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O N A F U N C T I O N A L E Q U A T I O N 

BY 

NADHLA A. AL-SALAM AND WALEED A. AL-SALAM 

1. Introduction. Let P stand for a polynomial set (p.s.), i.e., a sequence 
{P0(x), Pi(x), P2(x),...} such that for each n Pn(x) is a polynomial in x of 
exact degree n and Po(x)^0. We refer to Pn(x) as the nth component of P. 

In this note we consider the set II of all polynomial sets in which multiplica­
tion is defined in the following sense: if Pe l l , Q e l l such that Pn(x) = 
Sk=o P(H> k)xk then PQ is defined as the polynomial set whose nth component 
is given by Pn(Q) = Zk=o P(n> k)Qk(x). An interesting example of such umbral 
composition of polynomial sets is furnished by the Hermite polynomials 
defined by 

f Hn(x)-re
2xt-t2. 

For this set it is well known [1, p. 246] that 

Hn(H) = 5 | n H n ( - | x) (n = 0,1, 2 , . . . ) 

In this note we examine the functional equations 

(1.1) fn(f(x)) = bnfn(cx) ( 1 1 = 0 , 1 , 2 , . . . ) 

where b and c are real constants and find all solutions of (1.1) in the set II. 
Clearly the Hermite case arises when b = y/5 and c = 2/y/5. We must assume 
that b^O and c^O. 

In the following we shall always take q = be. 

2. Solution of (1.1). Put 

(2A) L(x)= tp(n>k)xk p(n,n)^0. 
k=0 

Substituting in (1.1) and equating coefficients of powers of x we get that 

(2.2) J p ( n ? k)p(fc? j) = fcVpfo j) (/ = 0 , 1 , . . . , n). 
k=i 

The case j-n leads to p(n, n) = {bc)n = qn. Next we move the k=j and k = n 
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terms to the right hand side to get after some rearrangements 

J - 2 

(2.3) p(n,n-j)qn-i(bi-l-qi)= £ pfa n-/ + k + l)p(n-/ + k + l, n-j). 
k=0 

It is easy to see that b = l leads to fn(x) = cnxn. Similarly if c = l then 
fn(x) = bnxn. Thus we may assume that b^l and c ^ 1. 

Next if there is no positive integer s so that bs -1 - qs = 0 then putting / = 1 
in (2.3) we get that p(n, n - l ) = 0 and, by induction, that p(n, r) = 0 r ^ n . 
Hence in this case /n(x) = qnxn. 

Finally assume that there is an integer s > 1 so that bs -1 - q s = 0. It is easy 
to see that in this case br — l — q'^O for all non-negative integers r^s. 

Now (2.3) implies that p(n, n — 1) = p(n, n — 2) = • • • = p(n, n — s +1) = 0. If 
we further assume that p(n, n~s) = 0 then all p(n, n-/) = 0 for j = 1 , 2 , . . . , n. 
Thus we have again fn(x) = qnxn. 

On the other hand if we put p(n,n-s) = kn for all n then we make the 
assertion that for r = 1, 2, 3 , . . . 

(2.4) p(n, n - rs) = knkn-s ' " kn~ r s+s qfrfr-ifr-fr-Dn 

The proof of this assertion can be carried out by induction on r. 
To summarize we state: 

THEOREM. The solutions of the functional equations 

fn(f(x)) = bnfn(cx) (n = 0 , l , 2 , . . . ) 

for fell and b and c real are given by 
(i) In case either b = l or c = l or in case bs-l — (bc)s^0 for all integer 

s:fn(x) = (bcrxn. 
(ii) In case bs — 1 — (bc)s = 0, putting be = q, we have 

( 2 . 5 ) f n ( X ) = ^ knkn~S ' ' ' ^ " " ^ q ^ - D ( " - 2 n ) x n - r s 

r = 0 r ! 

/or an arbitrary sequence {kn}. 

In (2.5) the coefficient of xn is to be qn. 
In case q = 1 we put fcsn+m = a(

n
m) ^ 0 (m = 0 , 1 , . . . , s - 1 ) . Then we can write 

n ,v(™)_,(m) . . . •vO") 
f / „ \ _ V " n « n - 1 « n - r + 1 s n + m - r e 

r = 0 r ! 

which yields the generating function 

(2-6) £ <JX?iX)„<m) tn = *me '«M*'0 (m = 0 ,1 , . . . , s -1) 

https://doi.org/10.4153/CMB-1979-030-x Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1979-030-x


1979] ON A FUNCTIONAL EQUATION 2 3 7 

where *pm(u) is a formal power series with non-zero coefficients. Replacing t by 
ts and multiplying (2.6) by tm for m = 0 ,1 ,2 , . . . , s - 1 and adding the resulting 
equations we get 

(2.7) i fnM tn = etsd>(xt) 

where cn = a(
k
m) if w = sk +m - Note that these polynomials are known as 

Brenke polynomials. 

SPECIAL CASES. 

(i) If b=y/5, c = 2/V5 so that q = 2 and s = 2 and if we put further k„ = 
-2n~2n(n-l) we get /n(x) = Hn(x), the Hermite polynomials. 

(ii) In case b -1 - be = 0 so that s = 1 we have if we also assume that 
kn = cn = n(l-qn) we get 

fn(x)= Î (^[^(q)^-1^-1^»-

where is the q-binomial coefficient defined by 

LrJ H (l-q<) 

R E F E R E N C E 

E. D. Rainville, Special Functions, New York, 1960. 
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