THE THERMAL PROPERTIES OF SEA ICE
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Apstract. Compared with freshwater ice, whose physical properties are well known, sea ice is a relatively
complex substance whose transition to a completely solid mixture of pure ice and solid salts is completed
only at extremely low temperatures rarely encountered in nature. The physical properties of sea ice are thus
strongly dependent on salinity, temperature and time., Many of these properties are still not fully understood
or accurately known, particularly those important for the understanding of a natural ice cover. The specific
heat for example is an important term in the caleulation of the heat encrgy content of a cover. However,
Malmgren (1927), whose calculated values of the specific heat of sea ice are in general use, neglected the
direet contribution of the brine present in inclusions. Re-examination of the question of specific and latent
heats of sea ice has led to distinguishing between the freezing and melting points and enabled significant
observations in this range. Similarly, because the thermal conductivity is a necessary parameter in the
description of the thermal behaviour of ice. the sea-ice model suggested by Anderson (1958) has been
modified and extended in the present work to the case of saline ice containing air bubbles, This enabled the
completion of calculations of density and conductivity. In order to illustrate the theoretically calculated
values, measurements were made on sea-ice samples to determine the specific heat, density and thermal
conductivity,

Risumi. Par comparaison avee la glace d’eau douce, dont les propriétés physiques sont bien connues, la
glace de mer est une substance relativement complexe dont le passage 4 un mélange enticrement solide de
glace pure et de sels n’est réalisé qu'a des températures extrémement basses que 'on rencontre rarement dans
la nature.

Les propriétés physiques de la glace de mer dépendent fortement de la salinité, de la température et du
temps. De nombreuses propriétés ne sont pas encore pleinement comprises ou connues avee précision, en
particulier celles qui sont importantes pour la compréhension d’une couverture de glace naturelle, Par
exemple la chaleur spécifique est un terme important dans le caleul du contenu de chaleur d'une telle
couverture. Gependant, Malmgren (1927), dont on utilise géndralement les valeurs calculées pour la chaleur
spécifique de la glace de mer, a négligé la contribution directe de la saumure présente dans les inclusions. Un
nouvel examen du probléme des chaleurs spécifiques et latentes de la glace de mer a conduit A faire la
distinction entre les points de congelation et de fusion ef permis des observations significatives dans ce
domaine. Parallélement, puisque la conductivité thermique est un paramétre nécessaire a la description du
comportement thermique de la glace, le modele de glace de mer suggéreé par Anderson (1958) a été modifié
et étendu dans le présent travail au cas de la glace salée contenant des bulles d’air. Cecia permis de compléter
les calculs de densité et de conductivité. De fagon a illustrer les valeurs théoriques calculées, des mesures ont
€1¢ faites sur des échantillons de glace de mer pour déterminer la chaleur spécifique. la densité et la conductivité
thermique.

ZUSAMMENFASSUNG. Verglichen mit Stisswassereis, dessen physikalische Eigenschafien gut bekannt sind.
ist Meereis cine verhiltnismissig komplizierte Substanz, die erst bei schr tiefen, in der Natur selten verwirk-
lichten Temperaturen vollstindig zu einer Eis-Salzmischung erstarrt. Die physikalischen Eigenschaften des
Meereises sind daher stark von Salzgehalt, Temperatur und Zeit abhingig. Viele dieser Eigenschafien,
inshesondere die fiir das Verstindnis einer natiirlichen Eisdecke wichtigen, sind noch nicht vollig geklirt
oder bekannt. Z.B. die spezifische Wirme ist eine wichtige Grosse in der Berechnung des Wirmeinhaltes
ciner Lisdecke. Malmgren’s (1927) allgemein verwandie Werte der spezifischen Wirme vernachlissigen den
Beitrag des vom Eise cingeschlossenen Salzwassers. Eine nihere Untersuchung der spezifischen und latenten
Wirme des Meereises hat zu einer Unterscheidung zwischen Gefrierpunkt und Schmelzpunkt gefiithrt und
bedeutsame Beobachtungen in dem Ubergangsgebiet zwischen diesen Temperaturen ermoglicht. Ahnliches
gilt fiir die Wiarmeleitfiahigkeit, die fiir die Beschreibung des thermischen Verhaltens des Meereises unerlisslich
ist. Das von Anderson (1958) vorgeschlagene Modell fiir Meereis ist modifiziert und auf den Fall des salz-
haltigen Eises mit Luftblaschen erweitert worden, Dadurch wurden Berechnungen von Dichte und Wiirme-
leitung moglich. Die auf diese Weise erhaltenen theoretischen Werte wurden durch Messungen der spezifischen
Wairme, der Dichte und der Wirmeleitfahigkeit an Meereis kontrolliert und bestétigt.

InTRODUCTION

The thermal diffusivity term in the diffusion equation is defined as the ratio of thermal
conductivity to specific heat. It is thus convenient to consider these two terms, together with
the latent heat and density, as thermal propertics.

Because these quantities are strongly dependent on temperature and composition, in the
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case of sea ice their precise measurement has always posed considerable difficulty. In fact
it still appears to be safer to rely on theoretical values for the thermal conductivity and specific
heat. In the development of a suitable sea-ice model for the calculation of these quantities,
an interesting progressive complexity appears. The specific heat can be obtained from
knowledge of the composition alone. The density requires additional consideration of air
bubble content. Finally, in order to calculate the thermal conductivity, information on the
spatial distribution of all the components is required.

