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Abstract  For impulsive differential equations, we construct topological conjugacies between linear and
nonlinear perturbations of non-uniform exponential dichotomies. In the case of linear perturbations, the
topological conjugacies are constructed in a more or less explicit manner. In the nonlinear case, we obtain
an appropriate version of the Grobman-Hartman Theorem for impulsive equations, with a simple and
direct proof that involves no discretization of the dynamics.
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1. Introduction
We consider the linear impulsive differential equation
¥ =Alt)x, t#m, Az|i—;, = Bix (1.1)
in X = RP, and its perturbation
Y= ARz + f(t2), t#7,  Asher = B+ gi(a). (1.2)

Essentially, impulsive differential equations correspond to a smooth evolution that at
certain times 7; changes abruptly, as for example in a mechanical clock. There are many
applications of these equations to mechanical and natural phenomena involving abrupt
changes. We refer the reader to [14,22] for an extensive list of references.

Assuming that the dynamics defined by (1.1) admits a non-uniform exponential
dichotomy, for sufficiently small perturbations f and g; we show that there exist topo-
logical conjugacies between the dynamics defined by (1.1) and (1.2). This means that
if T(t,s) and R(t,s) are respectively the evolution operators of the two equations, then
there exist homeomorphisms h;: X — X for ¢t € R such that

hioT(t,s) = R(t,s)ohs, t,s€R.

We also show that the map (¢, ) — hi(z) has at most discontinuities of the first kind in
the first variable at the times 7; (this means that the limits when ¢ — 7'1»i exist, although
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they are different). In other words, this is an appropriate version of the Grobman-—
Hartman Theorem for impulsive equations. Our proof is somewhat inspired by the work
of Chicone and Swanson [9] for (non-impulsive) autonomous equations obtained from
perturbing a uniform exponential dichotomy. We emphasize that the argument does not
involve any discretization of the dynamics. In addition, we also consider a certain class
of linear perturbations of (1.1) and we construct topological conjugacies between the
evolution operators of this equation and of its linear perturbations. Our proofs of these
results follow to some extent arguments in [4,6], which already consider the non-uniform
case, although only for non-impulsive differential equations. We refer the reader to [1,2]
for related results for impulsive differential equations in the case of uniform exponen-
tial dichotomies. We note that these works use quite different techniques from ours, most
notably in the case of the Grobman—Hartman Theorem. The arguments concerning linear
perturbations are related to the former work of Palmer in [19].

The problem of whether the linearization of the system along a given solution approx-
imates well to the solution itself goes back to Poincaré, and can be described as looking
for a change of variables that takes the system to a linear one. The original references
for the Grobman-Hartman Theorem are [10-13]. Using the ideas in Moser’s proof of the
structural stability of Anosov diffeomorphisms [16], the theorem was extended to Banach
spaces independently by Palis [17] and Pugh [21]. A version for non-autonomous differ-
ential equations was obtained by Palmer in [18]. Sternberg [24,25] showed that there are
algebraic obstructions preventing the existence of conjugacies with a prescribed higher
regularity (we refer the reader to [7,8,15,23] for related work).

The classical notion of (uniform) exponential dichotomy, essentially introduced by
Perron [20], plays a central role in a substantial part of the theory of dynamical systems.
On the other hand, this notion is too stringent for the dynamics and it is of interest
to look for more general types of hyperbolic behaviour. This is precisely the motivation
to introduce the notion of non-uniform exponential dichotomy in the case of impulsive
differential equations. Indeed, essentially any linear equation ' = A(t)z in a finite-
dimensional space with non-zero Lyapunov exponents has a non-uniform exponential
dichotomy (see [5] for details). Our work is thus also a contribution to the theory of
non-uniform hyperbolicity (we refer the reader to [3] for a detailed exposition).

2. Exponential dichotomies

We consider the linear impulsive differential (1.1), for some m x m matrices A(t) and B;
for each t € R and i € Z, and some jumping times

L T 9 << T 1<0< T <<
satisfying lim;_, 4 7, = £o0,

{card{i €Z:s<T <t}
p = sup

; :t,SER,t>5}<oo7 (2.1)
—s

and
in£|det(1d +B;)| > 0.
1€
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We assume that ¢ — A(¢) has at most discontinuities of the first kind at the times 7;. In
particular, these conditions ensure the existence and uniqueness of global left-continuous
solutions of (1.1) [22].

