L = L), so we actually have the
stronger property that x € L when there exists ¢, € M, with

(z, o) = (Jx"JA2) | A(y)) = (xJA(y) | JA(2)) (1,2 € ny).
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As shown in [16], there are bilinear maps that satisfy

. TP p/ ‘
(- .>P’(‘*')' Ligy (@) X Loy (9) = G

<jzk—a)(x)7 ]Fa)(y)> = <ya <)03(ca)> = <xa 905/7&)>

)

where 1/p + 1/p’ = 1. There are sesquilinear maps that satisfy
(| ')p,(a)5 L&)(‘P) X L{g)(@) -G
(@ 1 iEm) = 076 = @ 6.
Furthermore, these maps implement dualities between Lfa) (¢) and Lf ;a) (¢), and be-

tween Lf’a) (¢) and Lfal) (), respectively. As such, the dual of Lfo) (¢) can be identified

with Lfol) (¢), both linearly and anti-linearly.
We can identify L%_l /2)(g0) with H,, the standard GNS space for ¢. Indeed, there
is an isometric isomorphism

h: H, — L%71/2>(g0); h(A(x)) = jzll/z)(x) (x € my).
Furthermore, h respects the relevant inner-products, that is
€ m= (W) | k), (e H,).

We can translate this to other values of a by using the fact that there are isometric
isomorphisms

Up gt L (9) = L (0)s Up0)(fay@) = j{_) (Ti5-a1/p ()

(x € aé,a,ﬁ € R).
Then, again for «, 5 € R, we have that
(U0 [ Upgar(m) , 5= € IMpiar (&1 € L, (9))-

In particular, there is an isometric isomorphism k: H, — L%O) () with

KAW) = jip(ois@) (e ad),  (€[m) = (k&) k), (€€ H,).

Using convergence theorems for integration, it is easy to show that if (X, p) is a
measure space, and f € L'(u) N L(u), then f € LP(p) for all p € (1,00), and
limp_; || fll, = [ fll1- The following is a non-commutative version of this.

Proposition 3.4 With notation as above, let x € L. Thenlim,_., || jio,(X)||, = [lox|l;
where || - ||, denotes the norm on Lfo)(cp).
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Proof Firstly, we show that
ity Gy < %12 leul - (x € L).

This is [32, Corollary 2.8], but we give a quick proof. Pick e > 0 and define F: § — L
by F(z) = exp(e(z> — 0%)) /¢« ?||x||*~?x. Then F € F, F(9) = x, and we can check
that

IFllg < lopel’lll '~ exp (e(1 = 6%)) .

As € > 0 was arbitrary, we conclude that, as § = 1/p,

- —0 0 !
177 @l < Il lleel® = 117" llpul 2.

We now use duality. For ¢ > 0, there exists py > 1 such thatif 1 < p < p,,
then ||, (x)[[, < (1 + €)[|ox||. As L is o-weakly dense in M, by Kaplansky density,

we can find y € Lwith ||y|| = 1 and |[(y,x)| > (1 — €)||¢x||. Then there exists
p1 > lsuchthatif 1 < p < py, then || i, (W), < (1 +€)yll =1+ e Thus, if
1 < p < min(py, p1), then

1+ alleall > il @y = [ Gl ®), 700, o 1Dl

>y, o) |1+ > 1 — 1+ el

As € > 0 was arbitrary, this completes the proof. ]

3.3 Operator Spaces

As noted by Pisier in [26] and [28, Section 2.6], the complex interpolation method
interacts very nicely with operator spaces. If Ey and E; are operator spaces that, as
Banach spaces, form a compatible couple, then, say, identifying M, (E, + F,) with
(Ey + FO)”Z, we turn (M, (Ey), M,,(E;)) into a compatible couple. We then define

M, ((Eo, EDpg)) = (Ma(Eo), M,y (E1)) 0"

It is an easy check that these matrix norms satisfy the axioms for an (abstract) oper-
ator space. Then the obvious completely bounded version of Theorem B.Iholds.

Suppose that E and F are Banach spaces that form a sesquilinear dual pair. A
typical example would be E = L>°(u) and F = L!'(u) for a probability measure y,
together with the pairing

(f\g)=/f§du (f €E.geP).

Then we can show that (E, F)[y5) is a Hilbert space if (E, F) is made a compatible
couple in the correct way; see [28, Theorem 7.10], for example. In our example, we
recover L?(p1) for the canonical compatibility. Intrinsic in the proof is that a Hilbert
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space H can be canonically identified in an anti-linear way with its own dual, by way
of the inner-product.

If E and F are also operator spaces, then we recover a Hilbert space with some op-
erator space structure. There is a unique operator Hilbert space that is anti-linearly
completely isometric to its dual: Pisier’s operator Hilbert space. We write H,y to
denote this structure on H. As explained carefully in [28, p. 139], at least when
M is semifinite, we should consider the compatible couple (M, M:F). Here, for
an operator space E, E°? denotes the space E with the opposite structure, namely
|(xiillop = ||(xji)|| for (xi;) € M, (E). If A is a C*-algebra, then A° can be iden-
tified with A, but with the product reversed. See also [19, Section 4] for a slightly
different perspective.

Indeed, as noted in [19], if M is in standard position on H with modular conju-
gation J, then we have a canonical *-isomorphism ¢: M — M’ x +— Jx*J and
0 ¢t ML — MZP is a completely isometric isomorphism of operator spaces. We
conclude that the natural operator space structure on L (M) will arise from studying
the compatible couple (M, M.). Alternatively, if we privilege M., then we should
look at (M’, M,.). When M, = A(G), it turns out that this simple observation will
guide us as to how to give the resulting non-commutative L? spaces an A(G)-module
action.