. Tue SpeciFic AND LATENT HEATS OF SEA Ice

1.1 The composition of sea ice

When sea-water is cooled to its freezing point, pure ice crystals form, separating from the
brine which initially remains in contact with the sea. As freezing progresses, some pockets of
brine are cut off so that the resulting ice as a whole is composed of pure ice, brine, solid salt
crystals and air bubbles. The latter have negligible influence on the specific heat, but the
continuous change in relative abundance of the other constituents with temperature leads
to an abnormally large specific heat. At temperatures not far removed from the freezing
point, further freezing of the interior brine is the major heat absorbing process.

The total mass of dissolved solid material in grams contained in one kilogram of solution
is the usual oceanographic definition of salinity. This is also applied to sea ice and the mass
of salt in grams per kilogram of sea ice is usually quoted in parts per thousand (%o}~ The
salinity of sea ice may well be considered a convenient property to which other more complex
properties, including thermal, electrical and mechanical, may be referred. However, because
the salts in sea ice consist of many ions, chiel amongst which are: Na+t, K, Ca®+, Mg™",
Cl-, SO,~— and CO,~ -, the specification is in general insufficient to fix the relative ionic
content of the ice.

As shown in the phase diagram in Figure 1 of Assur (1960), based on the work of Nelson
and Thompson (1954), above a temperature of —8-2° C. essentially all salts trapped within
the body of sea ice are in solution. Down to this temperature limit, the relative concentration
of the jons is as in sea-water and the specification of salinity alone is usually unambiguous.
Below —8-2° C., Na,SO,.10H,O is the first salt to precipitate, so that on migration of brine
in the ice the relative local concentrations of ions in the ice will be altered. This has been
shown by Addison (personal communication) in his ionic analysis of the upper 10 cm. of
artificially grown sea ice. In this case, the specification of salinity alone is not always sufficient
to account for all the properties of the ice. It should be noted however, that the dependence
of the properties of sea ice on salinity is greatest above —8-2° C., in which region knowledge
of the salinity alone is sufficient, unless the ice concerned has undergone a significant tempera-
ture excursion to colder temperatures and returned. Between —8-2°C. and —23° C., even
the complete absence of Na,SO,.10H,O crystals in a particular region of ice will affect the
specific heat of 107, saline ice by less than 19, at —20° C. and 2% at —10° C. For ice of
lower salinity this error will be even less. In geophysical investigations, this is not a serious
discrepancy.

Theories based on the salinity of ice expressed in terms of ions present would be time
dependent and bound to the thermal history of the ice concerned. The complexity of the
resulting mathematical expressions would preclude their use in any practical application.

A result of many measurements by Malmgren (1927) in the Arctic Ocean, was that the
salinity calculated from chlorinity differed from that found by hydrometric determinations
by less than 5 per cent for any given ice sample. This leads to the belief that the salinity is
usually a sufficiently good parameter in analysis of the thermal behaviour of sea ice. It is
important to note that in the results of Assur shown in Figure 1, the usual concept of salinity is
not used. The composition is given by the fractional salt content, or ratio of the dissolved
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salts to pure water. For dilute solutions, the difference between salinity and fractional salt
content may often be inappreciable, but it is most important when discussing solutions having
the concentrations of the brines trapped in sea ice.
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Fig. 1. Freezing point of brine as a_function of the ratio of dissolved salls o pure water

1.2 The specific heat of ice between the freezing point and — 8- 2° (.

There is no significant substitution of the ions listed earlier in the ice lattice, so that it is
reasonable to assume that at the freezing point, the brine in the interior cells has the same salt
content as the sea water from which the ice was formed.

If o is the salinity of the sea ice as a whole, and s the fractional salt content of the brine,
according to the usage of Assur, within the ice at a temperature 6, then the total mass of pure
water in unit mass of sea ice at that temperature is given by

a \
w=—, (1.2.1)
§
and the mass of pure ice by
o
m=1—o—. (1.2.2)

5

A change in temperature of the ice causes a change in fractional salt content of the brine
because of further freezing, and the difference in mass of unfrozen water per unit mass of
sea ice may be expressed as
—ods

S (1/2.8)

g~

dw =
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Figure 1 shows that the relation between s and @ is linear over the range being considered,
so that
§=ab (rmua)
This linear relationship between s and @ is the sole reason for keeping the concept of fractional
salt content for the brine. If the salinity of the brine is given by o, then we have
ay
S
1—0p
so that the function connecting o; and  is too complex for a simple interchange of variables.
Using equation (1.2.4) to eliminate s from (1.2.3), we obtain
odf
ad
Essentially the specific heat of sea ice depends on the amount of water substance changing
state during temperature changes, and on the specific heats of pure ice and water. Since the
direct contribution to the specific heat of sea ice of 4%, salinity by the thermal capacity of its
salts is of the order of 0-0008 cal.g.—* ° C.~ 7, this is considered negligible. The effects of heats
of crystallization (or dilution) are also neglected, since for example, according to data quoted
by Lange and Forker (1952), the infinite dilution of 0-004 g. of sodium chloride involves
less than 0008 cal. Considering the small change in dilution over a range of 1° C., the impor-
tance of this term vanishes completely, even though it may be of the order of ten times as
large for an equal amount of sodium sulphate.
The heat dQ absorbed by unit mass of sea ice during a temperature increase of df can
thus be written as:

dw = (1.2.5)

dQ = Li dw+ (Pg—-‘;)c; %o df (1.2.6)
4 &

where ¢, is the specific heat of water, ¢; that of pure ice and L; its latent heat of formation.

