
BOUNDARY REGULARITY IN THE SOBOLEV 
IMBEDDING THEOREMS 

A. E. H U R D 

1. In (6) ( see also 7), Sobolev introduced a class of function spaces Wm,p(Q) 
(m a non-negative integer, 1 < p < oo ) defined on open subsets 12 of Eucli­
dean space En, which have important applications in partial differential equa­
tions. They are defined as follows. For each n-tuple a = (ah . . . , an) of 
non-negative integers let 

w-g.. and s ^ n y y . 
Then Wm'p(ti) is the space of (classes of) functions u 6 LP(Q) such that Dau 
is also in LP(Ù), where the derivatives are taken in the sense of distributions. 
Wm'p(Q) is a Banach space under the norm 

(1) |M|TF™.P(fl) = ) E ||Z>aw||£,p(Q) 

where ||/||Z,P(Q) is the usual Lp norm on 12 (with Lebesgue ^-dimensional 
measure). 

The results that are essential in the applications are the imbedding and 
compactness theorems of Sobolev and Kondrashov (7), which may be stated 
as follows: 

THEOREM 1. Let 12 be an open set in En with sufficiently regular boundary, 
and let Q' be the intersection of 12 with a hyperplane of dimension s < n. Suppose 
thatu e W'p(12). Then 

(a) if n > lp and s > n — lp, then u G La(Q.r) for any a such that 

P <q< sp/(n - lp); 

also there is a constant Cf independent of uy such that 

(2) IML*(n') < CWUWWI.PM 

(if 12 is bounded, the condition p < q is trivially unnecessary). 
(b) If n < lpf then u coincides a.e. with a continuous function u on 12 and there 

is a constant C, independent of u> such that 

max \u\ < C\\u\\wi,v$i). 
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The content of Theorem 1 is that, in the cases (a) and (b), Wl'p(Q) can be 
imbedded continuously in Lq(W) and C(£2) respectively. 

THEOREM 2. Let Q be bounded. Then the injections of Wl,p(Ù) into Lq(Q.') and 
C(12), corresponding to the cases (a) and (b) of Theorem 1 respectively, are both 
compact mappings. 

New proofs of these results, together with some improvements, were given 
by Gagliardo (1). More general results corresponding to case (b) may be found 
in (4). 

The main concern of this note is to improve the assumptions on the boundary 
of 0 under which the (a) parts of both theorems hold. Sobolev established his 
results under the assumption that 12 is a finite union of domains that are 
star-shaped with respect to some fixed sphere; i.e., such that every point of 
the domain is the vertex of a cone over the sphere; see §2. The results of 
Gagliardo were obtained for open sets satisfying the cone property, defined 
as follows: 

DEFINITION 1. The open set 12 has the cone property if for every y £ 12 there 
exists a finite right spherical cone K (y) with vertex at y lying in 12, and whose 
altitude and angle are independent of y. 

Domains having the cone property are already more general than finite 
unions of star-shaped domains (e.g., an open w-ball B with a countable number 
of points, which have a limit point in B, deleted). However, the cone property 
still does not allow domains that, for example, have cusps at the boundary. 
In this note we show how the proof of Sobolev can be simply modified to 
establish the parts (a) of Theorems 1 and 2 for domains satisfying a generalized 
Lp-type of cone condition. As a consequence, assumptions on boundary 
regularity can be weakened in several existence theorems for weak solutions 
of partial differential equations. 

The proof will utilize a result of Kantorovich (2) that was presented orig­
inally as a generalization of Sobolev's approach to the imbedding theorem. It 
concerns integral operators of the form 

(3) Au(y) = Jn k(x, y)u(x) dx, 

where k(x, y) is a measurable function of x G 12 C En (Lebesgue w-dimensional 
measure) for a.e. y £ 12' C Es (Lebesgue ^-dimensional measure). We present 
here a proof of Kantorovich's theorem (slightly modified), since it is very 
simple. 

THEOREM 3 (Kantorovich). Let ki(x, y) and &2(#, y) be non-negative measur­
able functions on 12 X 12' (product measure) such that 

\k(x, y)\ < ki(x, y)k2(x, y) 
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holds a.e. in 12 X 12'. Suppose that 
(i) for a.e. y Ç 12', &i(x, y) G LP'(Q) as a function ofx£ 12; 

(ii) with Ci(y) = ||fei(-, 30IUP'(O)> wehave Ci(y)k2(x, y) G L9 (&') as a function 
of y Ç Q' for a.e. x Ç 12, w/A ||Ci(-)&2(x, OIL*^) < C2 (a constant). 

