
DIAMETER OF A (0, 1)-MATRIX* 
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U . S . R . Mur ty 

1. In t roduct ion . Let A be an m X n (0, l ) - m a t r i x . Let 
. , C denote i t s c o l u m n s . A sequence of d i s t inc t co lumns 

C. , C. , . . . , C. i s said to f o r m a chain if the inner p roduc t of C. 

\ xz \ \ 
and C. (for 1 <Ct<k- l ) i s at l e a s t one . k -1 is called the length 

2 t+l 
of the chain and this chain is said to connect C and C. , and C 

I k 1 
and C a r e said to be connected . As can be eas i ly seen, connec tedness 

\ 
i s an equiva lence r e l a t i on on the se t of c o l u m n s . A m a t r i x i s called 
connected if a l l i t s co lumns belong to the s a m e equivalence c l a s s . If 
C. and C. belong to the s a m e equivalence c l a s s , then s(C , C.) wil l 

1 J i J 
denote the length of the s h o r t e s t chain be tween C and C.. We define 

1 J 
the d i s t ance be tween any two co lumns C. and C., to be denoted by 
d(C , C.), in the following m a n n e r . 

i J 

d ( C . , C . ) = 0 
l l 

and if i 4- j 

d ( C , C.) = 

s(C , C.) if C. and C. belong to the 
i J i J 

s a m e c o n n e c t e d c o m p o n e n t , 

oo , o t h e r w i s e . 

T h e d i a m e t e r of t h e m a t r i x , to b e d e n o t e d b y d (A) , i s d e f i n e d a s 

d(A) = m a x d ( C , C ) . 
1 j 

1 < i < m 

1 < j < n 

The d i a m e t e r of a d isconnected m a t r i x i s inf ini te . j ^ (R, S) denotes 
the c l a s s of m a t r i c e s with R and S as row and column sum v e c t o r s 
r e s p e c t i v e l y (as in [ l ] ) , and d denotes m i n d(A). 

Ae7/"(R,S) 

*Th i s work was done while the author was at the Un ive r s i ty of A lbe r t a , 
Edmonton . 
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The a im of th is note i s to obtain s o m e bounds of d of Ĵl (K , K) 
w h e r e K i s the n coo rd ina t e v e c t o r (k, k, . . . , k), k being a pos i t ive 
i n t ege r > 2 . We sha l l a l so c o n s i d e r a r e l a t ed e x t r e m a l p r o b l e m 
involving g e n e r a l i z e d inne r p r o d u c t s . We sha l l o b s e r v e that inc idence 
m a t r i c e s of (v, k , \ ) - d e s i g n s a r e in some s e n s e e x t r e m a l m a t r i c e s 
of d i a m e t e r 1. 

2. Bounds for d and a r e l a t ed p r o b l e m . In this s ec t ion we sha l l 

cons ide r the c l a s s /<̂  (K, K ) of (0, l ) - m a t r i c e s . The m a t r i x 
exhibited below be longs to j ^ . ( K , K ) . 

k 

n - k 
n-k+1 

k - 1 

' - - - k - 1 

w h e r e J , J , and J a r e b locks of l ' s , and 0 ' s a r e b locks of z e r o s . 

The d i a m e t e r of th is m a t r i x i s il 
k - 1 

([x] deno tes the g r e a t e s t 

i n t ege r £ x and [x]# deno tes the l e a s t i n t ege r > x . ) Hence we have 

( i ) d < 
ifi 
k - 1 

The upper bound in (1) i s a t ta ined in the c a s e of k = 2 but if k >_ 3 th is 
upper bound m a y be h igher than the a c t u a l v a l u e . F o r e x a m p l e if n = 7 
and k = 3 the n u m b e r on the r i gh t s ide of (1) i s equal to 2 w h e r e a s d 
i s equal to 1, as the i nc idence m a t r i x of p r o j e c t i v e p l ane of o r d e r 2 i s 
of d i a m e t e r 1 . It m a y eas i ly be noted that if n £ 2 k- 1 then d = 1. 

