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1. Introduction. This paper is a sequel to (1), to which the reader is 
referred for definitions and known results. As before, £ is a compact Hausdorff 
space and C+(E) is the semi-algebra of all continuous non-negative functions 
defined on E. Recall that, for a uniformly closed subsemi-algebra A of C+(E), 
the semi-algebra Au is the uniform closure of the set {jfi W/ 2 W . . . ^J fk: / ^ A, 
k a positive integer} where VJ denotes the pointwise supremum operation; the 
semi-algebra A is p s eudo-sub ordinate if and only if Au ^ C+{E). I t was con­
jectured in (1) that every proper closed subsemi-algebra of C+(E) is pseudo-
subordinate. My aim in this note is to provide a counter-example for the 
conjecture. In addition, two other results are proved: one giving a peak point 
characterization of pseudo-subordinate semi-algebras, the second showing that 
for finitely generated closed semi-algebras the property of being pseudo-
subordinate is equivalent to the property of being subordinate (i.e., contained 
in a maximal closed subsemi-algebra of C+(E)). The latter result is a small 
step towards discovering whether every proper finitely generated closed 
subsemi-algebra is subordinate; cf. (1, Theorem 8). 

2. A characterization of pseudo-subordinate semi-algebras. The 
proof of one of the implications in the following theorem is due essentially to 
Bishop and de Leeuw. Following (2, p. 49), we say that the semi-algebra 
A Ç C+(E) satisfies Condition II at the point £ £ E if and only if, given any 
Gs-set £ containing £, there exists a function/ £ A such that / (£) = | |/ | | (the 
uniform norm) a n d / attains its maximum value only within S. 

THEOREM 1. Let A be a uniformly closed subsemi-algebra of C+(E). Then 
Au = C+(E) if and only if A satisfies Condition 11 at each point £ of E. 

Proof, lî Au 9e C+(E), then by (1, Theorem 5, Corollary), there exists a 
point £ of E and a positive measure JJL on E with no mass at £ such that 
/(£) S Jfdfx ( V / G A). Choose an open neighbourhood U of £ such that 
fJi(U) < \. Then, for any function g Ç A with 1 = g(£) = ||g||, gn G A and 

1 < h+f\u?d» {n = 1,2,...), 

whence one deduces that g must attain its maximum on \U. Hence Condition 
II is sufficient for a semi-algebra to be non-pseudo-subordinate. 
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Suppose t h a t Au = C + ( E ) . F o r O < e < 1, £ G E, and U an open neighbour­
hood of £, choose g G C+(£) such t h a t | |g|| = 1, g(f) = 1, and g ( \ £ / ) = {0}. 
Since g G 4 t t , there e x i s t / , G 4 with ||g - fi U / 2 U . . . U / * | | < e(2 - e)"1 . 
One of these funct ions , / i say, satisfies/i(£) > 1 — e(2 — e) _ 1 . This function 
must also satisfy Wf^ ^ 2(2 - e)" 1 a n d / i ( \ L 0 £ [0, e]. Tak ing 

/ = i ( 2 - e)/i, 

we see t h a t Condition I (2, p . 49) holds for A. Hence Condition II holds, 
since the proof given in (2, p. 51), involves only operations permissible in a 
semi-algebra. 

COROLLARY. If E is a metric space, then Au — C+(E) if and only if every 
point of E is a peak point for A. 

3. T h e c o u n t e r - e x a m p l e . Let XiX2XzXA be a square of area 1 in the 
Euclidean plane, and a = A\A2 a segment of length a £ [0, 1] contained in 
the side XiAiA2X2. T h e pinnacle of a is the unique point A 0 on XYX2 such t h a t 
XiA0: A0X2: '-A^o: A0A2; let X = / ( X i ^ 0 ) , the length of the segment X±A0. 
Each segment a is characterized by the pair (X, a) £ [0, 1] X [0, 1]. A trapezoid 
r(a) is associated with the segment a as follows: choose A5 inside the square 
such t h a t A0A5 _J_ XiX2 and l(A0A5) = 2a(a + a* ) - 1 ; then choose A%, A± 
such t ha t 

l(AzA5) = Xa*, A ZA 5 | | i i i 2, 

l{AhA,) = (1 - X)a*f ^4^ 5 | | ^ i ^42 . 

r ( a ) is the trapezoid A\A2A±AZ. (Note t h a t if a = 0, all the 4 j are taken to 
be coincident.) Observe tha t : (1) the area of T{O) is equal to the length of a; 
(2) l(A0A5) is a strictly increasing function of a mapping [0, 1] onto [0, 1]; 
(3) cotangent angle AiA%Ab = |X(1 — a) ; (4) if a and b are two segments con­
tained in X\X2, then b ÇZ a => r(b) Ç r ( a ) , and the intersection of the boun­
daries of r(a) and r(ô) is a Pi 6 unless a and b have an endpoint in common. 
T h e proof of (4) is as follows. Let a ~ (X, a), b ~ (p, (3), r(a) = A\A2A±AZ, 
rib) = B\B2B^Bz, b C a. T h e point C\ such t h a t 

CiBi ± X,X2, l(B1C1) = 2p((3 + |8*)-i 

is collinear with J B 3 5 4 and lies inside r(a). If ^4i.43 and B4B3 intersect in Di, 
then Di and ^ 3 lie on the same side of C\B\ and 

/(P1C1) - ZCB3C1) = /(4iJ5i) 

+ /(C1-B1) (cotangent angle AXAZA*) - l(BzCi) 

= / (^xBO + X(l - a)m + iS*)"1 - P(/3* - P) 

= KAiBi) + 0(0 + j S * ) " 1 ^ - a) - p ( l - /3)] 

= / ( 4 i B i ) [ l - i 8 ( i 8 + 0 * ) - 1 ] . è O . 

https://doi.org/10.4153/CJM-1968-119-6 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1968-119-6


1244 EDWARD J. BARBEAU 

Similarly, if C2B2 _L XiX2 , 1{C2B2) = 2/3(0 + 0*), and C2B, intersects A2A, in 
Z>2, then l(C2D2) — 1(C2BA) ^ 0. Hence, the segment B^BA is contained in the 
segment D\D2. We are now in a position to state the following fact. 