Then if p < g, £/ze integral operator A defined by (3) w a continuous linear 
mapping from Lp(12) to 1/(12') wi/A p | | < C2. 

Proof. We have 

|i4w(y)| < I &i(x, 3>)&2(#, y)w(x) dx 

and, using Holder's inequality, 

\Au(y)\ < { Ĵ  |tt(*)|«*,;y)r^ 

X J Jf i \u(x)\*dxf < \\u\\Ui)Ci(y)^ J^ | « ( * ) | W * . ?)]*<**/ . 

Thus 

{ £ |4«(y) |Vy/ < I M W { J o [CiOOrLJ^ \u(x)nk,(x,y)Ydx\dy\1/", 

and, using Tonelli's theorem, 

^ i / « 

< C 2 | | « | | L P ( Q ) . 

2. We now present the geometric assumptions under which the imbedding 
theorems will be proved. Let y be any point in Es and let 5 = {x: \x — x0\ < r] 
be any open sphere not containing y\ here x = (xi, . . . , xn) and |x| is the 
usual Euclidean distance. Then the open cone with vertex y over S is defined 
to be 

Ks(y) = {z e En:z = y + r(x - y),x G 5, 0 < r < 1}. 

Now let D be any bounded open set in En. For each y Ç D there is at least 
one sphere S C D not containing y such that the cone Ks(y) lies entirely in 
D. Let ©z>(y) be the set of all such spheres, and define 

(4) RDW = Ô SUP [radius of 5]. 

Clearly 0 < Rûiy) < i diam D for 3/ Ç Z>. Also it is easy to see from geometric 
considerations that RD{y) is lower semi-continuous and hence measurable. 
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The regularity of the boundary will be stated in terms of the local behaviour 
of functions of the form l/RD(y) near the boundary. In the following section 
we shall prove the following theorem. 

THEOREM 4. Suppose it is possible to cover 12, up to a set of measure zero, by 
the union of disjoint uniformly bounded open sets Xk (k = 1 ,2 , . . . ) such that, 
with Dk = 9r\Xk1 D\ = to' nXk, the functions l/RDk(y) are in LT(D'k), 
where r = max [nq, (n — V)q$\ and P > 1, with norms bounded independently 
of k (the condition is interpreted as vacuously satisfied if D'k is empty). Then the 
(a) parts of Theorems 1 and 2 for 1 = 1 remain valid if the condition 

q < sp/in - p) 

is replaced by q$' < sp/(n — />), where 1//3 + 1//3' = 1. 

A corresponding result for arbitrary / can be obtained by an inductive 
argument or by using Sobolev's representation formula in the general case; 
see §3. 

Theorem 4 immediately yields parts (a) of Theorems 1 and 2 if 12 has the 
cone property, for in that case the functions l/RDk(y) are uniformly bounded, 
and we may take $' = 1. If we insist that q be chosen as close as possible to 
the optimum value of Theorem 1, then 12 must have the cone property. How­
ever, if a lower value of q is adequate, then the boundary regularity may be 
relaxed. An important special case is obtained when q = p, in which case the 
imbedding theorems hold if fi > s/(s + p — n). 

3. Before proceeding with the proof of Theorem 4 we note several standard 
simplifications : 

(i) In order to prove the (a) parts of Theorems 1 and 2 for a certain class 
of domains, it suffices to prove Theorem 1(a) for that class of domains. For 
Gagliardo (1) gives a very simple proof of Theorem 2(a) based only on part 
(a) of Theorem 1 (and the regularity of 12 there required) and a general com­
pactness result due to M. Riesz (5), which is independent of the regularity of 12. 

(ii) The (a) part of Theorem 1 need only be established for 

u £ Wl-P(0) H C°°(12). 

For if the theorem were established for all such u} then the imbedding of 
Wl,p(Q) r\ Cœ(ti) into Lfl(12') would be continuous and hence the completion 
of Wl>p(tt) r\ C°°(12) would also lie in Lff(12'). But by (3) this completion is 
exactly 1^^(12) (the result of (3) is independent of the regularity of 12). 

(iii) To show (2) it is sufficient to prove that there is a constant C such that 
for any open set X in the covering of Theorem 4 we have 

IMU«(a'nx) < C|p||ïW,p(finx), 
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where C is independent of the particular open set X. For then 

V| Q/P 

, \Dttu\% 

<C1E E I Wau\p 

M' = E H ' < c E i E 1^17 

:{Ê E f 
since q/p > 1, and so 

f l«l* < c{ E f l̂ "«IP- * 
«JO' V | a | < m «JQ 

as desired. 