Let us finish by showing the operator space version of Proposition 3.4

Proposition 3.5 With notation as above, let x € M, (L) for some n € N. Then
limp—1 [[ o) () = [|oxl-

Proof The norm on I\\/I[n(LfO)(gp)) is given by interpolating M, (M) and M, (MSP),
and so we can follow the first part of the proof of Proposition[3.4lto find py > 1 such
that, if 1 < p < po, then || 5, (x)[|, < (1 +€)[[px]]-

By Smith’s Lemma ([5, Proposition 2.2.2]) and as M,(L) is o-weakly dense in
M., (M), there exists y € M, (L) with [|y[| = 1 and [{{y, %)) = (1 — €)[|¢x]|. We
can now proceed as in the end of the proof of Proposition[3.4} ]

4 Non-Commutative L? Spaces Associated with the Fourier Algebra

Let G be a locally compact group G. We have that VN(G) is a Hopf-von Neumann
algebra, a Kac algebra ([6]), and a locally compact quantum group ([22,23]). We
have a normal *-homomorphism

A:VN(G) = VN(G)®VN(G) = VN(GxG); A(Xs) =As)@A(s) (s€G).

It is not obvious that such a map exists, but if we define W € B(L*(G x G)) by
WE(s,t) = &(ts,t) for s,t € G, then W is a unitary, and we can define A(x) =
W*(1 @ x)W for x € VN(G). Then A is coassociative, namely (A ® id)A =
(id ®A)A. Thus A induces an associative product on VN(G)., leading to the Fourier
algebra ([7]). For &, 1 € L*(G) we write wey for the normal functional on VN(G)
given by <x, w57,,> = (x€|n). As VN(G) is in standard position ([34, Chapter IX,
Section 1]), every member of A(G) arises in this way. We define a map, the Eymard
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embedding, ®: VN(G),. — Co(G) by
D (wey)(s) = </\(s),w5‘7,> = /Gﬁ(sflt)w dt (s € Guwey € A(G)).

Then @ is an algebra homomorphism. This follows [7], but we warn the reader that
[34, Chapter VII, Section 3] uses a different map (with s™! replacing s).

Then VN,(G) = VN(G)' carries a coassociative map A’ given by A’(x) = (J®
DAx])(J ® ]) for x € VN,(G). We have that A’(p(s)) = p(s) ® p(s) fors € G.
Similarly A,(G) = VN,(G). becomes an algebra. We write wfl,n for the functional
on VN,(G) given by <x, wén> = (x¢|n) for x € VN,(G). We similarly define
d’: A,(G) — Co(G) by

(Wl )() = (pls), wey) = / €IV P de (s € Gwl, € AG).
G

Guided by the arguments in the previous section, we shall turn (VN,(G), A,(G))
into a compatible couple in the sense of Terp. As VN,(G) = VN(G)’, we have a
canonical *-isomorphism

¢: VN(G)® = VN,(G); x— Jx*']  (x€VN(G)).
Then we have
¢t A(G) = AG)Ps wi, —wppe (&1 €LXG)).

This allows us to regard (VN,(G),A(G)) as a compatible couple, and we shall often
suppress the implicit ¢, involved. We then define

L(G) = (VN,(G),A(G)) (1< p<o0)

(1/p]

Here we use the “dual group” notation that is common when studying the Fourier
algebra. The motivation is that when G is abelian, we have that VN,(G) = LOO(G)
and A(G) = LY(G) by the Fourier transform, where G is the Pontryagin dual of G,
and so L?(G) agrees with the usual meaning. We keep the same notation in the non-
abelian case, although now it is purely formal. We give L? (G) the canonical operator

space structure
M, (17(6)) = (M (VN,(6)) , Mu(AG)))

(1/p]

We have that

D(pu(wf,)) () = (JA® TEIN) = (psHE | n) = @' (Wi,
(s€G,&neLX ).

https://doi.org/10.4153/CJM-2011-020-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-020-2

Representing Multipliers of the Fourier Algebra on Non-Commutative LP Spaces 811

Hence, under the maps ® and ®’, ¢, induces the “check map”. We also have the map
K available, which allows us to define a *-homomorphism

o~

¢: VN(G) — VN,(G); x+—KxK  (x€VN(G).
The predual of this map is then
e AMG) = AG); Wl wrery  (&m € LHG)),

so that

@(5*(%',,,)) (s) = (KAGS)KE [ ) = (p(s)€ [ m) = @' (wi,)(s)
(s€ G, &neLG)).
Thus, under the maps ® and ®’, we see that qAS* is the formal identity.

Lemma 4.1 For f,g € Coo(G), let a = f*g. Then p(a) € VN,(G) agrees with
V'2a € A(G) in VN,(G) N A(G) = L.

Proof We have that p(f), p(g) € n,/, and so by [35, Proposition 4], we have that
p(f*g) € L =VN,(G) N A(G), with

! -1
Poife) = WIN N = Wig = O (Warse.ann)
= ¢, (wigxys) = ¢;1¢*(wg"f)-

Now, for s € G,

ng_,Kf(s):/Kg(s_lt)Kf(t) dt:/g(t-ls)V(t-ls)l/zf(rl)V(t—1)1/2 dt
G G

=vwm/ﬂwgﬂﬂwzwmma
G

which completes the proof. ]

We wish to turn LP(CA?) into a (completely contractive) left A(G)-module. For
p = 1, we obviously have a natural action of A(G) on itself, and so the previous
lemma suggests the following action.