(5) For s segments ai} a2} . . . , as in X\X2 with non-void intersection, 

AreaKaO P r{a2) P . . . Pi r(as)] ^ Area[r(>i P a2 Pi . . . P a,)] 

= /(ai n f l 2 n . . . n a,). 
THEOREM 2. T/̂ r̂̂  exi^5 « compact Hausdorff space E such that C+(E) 

contains a proper closed non-pseudo-subordinate sub semi-algebra. 

Construction. Let E be the square X\X2XZX^ of area 1, Y\ the set of functions 
in C+(E) which vanish on side XiX2, and Y2 the set of functions/ in C+(E) 
such that for each y £ [0, | | / | | ] , 

{v'-fM ^ 7} = r(a) 

for some segment a contained in X\X2. Let Z be the closed semi-algebra 
generated by the set Fi U F2; this is the required semi-algebra. 

Proof that Zu = C+(E). I t will be shown that the set Y\\J Y2 C Z contains 
a function which peaks exactly at any prescribed point of E, so that the 
corollary of Theorem 1 can be applied. If £ £ £\side X\X2, then, clearly, Fx 

contains a function whose maximum value is attained only at £. Now let 
£ £ side X\X2. If £ ^ Xi or X2j then F2 contains a function which, when 
restricted to X\X2, vanishes at Xi, increases linearly to the value 1 at £, and 
decreases linearly to the value 0 at X2 ; if £ is either Xi or X2, then F2 contains a 
function which is linear on XiX2, takes the value 1 at £, and vanishes at the 
other endpoint. 

Proof that Z is proper. Let /*i be the two-dimensional Lebesgue measure on 
the square E and /x2 the linear Lebesgue measure on the side XiX2 ; let \x = HI — 
/x2. Then /x $ M+(E). It will be shown that if g is a finite product of elements 
in Y± W Y2, then J g d\x ^ 0, so that fx belongs to the dual cone of the closed 
convex cone generated by such products, i.e., the semi-algebra Z. Suppose 
then that g = fif2 . . .fs. If any of theft belong to Fi, then clearly Jg d\x ^ 0. 
Assume now that each of the ft is a member of F2. For integers i, m, and n 
with 1 S i ^ s, 1 ^ n, 1 ^ m ^ 2n — 1, define segments a,-,m,n such that 

T(a«iWi») = h : / t W ^ m 2 ^ | | / < | | } 
and let 

2 n_i 

m=l 

where k(a) denotes the characteristic function of the trapezoid r{a). Since 
J\k{at) is the characteristic function of C\r(ai) (a set whose intersection 
with the side X\X2 is Pa*) , it is a consequence of the Beppo Levi theorem 
and the fact stated in (5) above that 
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f/i/2.../.d/* = lim (fiiH)f>M...f,in)dv 

= lim2-5M2: (flk(ai,mi,n)d^O. 
w->oo (mi) *J i=l 

The proof of Theorem 2 is now complete. The reason for making the con­
jecture originally was to permit us to state that each finitely generated closed 
semi-algebra is subordinate if it is proper; this result may indeed still hold. 
I t will be indicated in Theorem 3 that it suffices to prove this with the property 
'subordinate' replaced by the weaker property 'pseudo-subordinate'. 

THEOREM 3. Let A be a closed subserni-algebra of C+(E) generated by a finite 
set. Then A is subordinate if and only if A is p s eudo-sub ordinate. 

Proof. Let A be the closed semi-algebra generated by / i , /2 , . . . ,fn, and 
suppose that A is pseudo-subordinate. A\ is defined to be the least closed 
semi-algebra containing A and all positive powers of the function fx\ for 
i = 2, 3, . . . , n, At is defined to be the least closed semi-algebra containing 
A i-i and all positive powers of the function ft. The semi-algebra An is the 
closed semi-algebra generated by all positive real powers of the functions 
fijf2, • • • >fn, so that An is generated by a power-closed set. 

Since A is pseudo-subordinate, there exists a point £ in E, and a positive 
measure /* on E with /*({£}) = 0 and /(£) g J/d/x (V / 6 4 ) . If /i(£) = 0, 
then for \z- > 0, g* 6 A, and & a positive integer, we have that 

(go + g gi/iX*j (?) = go(S) ^ / g o d/« ^ / ( g o + E «<AXi) <*/* 

so that id — 8% (i Ai. On the other hand, if /i(£) ^ 0, then, as in the proof 
of Proposition 5 in (1), we have that 

CM*))"1/* - «« =/i t t )-1(M - / ! •«€ ) € ^ / . 

In either case, by (1, Theorem 5, Corollary), Ax is pseudo-subordinate. 
Continuing in the same manner, one proves inductively that A2, . . . , An are 
all pseudo-subordinate. But An is generated by a power-closed set, and hence, 
by (1, Theorem 7), is subordinate. This implies that ^4, being contained in An, 
is subordinate. Since the reverse implication is trivial, the theorem is proved. 
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