
ON A CERTAIN SET OF LINEAR INEQUALITIES 

J.G. Kalbfleisch and R. G. Stanton 

(received April 20, 1967) 

1. Introduction. In this paper we shall discuss the following set 
of n + 1 linear inequalities: 

'0 

ny 
0 + *1 + ^2 

( n - l ) y 1 + Y2 + 3y3 

(1) 

2y 9 + y , + ny > ( .) 
n-2 n-1 n — n-1 

y , + y > ( ) 
n-1 n — n 

If we let Y = (y.), C = ((f)), and Z = (z.) (i = 0, 1, . . . , n) be 
i n 1 i 

(n + 1)-dimensional column vectors, and define the n + 1 by n + 1 
tridiagonal matrix D (<J>) by 

n 

Dn(«.) = 

<|> 1 0 0 0 

n $ 2 0 0 

0 n - 1 + 3 0 

0 0 n-2 cb 4 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

$ n-1 0 

2 cj> n 

O l c b 

the set of inequalities (1) may be written 

(2) A Y = C + Z 
n n 

where A = D (1) and z. > 0 (i = 0, 1, . . . , n). In sections 2 and 3, we 
n n i — 
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cons ide r r e a l so lu t ions of (2), and give e x p r e s s i o n s for the so lu t ion Y 
c o r r e s p o n d i n g to a specif ied v e c t o r Z of s lack v a r i a b l e s . The 
inequa l i t i e s (1) a r i s e in connec t ion with a c u r r e n t i nves t iga t ion of s o m e 
cove r ing p r o p e r t i e s of g roups [4], w h e r e it i s n e c e s s a r y to find a l l 
so lu t ions of (1) in non -nega t ive i n t e g e r s y . with Zy . spec i f i ed . In 

sec t ion 4, we give an efficient a l g o r i t h m for obtaining such s o l u t i o n s . 

2 . Some p r o p e r t i e s of the m a t r i x A . 
n 

We begin by cons ide r ing the s e t of n + 1 l i nea r equat ions 

(3) D n « > ) X = 0 

w h e r e X = (x.) (i = 0, 1, . . . , n) i s a co lumn v e c t o r . (3) m a y be w r i t t e n 

(4) ( n + 1 - i)x. , + cbx. + (i + l ) x . = 0 , - o o < i < o o , 
l - l l l + l 

with bounda ry condi t ions 

(5) x. = 0 if i < 0 or i > n . 
l 

Mult iplying (4) by t and s u m m i n g over a l l i g ives 

(6) nt G(t) - t 2 Gf (t) + ()) G(t) + G» (t) = 0 

w h e r e G(t) = Z x. t1 . The so lu t ion of (6) with G(0) = x = 1 is 

n-cb n+cb 
i ~ J- QQ j 

(7) G(t) = ( l + t ) 2 ( 1 - t ) 2 = 2 t1 S { . 1 } r ( (n+4>) /2 (n -* ) /2 
1=0 r=0 

It follows that 

(8) x . = S ( - l ) r ( ( n + *> / 2 ) ( ( n - * ) / 2 } _ 
1 r = 0 

The boundary condi t ions (5) a r e sa t i s f ied if and only if n+c(> is an even 
in t ege r and - n < $ £ n; thus (3) ha s a n o n t r i v i a l so lu t ion X if and only 
if 

(9) cj) = $ . = n - 2j (j =0 , 1, . . . , n ) 
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The solut ion vec to r X. = (x..) c o r r e s p o n d i n g to <±>. is given by 
J i j J 

i 
(10) x 4 ; = S ( - l ) r ( n " J ) ( , J J 

r=0 

We m a y now d e t e r m i n e the e igenvalues and e igenvec to r s of A ; 

for the equat ions A X = \ X m a y be wr i t t en D (6)X = 0 with 
n n 

<\> = 1 - \ . Thus A has e igenvalues 

(11) \ . = 1 - $. = 1 - n + 2j (j = 0, 1, . . , , n ) 

and the e igenvec to r c o r r e s p o n d i n g to X. is X = (x ). It a l so follows that 
J J* ij 

det A = TT X. , which is z e r o for n odd, and equal to 
n J 

(- 1) (n + l ) ( n - l ) ( n - 3) . . . 3 . 1 for n even. Det A m a y 
n 

a l so be obtained s imply by d i r e c t expans ion and r e c u r s i o n . In fact, the 
d e t e r m i n a n t of D (4>) was evaluated by J . J. Sy lves te r [5] as e a r l y as 
1854. n 

Let X = (X IX I . . . |X ) be the n + 1 by n + 1 m o d a l m a t r i x 
0 ' 1 n 

whose co lumns a r e the e igenvec to r s X , X , . . . , X . The m a t r i x X 
0 1 n 

was computed for s m a l l va lues of n, and it was noted that each row of 
X is o r thogona l to a l l but one of the co lumns of X . Consequent ly the 
following l e m m a was obta ined. 