The specific heat of sea ice then follows from equations (1.2.5) and (1.2.6) as

] o ; cr) | G)
g — — &L - === i )ow
¢ ali LIl = ¢ 2 ¢

or, substituting for s from equation (1.2.4),

o o
By = = ;—LBE LI+;9 (E\\-*C'i_} +éi. (['2'7)
The term o¢; may be considered negligible for natural sea ice.
Table I shows the results of calculation using the values Li = 79:69 cal.g.™", ¢i =
0-48 cal.g.”! °C.7%, 6w = 101 galgt 0T and. w = = 0-0182° C.—', for a number of

ice salinities.
Tasre 1. Tue Specwric HEAT OF SEA ICE BETWEEN —2 C. anp —23° C.

Units: cal.g.t °C. T

Salinily of ice Temperature "C.
9y —a —4 —6 8 —10 —12 —14 —16 —18 —20 —22
0 048 048 048 048 048 0g7 047 047 047 0747 0-46
I 1-61 0-77 0-60 055 0-52 0°51 050 049 048 0-48 0-47
2 R 1:05 0-73 0-b62 0°57 0°54 0°52 0°51 0°50 0-49 0-49
4 497 1-62 0-98 077 0-66 0-b1 0-57 055 0-53 052 0°51
6 7-22 219 1+21 0-gl 0'75 067 0-b2 0-59 0-56 0-54 053
8 946 2775 147 1705 o085 074 o-67 062 @5 G577 05
10 1171 3-32 =1 120 0°94 0-8o 0-72 0-66 0-b2 0°59 057

1.3 The specific heat of ice between —8-2 and —23° C.
The results summarized in Figure 1 indicate that a continuous deposition, of Na,S0,.
10H,,O only, takes place between —8-2° C. and 23° C. In this range it is convenient to consider
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s grams of dissolved salt and p grams of precipitate (not including its water of crystallization)
to be associated with each gram of water. Assuming a linear rate of deposition of Na,SQO,.
10H, 0O, the quantity of precipitate at any temperature can be calculated by extrapolating the
initial section of the phase graph as shown. This extrapolated graph then indicates the salinity
of the brine as it would have been had no crystallization taken place, so that the difference
between the actual and projected values is equal to the corresponding relative mass of precipi-
tate. In one gram of sea ice there are thus w grams of water, ws grams of dissolved salt, and
wp grams of precipitated salt with which Bwp grams of water are combined in crystals. For
Na,50,.10H,0, B = 1-27. Thus in general, the mass of unfrozen pure water is given hy

a

= 1.3.1
s e (1.3.1)
and the mass of pure ice by
a
m=1—a— 7 (14+fp). (1.3.2)

The change in mass of unfrozen water substance per unit mass of sea ice for a change in
salinity ds and associated precipitate dp is given by

ds-dp

dw = _O‘(SJr/J)_"" (1.3.3)
Again, Figure 1 shows that
s+p = abl; p=a'(60-+8-2). (1.3.4)
Hence
a
dw — —— df (r.3.5)

as before.
The heat d() absorbed by unit mass of sea ice during a temperature increase of 46 is now

= Lidot{1—o——T (1 4-88) Yerddt (7 Vo g (22
(fQ_—L,ﬂTL&-,L(I a s+p(1+ﬁf)))c,d9|(ymhb)c“rm# (J‘_:_p(l—f—ﬁ))c;.dﬁ, (1.3.6)

where ¢, is the specific heat of the precipitated hydrate. The last term of equation (1.5.6)
accounts for the direct contribution of the specific heat of sodium sulphate decahydrate
crystals. Using equations (1.3.4), (1.3.5) and (1 .3.6) the specific heat of sea ice becomes

P —;‘;__,L;+;é(c“.—c,-) %-r;——U::—(Bfi (1+B)ci,).

: % ;
Since - <1, and B¢ and (1-+8)e, are of the same order of magnitude, the last term may be
%

neglected, so that we have again (cf. equation (1.2.7))
a
ad

Calculations with this formula, with ¢; varying monotonically from 0-48 to 0-46 cal.g,
"C.~", and other constants as before in section 1.2 complete Table I. The information con-
tained in this table is presented in Figure 2 in graphical form.

i

fy oo el Ll o, (1.3.7)
2 ol

1.4 Latent heat of ice formation

The presence of salts in water depresses the freezing point by an amount which can be
determined from the temperature-composition graph; at this temperature a definite amount
of pure ice will form, enclosing brine having the salinity of the sea-water. The amount of
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pure ice present in unit mass of sea ice at the temperature of freezing is: (1—o—o/s). For ice
frozen from water of salt content s, the latent heat of formation is thus

L = (l—ofg)L;. (1.4.1)

Table 11 shows the latent heat calculated as a function of ice salinity.
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Fig. 2. Specific heal of sea ice as a function of lemperature. Curves are for the salinities indicated

When the temperature of sea ice is increased, brine cells within the ice become more dilute
by melting ice. This process continues until all the ice has melted. The resulting brine at
this stage has a salinity equal to that of the original ice, so that for ice of salinity 4%, the final
melting point is about —o-2° C. The heat required in this process must be considered as
specific heat, as it is associated with a continuous change in temperature. One is thus forced
to conclude that a latent heat, which according to the usual concept implies a release or
absorption of heat at constant temperature, does not exist during the melting of sea ice.

