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CONTRACTED PRIMES OF
THE COMPLETE RING OF QUOTIENTS

FREDERICK W. CALL

The generic closure of the set of primes contracted from the complete ring of quotients of
a reduced commutative ring is shown to be just the set of those primes not containing a
finitely generated dense ideal. It is also the smallest generically closed, quasi-compact set
containing the minimal primes.

In the study of the complete ring of quotients Q(R) of a reduced commutative ring
R, knowledge of the set
G = {mn R|m € Spec Q(R)}

of contracted primes is useful. For example [3, Theorem 4.3], Q(R) is flat if and only
if G = min R, the set of minimal primes of R. In this note we characterise the generic
closure of G. Here, Q(R) can be defined as

limHom (I, R)
with direct limit taken over all dense ideals I of R, or as

Q(R) = {z € E(R)|Iz C R for some dense ideal I C R}.

E(R) is the injective envelope of R, I dense means I has zero annihilator in R (see
(7] for general considerations). If H C Spec R, its generic closure is

/\(H)={p €SpecRlpC g€ H},

and H is generically closed if H = A(H). We use only the Zariski topology on the
prime spectrum Spec R. Let G be the set of primes of R not containing a finitely

generated dense ideal.
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THEOREM. For a reduced ring R, A(G) = Gy and is the smallest generically
closed, quasi-compact set of primes containing min R .

PROOF: First we note that, in a reduced ring, a finitely generated ideal is dense if
and only if it is not contained in any minimal prime (since a minimal prime can contain
a finitely generated ideal or its annihilator, but not both). Secondly, Q(R) is a von
Neumann regular ring since R is reduced [4, Proposition 2.4.1].

Clearly, Gy is generically closed. It is also quasi-compact since the set of primes not
containing a finitely generated ideal is a “patch”, hence so too is an arbitary intersection
since patches form the closed sets of a topology ([2] or [1, Exercise 3.27, 3.28]). To show
that Gy contains the set G of contracted primes, we suppose p ¢ Gy. Choose a finitely
generated dense ideal I containing p. Then IQ(R) is dense in Q(R) since Q(R) is
an essential extension of R. As the only finitely generated (hence generated by an
idempotent) dense ideal in a regular ring is the ring itself, it follows that p is not a
contracted prime, G C Gy, hence A(G) C Gy.

For the reverse inclusion, we begin by proving A (G) contains all the minimal
primes. To this end, suppose p € min R, but that pQ(R) = Q(R). Write 1 = ) r;z;,
for some 7; € p and z; € Q(R). Now there exist dense ideals I; of R such that
Iiz; C R for each . Let I be the product of the I;, also a dense ideal. We have

I=) rlz;CY mR.

This last ideal is a finitely generated dense ideal contained in the minimal prime
p, a contradiction to the remark at the begining of the proof. Thus pQ(R) # Q(R),
that is, p € A(G) and A(G) 2 minR. Now let C be any subset of SpecR that is
quasi-compact, generically closed, and contains min R. We claim that C D G;. If
p ¢ C, cover C by open sets

D(ra) = {q € SpecR|ra ¢ g}

for ro € p.

Since C is assumed quasi-compact, finitely many will do, say D(r;) for i =
1,...,n."Then the finitely generated ideal Y. 7;R is not contained in any prime in
C, hence not contained in any minimal prime, thus is dense by the remark at the
begining of the proof. Therefore, p ¢ Gy which establishes our claim.

G is quasi-compact since it is the continuous imaée of the compact space Spec Q(R)
under the spec map [1, Exercise 1.17v, 1.21i]. It is clear that A (G) is also quasi-
compact and we have shown that A (G) 2 min R, so that we may choose C' = A(G)
in the preceding paragraph. Thus A (G) D Gy, the required reverse inclusion. Consid-
eration of the above defined C establishes the remainder of the Theorem. ]

We may easily obtain the following well-known result:
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COROLLARY. If R is reduced, then min R is compact & G =minR & Q(R) is
R-flat < each non-minimal prime contains a finitely generated dense ideal.

PROOF: The paranthetical remark at the begining of the Theorem shows that
min R is Hausdorff, establishing the first equivalence. For the second equivalence, if
G = min R then, to check flatness locally on G [6, Item 3.J], we use that R, is a field
for each p € min R. Conversely, if Q(R) is flat, then R C Q(R) satisfies going down
[6, Item 5.D] and we know min R C A (G), hence G = minR. n

CONJECTURES

1. G is generically closed.

2. Gy is an affine subset of Spec R in the sense of Lazard (5, p. 112].

From torsion theory, this would imply the conjecture

3. M(R) = M¢(R), where M(R) is the maximal flat epimorphic extension of R
(see [3] or [7, Chapter XI, Section 4]), and My(R) is the ring of quotients with respect
to the filter consisting of those ideals that contain a finitely generated dense ideal.
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