Lemma 4.2 There is a completely contractive action of A(G) on VN,(G) such that
a-p(f)=pla-f)fora e A(G) and f € Cy(G), where a - f denotes the point-wise
product.

Proof We have that VN,(G) is a completely contractive A,(G)-module (which is
commutative, so we shall not distinguish between left and right actions) such that
a-p(f) = pla- f) fora € A(G) and f € Cy(G). As above, we have that
gfb\*: A (G) — A(G) is a completely isometric homomorphism. So our required ac-
tion is simply a - x = cg*’l(a) -xfora € A(G),x € VN,(G). ]
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The following is a useful approximation result, which allows us to work with con-
crete functions rather than operators in VN,(G).

Proposition 4.3 For x € VN,(G), we have that x € L when there exists px € A,(G)
with (x(a)|b) = <p(a*b), <px> fora,b € Co(G).

Proof Let A = A’'(p(Cy(G))) = Coo(G), which is a Tomita algebra (but not the
maximal Tomita algebra). We claim that U generates the full left Hilbert algebra
A’(n,r N nys). This will follow from [33, Lemma 3, Section 10.5] if we can show
that Coo(G) is a core for the operator S, which is the closure of A’(x) — A’(x*) for
x € My N My, (meaning that the closure of the S operator associated with 2 agrees
with the canonical one associated with 1n,,).

Indeed, for us, S is the map D(S) — L*(G), & — &, where D(S) = {¢ € L*(G) :
£ e L*(G)}. Then D(S) is a Hilbert space for the inner-product (£ | n); = (£ |
1) + (Sn | S€) for £, € D(S). We claim that Coo(G) is dense in D(S), from which it
will follow that Coo(G) is a core for S. Suppose that € D(S) is such that (€ | n); = 0
for £ € Cyo(G). Then

0:/Gé(s)%ds+/cé(s_l)n(s*l)ds:/ng(s)(l+V(s)_l)ds

forall £ € Coo(G). Astheset {£-(1+V ™) : € € Cyo(G)} is dense in L*(G), it follows
that 7 = 0. So Cyo(G) is dense in D(S), as required.

As A generates A’(1, N n,/), we can apply the approximation result [34, Theo-
rem 1.26, Chapter VI]. This shows that for x € 1./, we can find a sequence (f,) in
Coo(G) such that

lim [A(0) = A'p(f)] = lim A" = Kfl =0, [lp(f)ll < [l (neN),

and that p(f,) — x strongly.

Finally, suppose that x € VN,(G) and ¢, € A,(G) are such that (x(ﬁ)\g) =
<p(a*h), <px> fora,b € Cyo(G). Choose &, 1 € L2(G) with ¢y = wfl-,n' Lety,z € ngr,
so we can find sequences (a,), (b,) in Cyo(G), as above, associated with y and z re-
spectively. Thus

(r"z, ) = (& | yn) = lim(p(ba)§ | plan)n) = lim { p(ayby), ¢x)

= lim(x/Ka, | JKb,) = (xJA'(y) | JA'(2)).

We conclude that x € L as required. ]

We can immediately improve Lemma[4.1]

Proposition 4.4 Leta € A(G). Then a € VN,(G) N A(G) if and only if d is right
bounded; that is, there exists K > 0 such that || fd|, < K||fll2 for f € Coo(G). In
this case, the map f +— fd extends to an operator x € VN,(G), and then x € L with

a = (ZS*(QOX)
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Proof Leta = wg,, so thatd = ®’'¢, (we,). Suppose that d is right bounded.

As convolution on the right commutes with the action of VN(G), we see that x €
VN,(G). For f,g € Cyo(G), we see that

(x(f) |g) = (fa

© = [ Tt gy dsdr = [ Toatogts ar s
_ / PO 0a) dsdt = ( p(f*g), 67 (wen)) -

So by the previous proposition, x € L and a = ¢, (), as claimed.

Conversely, if a € VN,(G) N A(G), then there exists x € L with a = ¢.(py). As
fd always exists for f € Cy(G), we can reverse the argument above to conclude that
x(f) = fafor f € Cyo(G), so that d is right bounded. [ |

We can also apply our approximation idea to improve an approximation result of
Terp, [35, Theorem 8].

Proposition 4.5 For x € L, we can find a net (f;) in Cy(G)* such that
sup; || p(fi)|| < o0, p(fi) — x o-weakly, and @, sy — ¢y in norm.

Proof By Terp’s result [35, Theorem 8] we can find a bounded net (x;) in m,, with
x; — x o-weakly and ¢, — ¢, in norm. Indeed, from the proof, we can choose
x; = yiz for some y;, z; € n,r with (y;) and (z;) bounded nets.

For each i, choose a sequence (a; ,) in Coo(G) with p(a; ,) — y; strongly, Ka; , —
A’(y;) in norm, and with ||p(a; ,)|| < ||yi||- Similarly choose (b; ,) associated with z;.
It follows (compare with the proof above) that p((a; ,)*b; ) — yizi = x; o-weakly,
and that (e 1,,) — ¥ in norm. With the diagonal ordering, we see that (a;,b; »)
is the required net. B

Theorem 4.6 There is a completely contractive left action of A(G) on LP (G), forl <
p < 00, such that a - j?‘o)p(b) = jipyprla- b) fora € A(G) and b € Cyo(G)~

Proof Leta € A(G), and consider the bounded maps
T:A(G) = A(G);b—a-b,  S: VNJ(G) — VN,(G);x — ¢, '(a) - x.