Q/P 

_ _ 1̂ 17 

7 
Now let X be any open set in the covering of Theorem 4. Put D — Q P\ X, 

Dr = ft' C\ Xy and assume Z>' non-empty. For each y G D there is at least 
one cone KS(V)(y) over a sphere S(y) with radius RD(y) which lies entirely in D. 
Make a definite assignment of spheres S(y) with centres Xo(y) and associated 
cones KS(y)(y) to each y £ D. Because of the arbitrariness of the choice of 
S(y), the function Xo(y) could be very badly behaved; but at least 

l*o (y) — y\ < C 

where here, and in the following, C generically denotes any constant not 
depending on X (or later, on u). In fact we may take C to be an upper bound 
for the diameters of the Xk. 

Consider the function 

/K\ / \ )K(y) e xp(i L7-TT2 rr> / M2 if I* — %o(y)\ < Rniy), 
(5) v(x,y) = \ ^ \ |^ — ôCy)l - [Ro(y)] / 

10 if \x-x0(y)\ >RD(y), 
where ic(y) is chosen so that 

J v(x, y) dx = 1. 
S(y) 

As a function of x, v(x, y) £ C°° and has support in S(y). Notice again that 
v(x, y) may be badly behaved as a function of y, but at least \v(xf y)\ < ic(y). 
To obtain an estimate for K(y) notice that 

1 = I v(x,y)dx = K(y) I da I e x p ( ^ r uA^r* dr> 

where Sn-\ is the unit n — 1 sphere, and so 

J
RD(v)v[k/k + 1] 

rn'1dr= CK(y)[RD(y)ir, 

where k = — log 1/2, the last inequality resulting from the observation that 

exp(^ikw)> 1/2 
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when 

r<RD(y)^/r^-v 

Thus, with f(y) = [RD(y)]-n, 

(6) K(y) < Cf(y). 

Next we define the function x(x, y) for x ^ y by 

v(y + at, y)f~l dt, 

where r = \x — y\ and a = x — y/\x — y\ £ Sre_i, and put x(y, y) = 0. Then, 
for any x, y, it follows from the mean-value theorem that 

|x(*,30l < 2|x(^o(y),y)l 
(7) 

<2K(y) r 1 dt < CK(y)RD(y)< Cg(y), 
*J \X0(V)—V\ 

where g (y) = f(y)RD(y). 
Using the functions v(x, y) and x(^> y) we have the following representation, 

due in essence to Sobolev (compare with (7, formula 7.12) for the case / = 1), 
for u G C°°(0) in terms of du/dxt (i = 1, . . . , n)> holding in D: 

« G O - jDV(x,y)u(x)dx + ± j D [ r ^ ; ^ ~ ~ ^ -

From (6) and (7) and the fact that \dxt/dr\ < 1, there results 

(y) du 
dx, 

dx. (8) \u(y)\ < Cf(y) £ \u{x)\dx + c£ Jwly)^ 

The inequality (8) will now be used to show that for all u G W1-P(Q) n C°°(a), 
u £ L*(D'), and 

(9) ||«|Uff(z)') < C\\tc\\wi,P{D). 

Consider the first term on the right of (8) as a function of y. We have 

Now/(;y) Ç Lq(Dr) with norm independent of X since r > wg. Thus 

ll/(-) I u(x) dx\\Lq{D>) < C I |^(x)| dx < CHwlliPd», 

by Holder's inequality. Consider next a representative term in the sum on the 
right of (8). Apply Theorem 3 with 

•(n-l)a , / s _ , v _ ( n _ l ) ( l - a ) *i(«,y) = r , £2(*, 3O = g(y)r 
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where 0 < a < 1 is to be chosen. By the elementary convergence properties 
of integrals of potential type in En, ki(x, y) Ç Lv'(D) with norm bounded 
independently of y G Df if 

(11) (w - Vjap' < n. 

Also 

by Holder's inequality. The first factor on the right is finite since r > (n — l)q($. 
Also the second factor on the right is bounded independently of x Ç D if 
(n — 1)(1 — a)qP' < s. This can be simplified, using (11), to 

qp < sp/(n - p). 

Thus, under the conditions of Theorem 4, the right-hand side of (8), considered 
as a function of y, is in Lq(D') and, from Theorem 3, it has a norm bounded 
above by C\\u\\w

l•?(£>)• The same is then true of u and Theorem 4 is established. 
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