The above example shows that even if n > 2 k - 1 , d can be equal to 1. 
We m a y now ask o u r s e l v e s the ques t ion : What is the m a x i m u m value of 
n such that t h e r e e x i s t s a m a t r i x of d i a m e t e r 1 in the c l a s s ]£ (K ,K) . 
We sha l l s ee that th is p r o b l e m i s a p a r t i c u l a r c a s e of the following 
m o r e g e n e r a l p r o b l e m . 
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Let A = ( a 1 be an m X n m a t r i x . The gene ra l i zed inner p roduc t 
ij m r ^ 

of r co lumns , say C. , C# , . . . , C. is defined as S TT a, . . An 
J l h J r i = l k=l 1J'k 

i n t ege r n i s said to have the p r o p e r t y P(k, r , t) if t h e r e ex i s t s a 
m a t r i x A in the c l a s s /A (K, K) such that the gene ra l i zed inne r p roduc t 
of any r co lumns of A is a t l e a s t t. Obviously if n is too l a r g e 
c o m p a r e d to k, r and t i t will not have the p r o p e r t y P(k, r , t ) . What 
then i s the m a x i m u m va lue of the in teger n which has the p r o p e r t y 
P(k, r , t) ? We shal l denote this m a x i m u m by M(k, r , t) . 

k(k- r +1 ) 
THEOREM 1. M(k, r , t) < — L + r - l . 

P roof . The above p r o b l e m i s equivalent to asking for the 
m a x i m u m value of n such that t he r e ex is t s a m a t r i x in the c l a s s 

Iji (K, K) in which the p a r t i a l row sum vec to r of eve ry se t of r 
co lumns has at l e a s t t r ' s . Let A be a m a t r i x in j ^ (K,K) which 
has this p r o p e r t y . Consider the f i r s t r - 1 co lumns of A. Suppose 
that the row sum vec to r of the s u b m a t r i x const i tu ted by these r - 1 
co lumns has p r - l ' s . E a c h of these p rows will have k - r + 1 l ' s 
in the r th , ( r+ l ) th , . . . ,nth c o l u m n s . And each of the r th , ( r + l ) t h , . . . , nth 
co lumns will have at l e a s t t l ' s in t hese p r o w s . We t h e r e f o r e have 

(2) p ( k - r + l ) > ( n - r + l ) t 

as k ^ p, it follows f rom (2) that 

k ( k - r + l ) > ( n - r + l ) t 

,. k ( k - r + l ) 
n £ -I- r - 1 

This c o m p l e t e s the proof of the t h e o r e m . 

k ( k - l ) 
We have in p a r t i c u l a r proved that M(k, 2, X) <_ + 1. But the 

X 
inc idence m a t r i x of a (v, k, X)-design, if it ex i s t s , will have the p r o p e r t y 

k(k- 1) 
P(k, 2, X) and will have + 1 co lumns and will imply 

X 
k(k-1) 

M(k, 2, X) = + !• On the o ther hand if t he r e is a m a t r i x with 
^ k ( k - l ) 

p r o p e r t y P(k, 2, X) and having as m a n y as + 1 co lumns then it 
A 

i s easy to o b s e r v e that it will have to be inc idence m a t r i x of a BIB 
des ign . This e s t a b l i s h e s that 

M(k,2, X) =Mkzil + 1 
X 
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if and only if t h e r e ex i s t s a (v, k, A ) -des ign (k and > being the fixed 
quan t i t i e s ) . 

THEOREM 2. 

/ 2 
log fn(k -2) 

+ 1 

(3) 
\2 (k -1) 

log (k -1) 

Proof . With each m a t r i x in the c l a s s 

2 < d 

7T(K, K) we can 
a s s o c i a t e a g r a p h in the following way. We have a v e r t e x c o r r e s p o n d i n g 
to each co lumn and two v e r t i c e s a r e joined if and only if the co r r e spond ing 
co lumns have a 1 in the s a m e r o w . The d i a m e t e r of a m a t r i x i s the 
s a m e as the d i a m e t e r of the g raph thus a s s o c i a t e d with i t . In the c l a s s 
of g r a p h s c o r r e s p o n d i n g to d i f ferent m a t r i c e s in JJ (K,K) , the d e g r e e 

2 
of any v e r t e x is at m o s t k - 1 . It can be ver i f ied that no such g r a p h can 
have d i a m e t e r l e s s than the left hand side of (3). This p r o v e s the 
r e s u l t . 
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