By Lemma we wish to show that T and S map L to L and agree on L. If this
is so, then we get a map R € B(L? (@)) that extends T and S, and is bounded by
| T||*2|S||"/2" < ||a||. Clearly a — R is a homomorphism, and the resulting action
of A(G) on L? (@) is the one stated by Lemma[£2]

So, for x € L, we need to show that y = gg,jl(a) - x € L and that, furthermore,
a- ¢.(px) = ¢«(p,). Suppose that x = p(f*g) for f,g € Cyo(G), so that from
Lemma@I} ®¢.(p,) = V'/2 f*g. By Proposition &3} we have that y € L if

(Y@ | d) = (p(cd), o5 (@ dulpx) (e,d € Co(G)).
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Now, we have that
(p(c*d), ¢; " (a- ¢u(p:))) = (p(c*d), ¢ '@ (a- V'/*f*g))

:/c*d(s)a(s‘l)V(s)_l/z(f*g)(s_l)ds
G

:/c*d(s*)a(s)V(s)*l/z(f*g)(s) ds
G

= <(;;,:1(6l) ' p(f*g)a(pp(c*d)> = <J’7WE/73> = (}/(E) | H)’

using that ®'¢'®~! is the check map. Hence we are done in the case that x €
p(COO(G)2)~

For general x € L, choose an approximating net (f;) C Cg(G)? as in Proposi-
tion[.5 Then, by the previous paragraph, for ¢, d € Cyo(G),

(ywlz) =lim(p(f),w/3) = lim (p(c*d), 6. (a- Do)

= <p(C*d)7 ¢>¢<_l(a : ¢*(‘px))>7

which completes the proof of the claim by another application of Lemmal[4.l

In the completely bounded case, notice that T and S are completely bounded, and
hence, so is R. Thus we get a homomorphism A(G) — GB(LP(G)). To see that
this is completely bounded, it is easier to prove the equivalent statement that A(G) x
LP(@) — LP((A}); (a, &) — R(&) is jointly completely contractive ([5, Chapter 7]).
That is, for n € N, the map

M, (A(G)) X M, (LF(G)) — M,z (L (G)); (ai}) X () — (Rij (&) i (i

is contractive. This follows immediately from Theorem[3.3] as the analogous state-
ments hold for T and S. ]

A slightly curious corollary of this proof is that L is an A(G)-submodule of
VN:(G), and hence the image of L in A(G) is a dense ideal. As a final application
of our approximation ideas, we have the following.

Proposition 4.7 For1 < p < oo, we have that jE“O)p(COO(G)Z) is norm dense in
L7(G).

Proof Following the proof of [16, Prop. 6.22], it suffices to show that p(Cyo(G)?) C L
separates the points of VN,(G) + A,(G) C L*. Indeed, suppose that x € VN,(G) and
w € A,(G) are such that

(x, 0p0) +{p(),w) =0 (f €Cnl(G)).
For y € L, use Proposition[£.5to pick an approximating net ( f;), so that

0 = lim(x, () + (P(fi)w) = (x,0y) + ().
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In particular, this holds for any y € m,, so by [35, Proposition 7] (or, essentially by
definition) it follows that x € L with ¢, = —w. Hence x+w = 0in VN,(G) + A,(G),
as required. ]

Proposition 4.8 There is an isometric isomorphism 0: IX(G) — I*(G) satisfying
0(f) = jipp(N=/*f) for f € Coo(G)*. Furthermore, § intertwines the inner products
on 1*(G) and L*(G).

Proof In Section[3] we discussed the isometric isomorphism k: H,» — LZ(G) that is
such that k(A'p(f)) = jiy0i/ap(f) for f € Coo(G)?. If we identify H, with L*(G),
then A’p(f) = Kf, and so we find a map 6 that satisfies 0(f) = j{; 0i/4p(Kf) =

Jiyp(VTAf) for f € Coo(G)2. -

Notice that L?(G) carries a natural bilinear product, { f,g) = Jofgfor f,g €
L*(G). Similarly Lz(@) has the bilinear product < . > 200 but 6 does not intertwine
these products. '

4.1 Comparison with Forrest, Lee, and Samei

In [8, Section 6], a different construction of non-commutative L? spaces associated
with A(G) is given. We shall compare their construction to ours.

First, they form the non-commutative L? space using VN(G) using [zumi’s work
with @« = —1/2. Let OL{Z1 /2)(VN (G)) be the operator space version given by inter-
polating VN(G) and A(G)°P. Here we write (—1/2) to indicate the choice of c. Then
they define

OLf_l/z)(VN(G))OP 1< p<2,

LP(VN(G)) =
{OLf_l/z)(VN(G)) :2< p<oo.

Recall that the Hilbert space OL?_1 /2)(VN (G)) will carry the operator Hilbert space
structure, so that OL?_UZ)(VN(G)) = OL?_UZ)(VN(G))OP.

By [8, Theorem 6.3], for 1 < p < 2, the A(G) module structure on L?(VN(G))
satisfies

a- i (M) = jtyy(Ma- ) (a€AG), f € Cu(G)).