LEMMA. Let S . .= 2 x x . , w h e r e x . . is defined by (10). Then 
U ^ = Q ia a) ij 

(12) S.. = 0 if j + n - i; S. . = (-1)1 2*. 
ij l, n-i 

Proof : Pu t H.(u) = S S., u . Then, using the genera t ing function 
J i ij 

G.(t) = S x . . t1 = ( l+ t ) j ( l - t ) n " J 

J . U 

c o r r e s p o n d i n g to cj>. we get 
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H.(u) = S 2 x., x, . u1 = 2 x, . ( l+u) J ( l - u ) n ~ J 

J J k ik kj k kj 

/ . xn / . l + u v / . l + u . n " J n . ,n - j 
1-u (1 + ) 1 - , ) =2 -u) J . 

1-u 1-u 

By c o m p a r i n g coeff ic ients of p o w e r s of u we ob ta in (12). 

th 
Thus the i row of X is o r thogona l to e v e r y co lumn of X 

except the (n - 1) (i = 0, 1, . . . , n), and 

(13) X " 1 = 2~ n (X | - X |X | - X | . . . | ( - l ) n X ). 
n n - 1 n -2 n- 3 0 

Let A. be the d iagona l m a t r i x with d iagona l e n t r i e s \ . \ , . . . , X , so 
0 1 n 

that A X = XA. Then if n is even, 
n 

- 1 - 1 - 1 
(14) A = X7V X 

n 

We a r e indebted to P r o f e s s o r D. A. Sprot t for point ing out a 
1 

connec t ion with p robab i l i t y t h e o r y . If n is even, — D (0) is the m a t r i x 
n n 

of t r a n s i t i o n p r o b a b i l i t i e s for the E h r e n f e s t Mode l . A d i s c u s s i o n of s o m e 
of the p r o p e r t i e s of this m a t r i x a p p e a r s in [ l ] and [3] , The a r g u m e n t s 
given h e r e a r e somewha t s i m p l e r than t h e i r s b e c a u s e the L e m m a m a k e s 

-1 
the d e r i v a t i o n of X a l m o s t t r i v i a l . 

3 . R e a l Solutions of A Y = C + Z . I n is even, A is 
n n n 

nons ingu la r , and t h e r e wi l l be a unique solut ion Y of (2) c o r r e s p o n d i n g 
to each v e c t o r Z. Since C = X , the e igenvec to r c o r r e s p o n d i n g to 

n n 
X = n + 1 , we have 

n 

(15) Y = A _ 1 ( C +Z) = - ^ 7 C + A _ 1 Z . 
n n n+1 n n 

if the s l ack v a r i a b l e s z. a r e a l l non -nega t i ve , Y is a so lu t ion of (1). 

If n is odd, say n = 2 k + 1 , A i s s ingu la r and the s i tua t ion is 

s l ight ly m o r e c o m p l i c a t e d . Since X , X , . . . , X , a r e l i n e a r l y 

independent , eve ry v e c t o r Y m a y b e e x p r e s s e d as a l i nea r combina t ion 

6 8 4 
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of t h e m , if Y = Z a. X. is a solut ion, 
J J 

A Y = Z a . A X. = 2 a . X. X. = C + Z . n J n j j j j n 

Since C - X and X = 0, Z m u s t lie in the subspace spanned by 

X , X , . . . , X. ., X. , . . . , X . But, by the L e m m a , 
0 1 k - 1 k+1 n ] 

Z x. _,_, x . = 0, i + k, 
k+1, a ai 

a 

and t h e r e f o r e the s lack v a r i a b l e s z m u s t sat isfy 
a 

(16) Z z x = 0 . 
a 

If Z is any vec to r sa t isfying (16), then Z = Z b . X. with b = 0 , and 
J J k 

c o r r e s p o n d i n g to Z a r e so lu t ions 

b . 
(17) Y = ~ - C + Z - 1 X. + t X , 

n+1 n . , X . J k 
J ^ k j 

w h e r e t is an a r b i t r a r y r e a l n u m b e r . Let -A-* be the d iagonal m a t r i x 
with d iagonal e n t r i e s Xrt, X , , . . . , X, , , 1, X, , „ , . . . , X , and let B be 

0 1 k - 1 k+1 n 
- \ 

the co lumn vec to r (b.) . Then Z = XB, and thus B = X Z . We m a y 

now r e w r i t e (17) in the f o r m 
(18) Y = -~ C + X A * " 1 X " 1 Z + t X 

n+1 n k 

If a l l the s lack v a r i a b l e s z a r e non-nega t ive , Y is a so lu t ion of (1). 
a 

A convenient a l g o r i t h m for n u m e r i c a l computa t ion of r e a l so lu t ions 
Y of the equat ions AY = B, w h e r e Y and B a r e co lumn v e c t o r s and 
A i s an a r b i t r a r y nons ingu la r t r i d i agona l m a t r i x , is d e s c r i b e d by 
H e n r i c i [2, page 350] . This a l g o r i t h m depends upon a r a t h e r i n t e r e s t i n g 
f ac to r i za t i on of a t r i d i agona l m a t r i x into two "b id iagona l" m a t r i c e s . 