We write the solutions in the form z(¢) = T(¢, s)z(s) for ¢,s € R, where T'(¢,s) is the
associated linear evolution operator (defined by the former identity). Clearly,

T(t,s)T(s,7) =T(t,r) and T(t,t)=1d

for every t,s,r € R. We say that (1.1) admits a non-uniform exponential dichotomy if
there exist projections P(t) for ¢ € R satisfying

T(t,s)P(s) = P(t)T(t,s), t,s€ER, (2.2)
and there exist constants a,b, D > 0 and ¢ > 0 such that
|T(t,s)P(s)|| < De~et=)*elsl ¢ > (2.3)
and
IT(t, $)Q(s)[| < Dem?Cm0Fell g > ¢, (2.4)

where Q(t) = Id—P(¢) is the complementary projection of P(t). We then define the
stable and unstable subspaces at time t € R respectively by

B(t) = P(0)(X) and F(t) = Q(t)(X).

The following is an example of non-uniform exponential dichotomy in the particular
case when P(t) = Id.

Example 2.1. Given w,a,b > 0, we consider the impulsive equation
¥ = (—~w—atsint)z, t#, Az|y—r, = br. (2.5)

We assume that
w > a+plog(l+b), (2.6)

where p is the limsup in (2.1). The solutions of (2.5) are given by

2(t) = T(t, 5)(1+ D) ie: <ty ),

where
T(t S) _ efthrwerat cost—as cos s—asint+asin s
) - .

Moreover, for each t > s > 0 we have
T(t S) — e(7w+a)(t75)+at(costfl)fas(cos571)+a(sinsfsint)

< l)e(—w+a)(t—s)—%—2as7
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where D = e, Therefore, by (2.1), there exists C' > 0 such that

\x(t)| < CDe(—w+a)(t—s)+2asept log(1+b) |£L'(S)|

— CDef(wfafplog(1+b))(tfs)e(2a+p log(1+b))s |IE(S) | (27)

By (2.6), this shows that (2.5) admits a non-uniform exponential dichotomy with P(t) =
Id for each t € R. Moreover, if ¢t = 2k7 and s = (21 — 1)7 with k,l € N, then

T(t, 8) — e(—w+a)(t—s)+2as.

This implies that in general (that is, for an arbitrary sequence 7;) the exponent 2a +
plog(1+4b) in (2.7) cannot be made smaller by taking the constants D and w—a sufficiently
large.

3. Conjugacies under nonlinear perturbations

Now we consider the perturbed equation (1.2), where the functions f: R x X — X and
gi: X — X satisfy f(¢,0) = 0 for each t € R, and ¢;(0) = 0 for each i € Z. We assume
that f is piecewise continuous in ¢ at most with discontinuities of the first kind at the
times 7;, and that there exists a constant 6 > 0 such that

1F(t @) = f(t.y)ll < de™* min{1, |lo — y|l} (3.1)

and

lgi (@) = gi(w)ll < Se™* ™ min{1, o —y|} (3-2)

for each t € R, ¢ € N and z,y € X. Under these assumptions, provided that J is
sufficiently small, (1.2) has global left-continuous solutions. We denote the corresponding
evolution operator by R(t,s) for ¢,s € R.

We denote by X" the space of functions n: R x X — X at most with discontinuities of
the first kind in the first variable at the times 7;, such that

In]le := sup{e||ne[loc : £ € R} < 400, (3-3)
where n; = n(t,-) and
1tlloo = sup{[[ne(@)]: = € X}.
We note that X' is a Banach space with the norm ||| in (3.3).
Now we establish the existence of topological conjugacies between the solutions of (1.1)
and (1.2). Given v > 0, we set

r, = sup E e VIt

teR ez

Theorem 3.1. Assume that (1.1) admits a non-uniform exponential dichotomy with

e < min{a,b}. If § in (3.1) and (3.2) is sufficiently small, then there exists a uniquen € X
such that

hioT(t,s) = R(t,s)ohs, t,s€R. (3.4)

Moreover, hy = Id 4+ is a homeomorphism for each t € R.
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Proof. We separate the proof into several steps. Set
Ult,s) = P(OT(t,5) and V(t,s) = QU)T(t,5),
with P(t) and Q(t) as in (2.3) and (2.4). We define an operator F in X by

t

F(n)(t,z) = / U(t,u)f(u, T(u,t)x + n(u, T(u,t)z)) du

— 00

+ 3 Ut 79T (i, )z + (7, T, )

— /too Vt,uw) f(u, T(u,t)x + n(u, T(u, t)x)) du

= V() gi(T(mi )z + (7, T(7i, ). (3.5)

t<Ti
Lemma 3.2. The operator F' is well defined and F(X) C X.
Proof. By (2.3) and (2.4) we have