Here we use a different, but equivalent, notation to that of [8]. Similarly, by [8,
Theorem 6.4], for 2 < p < 00, the module action of A(G) on LP(VN(G)) is

a- it = jhmNa- ) (a€AG), f € ConlG)).

Recall the isometric isomorphism Uj, o, —1/2): Lf_l/z)(VN(G)) — Lfo)(VN(G))

that satisfies, in particular,

UP~(0-,—1/2)(J'T1/2)>‘(f)) = jzko)(gi/Zp)\(f)) = j?O)A(Ail/ZPf) (f S COO(G)Z) .
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For 1 < p < 2, we can hence regard L? (VN(G)) as oL )(VN(G))OP with the module
action

a- jio ) =Upo-1/2(a-Upio 1 fioMD) = Upo-im(a- g AA f)
=Up0,-1/2J{ppAd Al/2"f) = jipAé- f)

fora € A(G) and f € Cyo(G)?. Similarly, for 2 < p < oo, we regard L¥(VN(G)) as

OL{O)(VN(G)) with the module action

a- jioMf) = jipAa- f) (a € A(G), f € Cn(G)?).

Proposition 4.9 For2 < p < oo, there exists a completely isometric isomorphism
¢p: LP(VN(G)) — LP(G) that is also an A(G)-module homomorphism, with

‘Ep(jzko)A(f)) = jioyr(f) (f € Coo(G)?).

Proof Our LP(G) spaces are formed by 1nterpolat1ng VN,(G) and A (G)"p (identi-
fied with A(G)). Consider again the maps q$ VN(G) — VN,(G) and gb 1. A(G) —
A;(G). We claim that these are compatible, that is, map L), for (VN(G), A(G)), into

), for (VN,(G), A,(G)). Indeed, let x € Ly C VN(G) with associated ¢, € A(G).
Let a,b € Cyo(G), so that

(6| b) = (xK(@) | K®)) = (xJ@) | JB) = (xIA(M@) [ JA(AD)))
= (Ma'b), px) = (K@K, ) = (p(a'b), 6, (x),

so by Proposition &3] we see that ¢(x) € L), for (VN,(G), A,(G), with P30
qﬁ '(¢y). Consequently, by Lemma 3.2} we can interpolate these maps, leadlng to
a contraction

¢p: L) (VN(G)) — L]

by (VNL(G)) = LP(G).

As gz?;l is also a complete isometry A(G)? — A,(G)°P, we see that Zsp is a complete
contraction. By symmetry, we also have a complete contraction in the other direc-
tion, showing that ¢, is actually a completely isometric isomorphism. In particular,

il A = jio (KANK) = jipa(f)  (f € Can(G)).

It is now clear from Proposition [£.7] that this map is an A(G)-module homomor-
phism. ]

Proposition 4.10 For1 < p < 2, there exists a completely isometric isomorphism
¢p: LP(VN(G)) — LP(G) that is also an A(G)-module homomorphism, with

0o (Fg M) = ilp(fY™)  (f € Can(G)?).
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Proof For1 < p < 2,itis clear that

LP(VN(G)) = OL{O)(VN(G)) T= (VN(G™, AG)) (1/p1"

The idea now is to replicate the proof above using the maps
¢: VN(G)® — VN,(G) and ¢, ': A(G) — A.(G)P.

Forx € L C VN(G), let oy = w,, for some &, € L*(G). Let y’,z" € n, so that
y=1Jy'],z=Jz'] € n,, and

(o) JA' (y") | JA'(2)) = (Jx"JA(y) | A(2)) = (zy,0x) = (z"¥E | m)
= (JE)y'IE I n) = ()2 In | JE)
= ()2, ¢, (x)-

Hence ¢(x) € L C VN,(G) with gy = ¢5 (o). Again, we interpolate to find a
completely isometric isomorphism ¢, : LP(VN(G)) — L?(G). We then see that for
f € Co(G),

bpiio M) = s (M) = ji INF]) = jiop(FV.

It is now clear from Proposition [£7] that this map is an A(G)-module homomor-
phism. u

4.2 Application to Homological Questions

The following is an improvement of [8, Proposition 6.8], which only showed the
result for p > 2.

Proposition 4.11 Let G be a non-discrete group, and let 1 < p < oo. Then the only
bounded left A(G)-module homomorphism LP(G) — A(G) is the zero map.

Proof Let T: LP (@) — A(G) be a bounded left A(G)-module homomorphism, and
suppose towards a contradiction that T is not zero. By density, we can find x € L,
such that setting £ = j{;(x), we have that T(¢) # 0. Let a = ¢.(p,) € A(G).
Fory € L, letn = Joy ) and b = ¢.(¢,). Then, with reference to Theorem [4.6]
z=¢; (a)y € Lwith ¢, (p;) = a-x«(p,) = ab = ba = b-¢.(¢x) = ¢ (¢ (b)-x).
Thus

a-T(n) = Tjiy(2) = Tjiy (61 (b) -x) = b- ().

Let V be a compact neighbourhood of the identity in G, so that 0 < |V| < oc.
Let K be a compact neighbourhood of the identity with KK=! C V, let r € G, let
a = |K|7'2x,-1x € [3(G) and B = |K|~"?xx € [*(G). Then ||a|l, = ||8]l, = 1,
and so b = w, g € A(G) with ||b||ac) < 1. We see that

|sr 'K N K|

K] (s € G).

b(s) = |11<—| / Yo (s ) () dt =
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So b(r) = 1 and b(s) # 0 implies thats € KK~ !r C Vr. So b has compact support
and is bounded, and hence b € L!(G) with ||b||; < |Vr|. By Proposition[d4] b =
¢«(p,), where y € Lwith y(f) = fb for f € Coo(G). We can check that actually
y = p(V~12b), so that ||y|| < [V7'0|l, < [Vr|IV " villee = K(V), say. By the
estimate in Proposition 3.4 we see that

G llp < I N, 12 < KOV)VP

With n = j;, (y), we see that

ITEO] < [lb- T©llaw) = lla- Tl < llalla I TIKV)?".