The apparent “latent heat anomaly™ of sca ice is explained by the fact that on initial
freezing, the ice is in contact with sea-water, from which, however, the ice on the surface of
a cover, or ice removed for observation, is usually isolated. A true Jatent heat could he observed
were ice to be melted while in contact with sea-water of constant concentration. This for
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example occurs during final stages of the break-up of an ice cover, when small floes are awash
in the sea.

Since the bulk of the ice within a cover is usually not in contact with sea-water, it is of
interest to consider the specific heat of established ice between its final freezing point and the
final melting point. The temperature records of Yakovlev (1958) for Arctic ice at about lat.
85" N. show that during July and August the upper ice surface is between 0° (. and — 1° (G
with all of the ice at a temperature above initial freezing point. It is thus clear that knowledge
of the specific heat of sea ice is necessary for temperatures in this region.

The specific heat of ice at temperatures higher than —2° C., calculated from equation
(1.2.7), is also tabulated in Table II. Figure 2 shows the specific heat of ice as a function of
salinity over the entire temperature range considered in sections 1.3 and 1.4.

TasrLe II. Latent Heat oF SEA ek

Salinity of ice  Latenl heat of Final Maximum
ice_formalion melting poini specific heat
%0 cal.g. 1 °C. cal.g.-1 “ Q-1
o 7969 o o
1 776 —0°054 1440
2 751 —0“ 11 720
4 704 —0 00 360
6 65-8 —0-33 240
8 61-3 —0°44 180

Using equation (1.2.7) it is possible to calculate the heat (), required to melt unit mass
of ice with a certain initial temperature 6,

Hm
Q_m - f( ;;214—.—;;(6“ Ci) —Lc'i)df;, (1'4’2}
Q
where 8, = o/z is the final melting point. Completing the integration of (1.4.2) we have
Q.. = (Li—ab,) (1 —;{;n) + U(C“a— Cl—)In o%(,’ (1.4.3)
and inserting the values L; = 79-67 cal.g.~ ', ¢i = 0-48 cal.g.— 1 °C.=%,§ = — §.2° C,ew=1"0
cal.g.'°C. "and & = —1-8x10 ? °C.~", enables the compilation of Table 11,

Tasre ITI. HEAT REQUIRED FOR THE CoMPLETE MELTING OF TSOLATED SEA IcE

Salinity of ice Initial temperature
Yo —0-5° C. ~ 0 (. — g
cal. cal. cal.

o 79°92 8o-15 8o-63

I 71517 75779 78°50
2 62-43 71°39 76-43
4 4485 6270 7104
b 2677 5364 6752
8 9-63 4508 6325

In concluding this theoretical discussion, the recent work of Anderson (1g60) on this
subject should be discussed. Anderson’s definition of the specific heat as the heat involved in a
one degree temperature change is different from the conventional definition of this property,
in that the former is given by the gradient of the chord joining two points and the latter
by that of the tangent at a given point on the temperature curve. The finite difference
definition leads to the peaks in the specific heat curve at the melting point being less pro-
nounced. Anderson shows large discontinuities in the specific heat of sea ice at the tempera-
tures of the commencement of precipitation of some of the salts, but notably not sodium

9
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sulphate. The tabulated results appear to attribute this effect to heats of crystallization
or solution. Because precipitation on cooling proceeds gradually, and because we have noted
earlier that 0-004 g. of sodium chloride absorbs less than 0-008 cal. on infinite dilution, these
discontinuities are unlikely. A second set of breaks near to the precipitation point for
magnesium chloride would actually be expected to be of opposite sign because of the positive
heat of solution. The present author was not able to observe corresponding discontinuities
in the rate of melting of sea ice in experiments in which samples of ice were allowed to melt
in open vacuum flasks at constant room temperature, the flask temperature being measured
at two minute time intervals in the neighbourhood of the sodium chloride (—23° C.) and the
sodium sulphate decahydrate (—8-2” C..) points. An examination of a number of natural sea-ice
temperature profiles also failed to show a preference of the ice to remain at these temperatures.
It is thus doubtful whether any significant discontinuities exist in the specific heat of sea ice
except at the freezing and final melting points.

1.5 The measurement of the specific heat of sea ice

The insufficiency of published data on the specific heat of saline ice has made it desirable
to develop a method of checking the validity of the theoretically calculated values. There is a
particular need for measurements which extend into the temperature interval between the
freezing and final melting points for an extensive range of salinities.

Because the specific heat of sea ice is a continuous non-linear function of the temperature
it would be extremely tedious and of questionable accuracy to measure the specific heat
directly over the small temperature intervals necessary. Near to the melting point especially,
the intervals would have to be so minute that normal laboratory thermometers capable of
resolving to within 0-02° C. are inadequate. Both Malmgren (1927) and Nazintsev (1959)
preferred to work over intervals of some 2° C., and thus obtain mean values for the specific
heat over that temperature range. An alternative procedure has been chosen in the present
instance. The total heat involved per unit mass of sea ice over arbitrary temperature intervals
of up to several degrees centigrade was compared with the corresponding theoretical definite
integral over the same range.

Electrical heating of samples in a vacuum flask calorimeter was chosen as the most con-
venient simple laboratory method for the determination of specific heats. In order to ensure a
uniform temperature distribution, it is necessary to immerse ice samples in a liquid which is
immiscible with water and which does not dissolve the inorganic salts found in sea ice. The
liquid must have no components changing phase over a temperaturc range extending from
about —40° C. to +30° C. Normal heptane is a suitable liquid, being a pure hydrocarbon
freezing at —go-6° C.. and boiling at 98-4° C.