4 . Solutions of (1) in non-nega t ive i n t e g e r s . The inequa l i t i es (1) 
a r i s e in connect ion with a cover ing p r o b l e m [4] w h e r e y r e p r e s e n t s 

a 
the n u m b e r of e l e m e n t s of a c e r t a i n type in a cover ing s e t . Consequent ly 
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the y s and z s must be non-negative integers . The problem is to 
a a 

construct a covering set with as few members as possible - that is, 
with Z y as small as possible. Adding the equations (2) gives 

a 

(n + l ) Z y = 2 n + Zz 
o a 

so that S y > 2 / (n + 1). This is not, however , a sufficient condi t ion 
a ~~ 

for the e x i s t e n c e of a solut ion of (1). F u r t h e r m o r e not e v e r y solu t ion 
Y c o r r e s p o n d s to a cove r ing s e t . Thus it is often n e c e s s a r y to 
c o n s i d e r s e v e r a l to t a l s Z y , beginning with the l e a s t i n t ege r g r e a t e r 

a 
than or equal to 2 / (n + 1). It i s , howeve r , n e c e s s a r y to c o n s i d e r only 
so lu t ions with y = 1 s ince any cove r ing se t wil l be i s o m o r p h i c to one 

with y = 1. 

In this s ec t ion we give an efficient a l g o r i t h m for finding a l l so lu t ions 
of (1) with y = 1 and Z y < m . The l a t t e r condi t ion is equiva len t to 

0 a ~" 
in s i s t i ng that the to ta l s l ack Z z be a t m o s t T = 2 - m ( n + l ) . The 

a 
a l g o r i t h m is e a s i l y p r o g r a m m e d for a c o m p u t e r , and m a y be g e n e r a l i z e d 
to yield the non -nega t ive in t ege r so lu t ions of m a n y s e t s of l i nea r 
inequa l i t i e s whose m a t r i c e s of coeff ic ients a r e t r i d i a g o n a l . 

The a l g o r i t h m is r e p r e s e n t e d p i c t o r i a l l y by the d i r e c t e d g r a p h in 
F i g u r e 1. V e r t i c e s r e p r e s e n t o p e r a t i o n s , and edges ind ica te the o r d e r 
in which they a r e p e r f o r m e d . F i r s t , we give the o p e r a t i o n s c o r r e s p o n d i n g 
to the v e r t i c e s and the r u l e s for moving f r o m one to a n o t h e r . Then we 
sha l l expla in the a l g o r i t h m and give an e x a m p l e . 

S ( s t a r t ) : P u t y = 0, y = 1, z = T, k = 0. Go to A. 

A: Ca lcu la te R, = (,n) + z, - y, - (n - k + l )y , A. If R < 0, go to C; 
k k k k k - 1 k 

if R > 0, go to B . 

B : Ca lcu la t e Y k + 1 = [ \ / ( k + 1 ) ] ' \ = ( k + 1 ) y k + l + y k + ( n " k + 1 ) y k - l " 0 

and z, , = T - z - z - . . . - zn . If z, < 0, go to C; if z, > 0 and 
k+1 1 2 k k k — 

k < n - 1, go to G; if z 2l 0 and k = n - 1, go to F . 

C: Se lec t the l a r g e s t j < k for which z. ^ 0 and go to D. If z. = 0 

for a i l j < k, go to E . 

686 

https://doi.org/10.4153/CMB-1968-082-6 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1968-082-6


D: D e c r e a s e z . by 1 and put z. , = T • zA - z , . . . - z . . P u t 

k = j and go to A . 

E : A lgo r i thm t e r m i n a t e s . 

F : P u t z = y , + y - 1 . Y is a solut ion with s l ack Z . Go to C. 
n n -1 n 

G: I n c r e a s e k by 1 and go to A. 