In particular, we can make K(V') as small as we like by choosing V' small (as G is not
discrete). As r was arbitrary, we conclude that T(¢) = 0, giving our contradiction.
|

We can now follow the proof of [8, Theorem 6.9] to show the following; we refer
the reader to [8] for the definition of operator projective.

Theorem 4.12 Let G be a non-discrete group and 1 < p < oo. Then LP(G) is not
operator projective as a left A(G)-module.

5 Representing the Multiplier Algebra

Let G be a locally compact group, let (p,) be a sequence in (1, o) tending to 1, and
letE = (*—p, L (é). In the Banach space case, this is the direct sum in the £2 sense
defined in Section2l In the operator space case, we regard this as a discrete vector-
valued commutative /2 space, which carries a natural operator space structure; see
[38, Section 1] and [27]. Indeed, Eo, = (> — ©LP(G) carries an obvious operator
space structure. We give E; = (! — ®LP"(G) the operator-space structure arising as a
subspace of the dual of > — EBLP"(é)*. Then (E, E;) is a compatible couple, and
E is simply (Eoo, E1)[1/2)- Notice that the underlying Banach space is the same as the
usual definition.

Then A(G) acts coordinate wise on E, so that E becomes a (completely) contrac-
tive A(G)-module. In the operator space case, notice that this is clear for E; and
Eo, and hence also for E by bilinear interpolation. In this section, we shall show
that MA(G), respectively M, A(G), have actions on E extending those of A(G), and
that the resulting homomorphisms MA(G) — B(E) and M4,A(G) — CB(E) are
weak*-weak*-continuous (complete) isometries.

Proposition 5.1 For1l < p < oo, there is a natural action of MA(G) on LP((A})
extending the action of A(G), such that a - ji, p(f) = ji,pla- f) fora € MA(G)
and f € Co(G)?. Furthermore, this action of MA(G) restricts to give a completely
contractive action of M A(G) on LP (é).

Proof Welet MA(G) act on A(G) in the canonical way. As in the proof of Lemmal4.2}
we note that MA,(G) acts on A,(G) and hence on VN,(G) by duality. This action
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satisfies a - p(f) = pla- f) fora € MA(G) and f € Cy(G). We then extend
¢; ! to an isometric homomorphism v: MA(G) — MA,(G), which completes the
argument as in Lemmal[4.2] We define v by

b(a)(b) = ¢, (ag(b))  (a € MA(G),b € A(G)).

As qAS* is a homomorphism, this does extend QAS; ! and is itself a homomorphism.
Clearly 1 is contractive and has an obvious contractive inverse, so that 1 is isometric
as required. Notice that, if we view a € MA(G) and v (a) as functions on G (using ¢
and ®’), then these functions agree.

We now follow Theorem[.6land use interpolation to extend this MA(G) action to
LP(G). We hence need to show thatifx € L, then y = ¢(a) - x € Lwitha- ¢.(¢x) =
¢+(¢y). As in the proof of Theorem [4.6] by our approximation result, it is enough
to show this for x = p(f*g) for f,g € Coo(G). The proof of Theorem [£.dl follows
mutatis mutandis.

The remark about M, A(G) will follow if we can show that v restricts to a com-
plete contraction ¢ : M4,A(G) — MgA,(G). However, this follows immediately be-

cause 1, is a complete isometry. |

By [4], MA(G) is a dual Banach algebra with a predual Q, which is the completion
of L'(G) for the norm

Iflo=sup {| [ 7900 & :a MA@ lal <1} (f LG,

Let Ag: L'(G) — Q be the inclusion map. Similarly, M,A(G) has a predual Q, that
is defined in the same way, but taking the supremum over the unit ball of M,A(G).
Define similarly A\g, : L'(G) — Q.

For 1 < p < oo, let 77: A(G) — B(Lp(a)) be theAcontractive homomorphism
given by Theorem and let 77: MA(G) — B(LP(G)) be the contractive homo-
morphism given by Proposition 5.1l Using Izumi’s bilinear product, we have that
LP((A?)* =1r (@), and so we can consider the map

w2z LGB (G) = A(G)" =VN(G); (ml(E@m),a) = (a-Em), o

fora € MA(G),¢ € LP(G) and € L?'(G)). Let 721 LP(G)®L?' (G) — MA(G)* be
the analogous map.

Let 77 A(G) — CB(L(G)) and 71 M4A(G) — CB(LP(G)) be analogously
given by Theorem[4.6land Proposition[5.I] Similarly, define

b [P(G)BLY (G) — A(G)* and 7PY: LP(G)RLP (G) — M4A(G) .
Proposition 5.2 The maps 7t and 70 take values in C3(G), the reduced group

C*-algebra. The map 7% takes values in the predual Q, and 7Y takes values in the
predual Qg, so that both 7T and TP are weak* -weak* -continuous.
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Proof Suppose that { = jj,(f) and n = j{(g) for f,g € Coo(G)?. Then, for
a € MA(G), using the calculations of Lemmal[4.1]

(7UE@m,a) = (jiypa- £, jip@) o = (@ eue)

= /Ga(s)f(s)V(s)*l/zg(s*I) ds = (a,\o(f-Kg)).