The mixture in the vacuum flask was heated electrically through a central heating coil,
the energy being uniformly distributed by a stirring rod surrounding the coil. A source
of power at constant voltage was arranged by having a 12 V. accumulator on continual charge
from a primary power source. A second heating coil duplicating that in the calorimeter was
connected across the battery when the calorimeter’s heating coil was not in operation. As the
charging current from the primary source was adjusted to match the discharge through one
of the heating coils, there was no perceptible change in the accumulator’s condition during
the calorimetry. This greatly simplified the accurate assessment of the energy absorbed by the
mixture in the calorimeter.

Initially it was necessary to determine the thermal water equivalent of the calorimeter
and the specific heat of normal heptane. This was accomplished using distilled water and
pure ice respectively as standards. The specific heat of a sample of sea ice was then determined
by using a mixture of approximately 300 g. of small pieces of ice and 300 g. normal heptane.
After temperature equilibrium, this mixture was heated at the rate of about 50 W. for times
of the order of ten minutes, the resulting change in temperature being observed.
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The electrical method of calorimetry necessitates only one temperature difference being
measured. An alternative method involving the method of mixtures required two temperature
differences to be observed, and because the thermometry is crucial, this latter method proved
less satisfactory.

The samples of laboratory-grown sea ice used in the calorimetry were crushed into small
pieces which were then thoroughly mixed in a large cold container. Part of the crushed ice
was removed and its melt brought to 15° C. for a salinity determination by calibrated hydro-
meter, the remainder being used in a number of trials in the calorimeter.

Table IV summarizes the results of the experimental determinations. When the ranges
calculated for each result are taken into account, there is an overlap between experimental
and theoretical values in each case. The error in the experimental determinations is due
mainly to lack of accuracy in the measurement of the temperature interval, and tolthe
uncertainties in the specific heat for normal heptane and the quantity of electrical power
supplied. The accuracy of the theoretical values depends mainly on the validity of the
phase diagram referred to earlier.

Tasre IV, EXPERIMENTAL AND THEORETICAL VALUES FOR THE HEAT CONTENT OF SEA ICE

Change in heat content

Salinity Temperature range Experimental Maximum Thearetical Uncertain ty
value possible ervor value
%o (5 C. cal.g. 1 cal.g. T cal.g. T cal.g.-1
1-24 048 5-80 i 635 012
444 0°74 784 055 795 016
[28 6-34 0-62 100 0-77 1060 021
10-38 2-54 524 0-32 536 0°11
24-22 2-86 1-6 0-6 12:0 0-24
—3-24 —1-00 9-05 0-85 8-75 o-18
—6-02 —1 +16 10°1 07 10-1 0-2
25 —7-22 —o0-84 14°2 0-9 14°7 0-3
—0-30 —0-52 26-2 1-6 242 05
—25°34 —3-02 I555 0-9 I4-1 0-3
—0-86 —o0-58 1271 19 10°2 02
—2-86 —0-88 147 15 164 03
44 —8-36 —1'24 159 10 16-8 03
—24°68 —3+78 15°0 08 1474 03
—26-20 —3:64 (B 06 114 02
5-30 0-64 558 40 60-6 13
10-36 074 561 34 58-2
9-6 11-40 —1 36 3479 2:0 32-7 0-7
—a23-72 —4°00 20-7 LT 19-0 04
—24-56 —2-88 22-6 12 2472 0-5

2. Tue Density AND THERMAL CoNDUCTIVITY OF SEA ICE
2.1 Introduction

The components of sea ice, namely pure ice, brine, air, and, below —8-2° C., solid salt
crystals, have widely differing thermal conductivities. The thermal conductivity is thus
strongly dependent on composition, which may be specified by the density, salinity and
temperature.

In neglecting the presence of air bubbles in sea ice, Anderson (1958) has prevented his
theory from demonstrating the two interesting and important asymptotic tendencies of the
thermal conductivity. As will be shown, this quantity is mainly determined by the salinity
at high temperatures and by the density at low temperatures. This is because the salinity
determines the amount of brine, whose relative volume becomes more important near to the
melting point. At the lower temperature range when the ice is largely solid, the most important
factor in the density is the air bubble content.
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As in the discussion of specific heat, it is simplest to consider ice in the temperature range
between the freezing point and —8-2° C., below which the precipitation of Na,SO,.10H,0
commences and complicates the analysis. As the relative amount of liquid present in the ice
becomes large towards the final melting point, the discussion of conductivity becomes
meaningless as the increased mobility of the brine permits convective heat transfer.

2.2 The composition and air bubble content of sea ice above — 8- 2° C.
If the salinity of the ice is ¢ and the fractional salt content of the enclosed brine is s, then
the mass of unfrozen brine in unit mass of sea ice is given by

b =—+oa, (2.2.1)
and the mass of pure ice by
o
m=1—0—-, (2.2.2)

the mass of air being negligible.