The a l g o r i t h m examines al l p o s s i b l e s lack v e c t o r s Z with 
Z z < T . We begin with Z = (T, 0, 0, . . . , 0), and change Z in such 

a~ 
a way that 

| | Z | | = z ( T + l ) n + z , ( T + l ) n " 1 + . . . + z , ( T + 1 ) + z 
0 1 n - 1 n 

is s t ead i ly d e c r e a s i n g . Suppose that after a number of s t eps we r e a c h 
A with Z = (z^, z t, . . . , z, , 0, . . . , 0), and have solved the f i r s t k 

th 
equat ions of (2) for y , y , . . . , y . The k equat ion (number ing f rom 0) is 

U i K 

and we wish to solve this for y, t . Since z, conta ins a l l the ava i lab le 
k+1 k 

s lack , ( k + l ) y , cannot be l a r g e r than R . Thus if R, is nega t ive , 
k+1 k k 

we cannot solve for y, t,' and m u s t a l t e r the va lues of z, . z 
' k + 1 k - 1 k -2 

(s tep C). If R, > 0, we m u s t choose y, A so that l l z l l wil l be as 
k — k+1 

l a r g e as p o s s i b l e (s tep B) . This m e a n s that we want as m u c h s lack as 

p o s s i b l e in the k equation, and so y m u s t be chosen as l a r g e 
R T I 

as p o s s i b l e . We m u s t now r e c a l c u l a t e z , which b e c o m e s the ac tua l 
th k 

s lack in the k equation, and p l ace a l l r e m a i n i n g s lack at z . 
If the new value of z is nega t ive , we have r each ed a con t rad ic t ion 

K 

and m u s t go to C w h e r e the va lues of z, ( , z, ^, . . . wil l be a l t e r e d . 
k - 1 k-2 

If z > 0 and k = n - 1, we have a solut ion Y (s tep F ) . The ac tua l s lack k th 
in the n equat ion wil l be y t + y - 1, and the solut ion has to ta l 

n -1 n 
s l ack T - z + y , + y - 1 . To obtain o ther solut ions we go to C 

n n - 1 n 
w h e r e z , , z ^, . . . a r e changed. F ina l ly , if z, > 0 and k < n - 1 , 

n - 1 n -2 & y k -
we r e p l a c e k by k + 1 (step G), and then r e t u r n to A to solve the next 
equat ion for the next Y va lue . 
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When we arrive at C from A, B, or F, we must alter the first 

k slack variables zn, z, z. t in such a way that Z decreases, 
0 1 k-1 

but does so as little as possible. This is accomplished by decreasing by 
one the last nonzero z . Thus in step C we select the largest j < k 

j 
with z. ^ 0. If no such j exists (as must eventually happen) the algorithm 

terminates at E. Otherwise (step D) we decrease z. by one, put all 

remaining slack at z. . and return to A. Since z . z , . . . , z . have 
j+1 0 1 j - l 

not been changed, y , y . . . . , y. also remain fixed, and we begin our 

calculations with v. , t - that i s , with k = j in s tep A. 

As an example , we take n = 5, Z y < 7 , and to ta l a l lowable s l ack 

T = 10. The f i r s t co lumn of Tab le 1 n a m e s the s tep , and the r e m a i n i n g 
co lumns give the va lues of k, R , j , Z, and Y at that s t e p . Opposi te 

a s tep we have en te red only the va lue s which a r e ca lcu la ted at that s t ep , 
and o ther v a r i a b l e va lue s r e m a i n unchanged f r o m the p r e c e d i n g s t e p . 
The f i r s t few i t e r a t i o n s a r e r a t h e r u n i n t e r e s t i n g and no solu t ions a r e 
obta ined . We omi t t hem, and begin at A with z ^ = 2 , z , = 8 , y , = 1, y\ = 2, 

0 1 0 1 
and k = 1. We give s e v e r a l s t ep s dur ing which a so lu t ion Y = (1 , 2, 2, 0, 1, 1), 
Z = (2, 6, 0, 0, 1, 1) is obtained ( F ) . If the a l g o r i t h m is continued to comple t ion , 
a to ta l of s e v e n t e e n so lu t ions of (1) with y = 1 and 2 y < 7 a r e obta ined, 

0 a~ 
two with 2 y = 6, and fifteen with 2 y = 7 . The comp'utat ions r e q u i r e d 

a cv 
only a few seconds on the IBM 7040 c o m p u t e r . 
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Step 

A 
B 
G 
A 
C 
D 
A 
B 
G 
A 
B 
G 
A 
B 
C 
A 
B 
F 
C 
D 
A 
B 
C 
D 
A 

k 

1 

2 

1 

2 

3 

4 

4 

1 

\ 

6 

-1 

5 

2 

6 

6 

4 

3 

j 

1 

4 

1 

z z z z z z 
0 1 2 3 4 5 

2 8 

8 0 

7 1 

6 2 

0 2 

0 2 

1 1 
1 

0 2 

- 4 6 

5 3 

y 0 y i y 2 

1 2 

3 

2 

y 3 y 4 y 5 

0 

1 

1 

0 

Tab le 1 

so-> 
O > O E 

Figure 1 
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