Hence 72 (£@n) = Ao(f-Kg) € Q. By Proposition[d.7] such £ and n are norm dense,
showing that 7% takes values in Q. It is now standard that 7 is weak*-weak* -conti-
nuous. The same calculation shows that 7Arf’6b(§ ®n) = A, (f - Kg) € Qup, so that
7t U takes values in Q.p, and hence 7 is also weak*-weak*-continuous.

We have that 72, restricted to A(G), is 7”. Similarly, and for f € L'(G), we see that
Aq(f), restricted to A(G), is simply A(f) € CY(G) € VN(G). The above calculation
hence also shows that 7¥ takes values in C3(G), as claimed. The same argument
applies in the completely bounded case. ]

If A is a commutative Banach algebra and (L,R) € M(A), then for a,b € A,
L(a)b = L(ab) = L(ba) = L(b)a = aL(b) = R(a)b. If A is faithful, then L = R. We
remark that A(G) is faithful by [7, Lemme 3.2]. For any compact K C G there exists
a € A(G) that is identically 1 on K.

The following is now the A(G) version of the results in Section[2

Theorem 5.3 Let G and E be as above. Let MA(G) act on E coordinate wise. Then the
resulting homomorphism m: MA(G) — B(E) is an isometry and is weak™-weak™-con-
tinuous. Furthermore, the image of 7 is the idealiser of m(A(G)) in B(E).

Proof Clearly 7 is contractive. Let a € MA(G) and € > 0. As j)(L) is dense in
A,(G), we can find x € L with ||| = 1 and

la-¢.(e)l = (1 = O)lallma)-

Then, using Proposition[3.4] we see that
[w(@)l| = lim fla- i) ()llp, 770 @5, = lla- é«(ellllexll = (1 = e)lallaacc)-

As € > 0, we conclude that 7 is an isometry, as required.
Let £ = (§,) € Eand n = (1,) € E* be sequences that are eventually zero. For
a € MA(G), we see that

(r(@&m) = (a,7E @),

n

so that m,.(§ ® n) € Q. As such £ and 7 are dense; by continuity we see
that 7.: EQE* — MA(G)* takes values in Q. Again, this implies that 7 is
weak*-weak*-continuous.

Clearly m(MA(G)) is contained in the idealiser of 7(A(G)). Conversely, given T
in the idealiser of w(A(G)), we can follow the proof of Theorem to find a €
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MA(G) with w(ab) = Tx(b) and w(ba) = w(b)T for b € A(G). For each LP(G),
by Proposition 7] and again using [7, Lemme 3.2], it follows that {n(a)¢ : a €
A(G),€ € LP(@)} is linearly dense in LP((A}). This is enough to show that T = 7(a)
as required to complete the proof. ]

The completely bounded version of this result requires a subtly different proof.

Theorem 5.4 Let G and E be as above, where we now regard E as an operator
space. Let M,A(G) act on E coordinate wise. Then the resulting homomorphism
Tep: MapA(G) — CB(E) is a weak™-weak™ -continuous complete isometry. Further-
more, the image of .y is the idealiser of 7 (A(G)) in CB(E).

Proof Again, clearly 7, is completely contractive. As the norm on I\\A[n(LP(é)) is
given by interpolating Ml,,(V N,(G)) and M|,,(A(G)), we can simply apply the proof of
the previous theorem, but working with matrices and using Proposition 3.5 to show
that 7, is a complete isometry. Similarly, it follows that 7, is weak*-weak*-conti-
nuous.

Clearly 74 (M4A(G)) is contained in the idealiser of 74 (A(G)). Conversely, given
T in the idealiser of 7, (A(G)), we can follow the proof of Theorem to find
(L,R) € M(A(G)) with WEI,A(L(a)) = Tra(a) and 7, (R(a)) = wy(a)T for a € A(G).

Forn € N, leti,: L?"(G) — E be the inclusion map, which is a completely con-
tractive A(G)-bimodule homomorphism. Then

Tip(a-€) = Tra(a)in(€) = map(L(a)) in(6) = in(L(a)-€) (a € A(G),€ € L(G)).

As A(G) - LP (@) is dense in L? (é) for all p, we conclude that there exists T, €
CB(LP(G)) with Ti,, = i, T, and || T ||y < || T||cp- It now follows that

Tu(a-&) =L(a)-§, a-T,(§) =R(a)-§ (a€ A(G),E € L"(G)).

Let Ag = A(G) N VN,(G) regarded as a subspace of A(G) (so that Ay is ¢. j)(L)).
Consider the map ifo)(b*_ 1. AG) — Loy which maps A into L?(G) for all p. Let
lnt Ay — LP"(@) be the resulting map. We have that a - ¢,(b) = ,,(ab) for a € A(G)
and b € Ay. Hence we see that

a-Tyy(b) =R(a) - 1,(b) = Ln(R(a)b) = Ln(aL(b)) =a- L,,(L(b))

(a € AG),beA).