By volume, however, unit mass of sea ice contains a volume (o -} a/s)/pw(1-15) of brine,
and (1—o—ao/s)/pi of ice; py and p; being the densities of pure water and ice respectively.
Thus unit volume of sea ice contains a volume of brine given by

e SR
-‘\PW(I ~ -f) SPpw

Vi = Ej (1—0—:) (2.2.4)

where p is the density of sea ice. The simplifying assumption has been made that solutions’
volumes are independent of their concentration.
It is now seen that the volume of air contained in unit volume of sea ice is

W, = pso (2.2.3)

and of pure ice given by

a I—a—$
B = I—ps(——}———‘l /) (2.2.5)
SPw Pi
In the range being considered, pw = 0-999 g.cm.—3, p; = 0-917 g.cm.—3, and 5 = «f], where
# is the temperature and 1/a = —55° C. (which value can be found from Figure 1). Inserting
these values,
I—a  4-98c
o Pl g D) 2.6
v I p(0'917—| 9 ) (2.2.6)

Using this equation it is possible to calculate the fractional volume of air bubbles in sea ice as
a function of temperature, salinity and density, as is shown graphically in Figure 3.

2.9 The density of sea ice
From equation (2.2.5) it is seen that

o e
PiT+puS — PyOS — pua
Neglecting the term containing os and replacing s by «fl, we have
(1—v)pwpizt
e e S e
Because the second term in the denominator above is small the following approximation often
suffices:

(2.3.1)
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= (1=9) (1 + 25 (ow—p2) )
= v b PP | (2.3.2)

= (1—v) (1 —4'360)0-917 g.cm. 3,

The second of the above expressions shows that density increases with salinity provided
that the air bubble content remains constant. Whilst the density is significantly temperature
dependent near to the freezing point, this dependence diminishes considerably with lower
temperatures. The change in density of a sample of normal sea ice between —10° C. and
—20° (. is only of the order of 0-1 per cent.
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Fig. 3. Air bubble content as a_function of lemperature for sea ice of different salinities and densities

Because faster growing sea ice tends to capture more air bubbles as well as more concen-
trated brine, it follows that an increase in salinity is accompanied by an increase in air bubble
content. Since the effect of these two variables is for the former to increase and the latter to
decrease the density, this quantity displays a constancy remarkable for a sea ice property.

Observations made on annual sea ice found in Hudson Bay near Churchill, Manitoba,
illustrate this fact. The graphs in Figure 4 show that apart from the upper 10 to 15 cm. of ice,
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the time variation in density due to brine drainage is almost as large as the differences found
throughout the ice at any time.

The strip photograph in Figure 4 shows the crystal structure profile of the ice on 22
February. Rapidly grown ice is indicated by small crystal sizes and a relatively large retention
of brine resulting in a higher salinity; this is seen from o-15 em. and 58-65 cm. on the
composite figure. The latter band of small crystalline ice shows a definite effect on the density
explicable only in terms of a greater air bubble content. Larger crystals resulting from ice
growing more slowly are accompanied by a lower salinity as seen at about 40 cm.,

Density was measured by weighing ice samples in both air and normal heptane. The
density of the latter at any temperature was established by using an aluminium solid cylinder
of known dimensions as a standard ohject for weighing. The salinities were found by hydro-
meter. Five samples were used for cach ten centimetre section of ice, enabling the density to be
established to within 4-0-1 per cent and the salinity to --10 per cent.

From equation (2.3.2), it can be seen that at —10° C., a 0-05 per cent change in the
density of sea ice is to be expected when the salinity falls from 5%, to 4%, by compressive
drainage alone,

2.4 Models for the calculation of the thermal conductivity of sea ice

Established sea ice has been shown by Langleben (1960) amongst others to consist of pure
ice enclosing vertical cylinders of approximately elliptical cross-section of brine, whose lengths,
especially at higher temperatures are long compared with their average diameters. Anderson
has preferred to calculate the thermal conductivity on the basis of assuming spherical brine
pockets. This assumption may have greater validity at lower temperatures. At these tempera-
tures however, the small amount of brine plays a less significant role in determining the
conductivity of the ice than at higher temperatures. It thus seems more reasonable to choose
the shape of brine inclusions predominating at those higher temperatures where the brine
is more important.

Since the flow of heat occurs along the direction of the cylindrical axes, a short vertical
length of sea ice may be considered as a system of parallel connected conductors. It is
immaterial for the purpose of calculation whether the conductors are specially grouped or not;
the determining factor for the total conduction being the relative cross-sectional areas of
pure ice and brine presented to the heat flux. It is, of course, assumed that no convective
movement of brine takes place in the narrow cylinders. It is interesting to note that the thermal
conductivity for horizontal heat flow, for which the brine and pure ice appear series connected,
is much less than for vertical heat flow. It might thus be expected that non uniform heating
or cooling of a sea ice surface, due to an irregular snow cover, tends to remain a local pheno-
menon.

Two methods of procedure are now available. One is to consider sea ice as consisting of
uniformly bubbly pure ice enclosing vertical cylinders of brine. The other is to suppose that
the brine pockets are more uniformly distributed within the ice than are the air bubbles.
The majority of the air bubbles form during the initial freezing, and are found throughout
the ice. Being more or less spherical in shape, the air bubbles are certainly more uniformly
distributed within the bulk of the ice than the brine pockets. The method of calculation of the
thermal conduectivity will thus be to obtain an expression for the thermal conductivity of
bubbly pure ice, and then to consider sea ice as a parallel connection of this material and
brine.

2.5 The effect of air bubbles on the conductivity of ice

Maxwell (1892) obtained an expression for the resistivity r of a compound medium, con-
sisting of a medium of resistivi ty 7, containing uniformly distributed small spheres of resistivity
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r,. If there are n small spheres of radius @, contained in a sphere of surrounding material of’
radius a,, and v = na,3/a,?, then
27, +T2 +£(r1 = rz_) r
2TI+7-2'7 Qv(rl '?’2) E
Since the air bubbles within a body of ice are approximately spherical, (2.5.1) may be
used to obtain an expression for the thermal conductivity of bubbly ice. If k., ki, are the con-
ductivities of air and ice respectively, and v : 1 is the ratio of their volumes, then the con-
ductivity of the compound medium is given by
oki+ka—2av(ki—k.)
Qki +ka+1’(ki *ka)
The value of v under given conditions has been determined in section 2.2. Using the value
5 % 10-3 cal.cm.~"sec.—* °C.~" for k;, it remains for us to assign a value for the conductivity

of air.

In the range of interest, i.e. o to —20° C., the conductivity of air can be taken as 6 x 103
cal.cm.~'sec.—' °Ci.~', at atmospheric pressure. Increases in this value due to hydrostatic
and contractive pressures are usually not sufficient to affect the conductivity of the compound
medium by even o-5 per cent.

Figure 5 shows the thermal conductivity and density of freshwater ice as functions of

bubble content.

(2.5.1)

fn = k; (2.5.2)

TasLe V. Toe TaermaL Conpuctivity oF BussLy Ice

Fractional air Thermal conductivity al
bubble content temperatures belween
0° C. to — 10" C. and depth to 4 m.
per eent cal. cm.~ sec.”t ° C.1
o 500X 103
2 4-85 < 1073
4 470X 1073
75 446 1073
10 420X 1073
15 396 % 1073

2.6 A model _for sea ice including air bubbles

The nature of brine cells in sea ice has already been discussed in section 2.4, so that we
shall now proceed to consider sea ice as a compound bubbly pure ice medium enclosing a
number of vertical brine cylinders, whose total cross-sectional area per unit area of sea ice

can be specified.
From Figure 6, it may be seen that if Ap; and 4y, are the cross-sectional areas of bubbly

pure ice and brine whose normals are parallel to the heat flow respectively, and Joi, Jb, Jss
represent the heat fluxes through the bubbly pure ice, brine and compound sea ice, then the
following relations hold for a section of sea ice whose ends, at a vertical distance x apart, have
temperatures @, and 6,:
Toi = koi(6:—0,)/x,
]b — kb(et_gn),/x;
where £, is the conductivity of brine,
s = Aui foi+Ao o,
but
Fe = ks(0,—0o) /%,
where £, is the conductivity of sea ice, so
ke = kpidpi+kpAp. (2.6.1)
The relative cross-sectional area of brine and bubbly pure ice are proportional to their
relative volumes, which can be inferred from equation (2.2.3), so
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Av/Ari = UE“/(l—UPS),
SPpw SPw

and since A+ Ay = 1, we have for the conductivity of sea ice,
TPs (oo R %
ks = ki;i(! — P—\) it (2.6.2)
SPw 5P

where kpi is given by equation (2.5.2).
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Fig. 5. Density (solid line) and thermal conductivity of bubbly freshwaler ice

Replacing s by «f as in section 2.2, we have
v IPs 5
ks = Ry () . (2.6.3)
apyd

Although there are no systematic experimental data available on the conductivity of
brine, a number of isolated determinations for solutions of several inorganic salts show that
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the thermal conductivity is strongly dependent on the concentration, and to a lesser extent
on the temperature. Assuming that the relation between salt content and conductivity is
linear for a fractional salt content less than 150%, at constant temperature, then on the basis
of a limited number of isolated conductivity determinations for NaCl and Na,S0, solutions
given by Lange and Forker (1952), the conductivity of brine at 0° C. may be approximated by

kn = 1-25(1—35) X103 cal.cm."sec.”* ° C.—% (2.6.4)
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Fig. 6. A model for sea ice

Assuming a temperature dependence similar to that for pure water suggested by the data of
Lange and Forker, an additional factor generalizes equation (2.6.4) to
by = (1-25-+0-0308-+0-000146%) X 103 cal. cm.=" sec.—* ° C.—" (2.6.5)
It is now possible to calculate the thermal conductivity of sea ice as a function of tempera-
ture, salinity and density, using equations (2.6.2) and (2.6.5) in conjunction with (2.6.3).
The results of calculations based on a value of k; at 0° C. of 5 x 10~% cal. cm.~'sec.=* “ C.—*
given by Dorsey (1940) for pure ice, are shown graphically in Figure 7.
Fortunately, it can be noted that at lower temperatures, where equation (2.6.5) becomes
less accurate, the actual value of &y is of less importance since the relative volume of water
present becomes negligible.

2.7 The thermal conductivily of sea ice below —8-2° C.

As has been hinted in section 2.1, the commencement of the precipitation of solid hydrates
below —8-2° C. results in a rigorous theory becoming extremely involved. The lack of know-
ledge of the thermal conductivities of the inorganic hydrates found in sea ice and those of
concentrated brines makes it unjustifiable to proceed theoretically from fundamental
principles.