It follows that T,t, = ¢,L. By much the same argument as at the start of the proof,
we see that for a = (a;;) € M,,,(Ay),

[(L)m(a)|| = lim | (tuL(aij)| = lim [[(Toen(aij))|]
< \|T||cbli£n||(bn(flij))\| < T |eoll(aij)]]-

Thus L is completely bounded, with ||L||.; < ||T||» and so induces a member of
M A(G). We can now follow the end of the previous proof to conclude that T €
7?cb(]\/chA(G))~ n
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6 Analogues of the Figa-Talamanca-Herz Algebras

In Sectionwe saw that the Figa-Talamanca—Herz algebras A, (G) naturally appeared.
We have now developed enough theory to suggest a definition for analogues of the
Figa-Talamanca-Herz algebras, starting with A(G) instead of L'(G). Indeed, con-
sider the map 7f: A(G) — B(LP(G)) as in the previous section. We define Ap(é)
to be the image of 7¢ equipped with the quotient norm, so that Ap(@) is isomet-
ric to (LP((A?)@@LP '(é)) / ker . By Proposition [5.2] we see that Ap(é) is a subspace
of C3(G), which we would expect, as this is the “dual” statement to the fact that
Ap(G) C Co(G).
The following says, informally, that Az(é) =LY(G).

Theorem 6.1 For a locally compact group G, Az(a) is equal to A(L'(G)) as a subset
of C3(G), and the norm on A,(G) agrees with that on LY(G).

Proof We recall the isometric isomorphism §: I%(G) — I*(G) given by Proposi-
tion .8 O(f) = j?‘o)p(A’3/4f) for f € Cyo(G)?. Then, from above,

w2 (0(f) @0(9)) = A(AT/f-K(AT/g)) = N(AT2f - g) = A(Kf-g)
(f.8 € Con(G)).
As K: L*(G) — L*(G) is unitary, by continuity, we have that 72(8(¢) ® 0(n)) =
A(KE - n) for £,m € L*(G). In particular, by Cauchy—Schwarz, we have that K¢ - n €

LY(G) with [[KE - |l < [[KE]|2[nll2, for €, n € L2(G).
For 7 € L*(G)®L*(G) and € > 0, we can find sequences (£,) and (1,,) in L*(G)

with
r=aen, Il <l <7l +e.
n n

Then let f = > K&, -, € L'(G), the sum converging by Cauchy—Schwarz, with
[ fll1 < ||7]| + €. We see that

w20 @ O)7 = A(ZK@ : m) = A(f).

As (0 ® ) is an isometric isomorphism, it follows that A2(@) C MLY(G)).

For f € LY(G), let ¢ = K(|f|'/?) € [}(G) and = f|f]~'/* € L*(G), so that
T2(0(€) @ 0) = f,and [|€]l = [Inll; = [If]}*. We conclude that 4>(G) =
A(L'(G)) with the quotient norm on A,(G) agreeing with the L! norm on A(L'(G)).

~ ~

In particular, A;(G) is a subalgebra of C3(G), and, with the quotient norm, A,(G)

is a Banach algebra. We have been unable to determine if the same is true for A p((A}),
for p # 2. However, we do have the following.

Proposition 6.2 Forl < p < oo, Ap(@) contains a dense subset that is a subalgebra
of C3(G).
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Proof Let a,b,c,d € Cyp(G)?, let & = Jin(@),& = jilo) € LP((A;), and let
m = jio),m = ji(d) € LP'(G). Then, as above, 72 (& ® m) = A(a- Kb)
and 7L (&, ® m2) = Mc- Kd). Let f = (a- Kb)(c - Kd) € Coo(G)?.

Pick g1 € Coo(G) with fG gi1(s) ds = 1. Let X C G be a compact set containing
the support of f, and letY C G be a compact set containing the support of g;. Let
e = Y| 'xxy)-1y and f = xy, so that gg = ef € Cpo(G). Then, fors € G,

1 sY N (XY)~1Y|

1 _
Xy (s 6) dt = Y] ;

go(s)z/e(t)f(t‘ls) dt =
G Y] (Xy)='y

soif s € (XY)™!, then sY C (XY)"'Y and so go(s) = [sY||]Y]|™' = 1. Now let
g = (V7 12g)(V~12g) € Cpo(G)?, so for s € X,

(V- 2)(V™ 1 2go) (s = / VO PV T gl de
G
_ V()2 / @Ot 's) dt
Y
_ w5 / @) dt = V(o'
Y

because if t € Y, then t7!'s7! € (XY)™!. Hence, for s € X, we see that Kg(s) =
g(s71)V(s)~'/2 = 1. Thus f - Kg = f, showing that

(& @)l (& @ m) = M) = 7 (jinp() @ jipp(g)) -
We conclude that
lin{ﬂf( Jip(N) @ jinp(@) : frg € COO(G)Z} C Ap(G)
is a dense subalgebra. ]

One could work with 72 instead, which would lead to an operator space version
of A,(G), say OA,(G). However, as this would naturally use the operator space pro-

jective tensor product, in general we would only have that A p(@) C 0A, (G). Indeed,
in [30], Runde used the natural operator space structure on vector valued commu-
tative LP spaces to define algebras OA,(G) as an attempt to find an operator space

structure on A,(G). If G is abelian, then by the Fourier transform, OAP(G) has an
unambiguous meaning (either ours or Runde’s). Let PM, (G) be the weak*-closure of

7P (A(G)) in B(L? (@)). After [30, Proposition 2.1L in a remark ittributed to Pisier,
it is shown that there exist abelian G with PM,(G) ¢ CB(LP(G)). It follows that

OAP(G) #+ Ap(@). If we wish to view OAP((A?) as a generalisation of A,(G), then this
a problem!
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