Inspection of the curves for the conductivities in Figure 7 suggests an alternative procedure.
Since the salinity of sea ice is rarely greater than 10%,, it is unlikely that serious discontinuities
will occur in the conductivity-temperature function at temperatures where salts begin to
precipitate. Already at —8° C. all the curves shown in Figure 7 exhibit asymptotic behaviour.
At lower temperatures, the conductivity of low salinity ice will tend to the value for fresh-
water ice. Using equation (2.5.2) for a uniform distribution of a large number of small centres
of solid salt in a2 main body of pure ice, and assuming a low value, 10~ % cal.em.~*sec.”* ° C. 77,
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for the conductivity of the solid salts, it is seen that a salinity of 8%, lowers the conductivity
by less than 1 per cent relative to non-saline ice. Almost all salts in the ice are precipitated by
—40° C., it would thus be reasonable to suppose that at this point, the thermal conductivity
of a sample of sea ice could be given by the corresponding value for freshwater ice of the same

density.
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Fig. 7. Thermal conductivily of sea ice as a _function of lemperature. Curves drawn for various salinities and densities; salinity
indicated by line thickness; densily indicated by line pattern

2.8 Measurement of the thermal conductivity of sea ice

The thermal conductivity of Hudson Bay annual sea ice was measured in two ways. The
first involved comparison of the temperature gradients in a layer of the sea ice cover and in a
reference block of non-saline ice embedded in it. The reference ice was formed by freezing
fresh waterin a 1-5x1-5x0-3 m.3 pit prepared in the sea-ice surface. After freezing, a small
core was extracted to check for the ahsence of salt and to measure its density. The thermal
conductivity of the standard medium was then found by using equations (2.2.6) and (2.5.2).
Over two months, the ice between the 10 and 30 cm. levels from the surface was observed
to have a thermal conductivity of (4-7-40-7) x 103 cal.em.—* sec. = ° C.—'. The theoretical
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value for this type of ice whose mean temperature, salinity and density are —7° C., 67}, and
0-91 g. cm. 3 respectively is 4+7 x 1073 cal.cm.~" sec.=* * G.~".

The second determination gave the mean thermal conductivity for the entire thickness of
the ice cover over three months by observing the growth at the ice-water interface over an
appropriate time interval. These values were used in a modified form of Stefan’s (1891)
simple ice-growth equation which allowed for the change in heat content of the ice as well as
for the time delay in the transfer of thermal energy from the ice-water interface to the surface.
For the cover as a whole, whose mean temperature was — 5-5° C., density 0-915 g.cm.—3 and
salinity 5%, the thermal conductivity of (4:9-4-0-5)x107% cal. em.”" sec.”" L
calculated from the observations covered the value of 4-7 x 1073 cal. em.~" sec.”' ° C. "
predicted theoretically.

It is important to note that both the theoretical and experimental determinations of the
thermal conductivity of sea ice are significantly greater than those given in many other works,
c.g. Pounder and Little (1959). This is because these have used the simple ice growth formula
of Stefan (1891) without corrections. For example, for a cover 15 m. thick, the time difference
between surface cooling and consequent ice growth is of the order of 2 weeks. Thus when the
surface temperature is integrated over three months commencing with the initial formation of
the cover, an error of approximately 15 per cent is introduced if the integration is not termi-
nated at a calculable time before the final ice thickness observation.

3.1 Conclusion on thermal diffusivity of sea ice

The thermal diffusivity is often the most directly observed thermal property as it is directly
associated with the rate of temperature changes in a medium. Consequently it is interesting
to examine the temperature dependence of this quantity. It has been seen that the specific
heat ¢, density ps and thermal conductivity £, of sea ice are all monotonic functions of the
temperature. For increasing temperature, ¢; increases; this will be denoted by ¢4 ; p, increases,
i.e. ps4 and k, decreases, £ §. Hence the diffusivity, As, which is given by

3 ks ¥
Kedd ==———2,
psh et
is more temperature dependent than any of its constituent parameters. As a consequence,
the precise analysis of temperature data is a complex undertaking for sea ice.

TasLe VI. Seearric HeAT ¢ THErMaL CoxpuetiviTy ks AND TrErMAL Dirrusivity K oF Sea Ice
FOR VARIOUS SALINITIES, TEMPERATURES AND DENSITIES
Units for ¢;: cal.g.~1° C.-1, units for &g cal. em.~T © C.-T sec.”T, units for K: cm.2 sec,T
Salinity  Temperature s Density of ice g.cm.=3
g °C. 0-850 0-875 0900 0-925
kix 103 Kyx103 kgx103 Kox103 ksx 103 K103 kg 103 Kgx 103

—1 0-48 448 11°2 466  11°1 486 11-25 — —
—2 0-48 4'48 1172 466 11°1 4-86 11-25 — —
o 4 0-48 4'48 11°2 4:66  11°1 486 11-25 — —
—8 0-48 448 11°2 4-66  11-2 486  11-25 —
—1 10°00 4-11 048 4-27 049 442 0-49 459 0'50
—2 2-32 4-29 1:85 4-46 E587 463 1-89 - —
2 —4 o-8g 4'87 491 455 496 474 502 — =
—8 053 441 836 460 847 479 859 = >
—1 22°5 375 o-196 3-89 0-197 4-01 0-198 4-15 0199
—2 4-98 410 0:97 4-26 0-98 4:42 0-99 458 1-00
4 —4 162 4-27 3°09 444 313 462 3°17 481 3-21
—8 = 436 665 4'5¢ 6-74 472 6-81 —
—1 42-00 305 0-085 3-17 0084 3-24 0-084 331 0-083
—2 946 374 0466 3-8 0467 399 o0-469 412 07472
8 —4 2'75 407 174 423 176 439 178 455 179
—4 1-05 424 475 441 480 450 486 477 4091
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The thermal properties are summarized by Table VI. It is interesting to observe that in
contrast to its dependence on salinity and temperature, the thermal diffusivity of ice is not
greatly affected by density changes. In fact for fresh-water ice with the range of densities
encountered in nature the thermal diffusivity can be regarded as independent of density.
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