/ 1O w1 (u, T (w, )z + n(u, T (u, t)z))|| du

— 00

+ ) U@ 9T (s )z + (73, T (i 1)) |

+ /too IV (&l -1 (s T (u, ) + 0w, T(u, t)2)) || du

+ Y VT - 9T (s t)a + (7, T(ris t)a)|

t<T;
t

<D / e~at=wrtelul| £y Tu, )z + n(u, T(u, t)z))|| du
— 00

+D Z efa(tfri)+s|r7;\

T <t

gi(T (i, t)x + (7, T(7i,t))) ||

+D / o~ b= telul|| f (u, T(u, £z + n(u, T(u, t)z))|| du
t

+D Z e—b(Ti—t)+5|7'i|

t<T;

gi(T(7i, ) + (7, T, t)z)) ],

and hence

e sup || F(n)(t,2)|
zeX

t
< Db / o(—ate)t—u) g2elul g=2¢lul gy,

+D§ Z e(7a+6)(t7’ri)626\’ri|6725\7'i|

T <t
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o0
+D5/ e—(b—a)(u—t)628|u\e—28|u\ du
t

+ Do Z o~ (b=8)(Ti—t)  2e|7i| ,—2¢|Ti]

tg‘l'i

1 1
= D6( +ree+——+ rbg) < 400.
a—¢ b—e¢

This implies the desired statement.

Lemma 3.3. Identity (3.4) holds if and only if F((n) = n.

Proof. We first assume that the identity (3.4) holds. Since h; = Id +n;, we can rewrite

(3.4) in the form
Id +n = R(t,s) o hs 0 T'(s,1).

On the other hand, by the variation-of-constants formula we have

(3.6)

R(t, s)(x) :T(t,s)a:—i-/ T(t,u)f(u, R(u, s)(z)) du+ Z T(t, 7;7)gi(R(;, s)x). (3.7)

s<Ti<t
Using again (3.4), we can thus rewrite (3.6) in the form

ni(x) = R(t, ) (hs(T(s,t)7)) —
=T(t, s)hs(T(s,t)x) + / T(t,u)f(u, R(u, 8)(hs(T(s,t)x))) du

+ > T(t,7)gi(R(ri,5) (ha(T(s,t)2))) — 2

= (¢, $)na(T(s, 1)) + / T(t, u) f (u, ho (T (u, 1)) du

+ > Tt gihe (T, 1))

s<Ti<t

Applying P(t) to (3.8) yields

P(t)n(x) = U(t, S)US(T(s,t)w)Jr/ U(t, u) f(u, ho(T (u, t)x)) du

£ Y U ) (T, 1)),

s <t
Since n € X, it follows from (2.3) that, for ¢ > s,
Ut 8)ns(T (s, )) || < De= = F< o < Dem®¢=jy..

Therefore, taking the limit in (3.10) when s — —oo we obtain

t

P(t)ym(x) = / U(t,w) f(w, hy (T (u, t)x)) du + Z U(t, 77)gi(hry (T (15, )T)).

- T <t
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On the other hand, applying T'(s,t) to (3.8) and replacing « by T'(t, s)x we obtain

T(s,t)n:(T(t, 8)x) = ns(x) —l—/ T(s,w)f(w, hy (T (u, s)x)) du

+ Z T(s,7;7)gi(hr, (T (75, 8))). (3.12)

s<T; <t

Applying Q(s) to (3.12) yields

Q(s)na(x) = Vs, Oy (Tt 8)z) — / V (s, ) f (s b (T, 8)2))
= Y Vs, mH)gilhn (T(r9)2)). (3.13)

s<Ti<t
Since n € X, it follows from (2.4) that for ¢ > s,
1V (s, (T8, s)a) | < De™ =+l |l o < De™=) ] .
Therefore, taking the limit in (3.13) when ¢ — 400, we obtain

Q(s)ns(z) = — /OO Vi(s,u) f(u, ho(T(u, 8)2)) du = Y V(5,7 gi(hr, (T(73, 8)1)).

ST
(3.14)
In view of (3.5), it follows from (3.11) and (3.14) that

F(n)(t,x) = P(t)m(x) + Qt)m(x) = ne(x) = n(t, ).
Now we assume that F(n) = 7. Replacing (¢,z) by (¢,T(t, s)z) in (3.5), we obtain
n(t, T(t,s)x)

- / U () £ (u, R (T, 5)2)) du+ 3 Ut 770)gi (e, (T3, 5)2))

- i<t

— [V T $)2) du 3V (T, 9)2)

t<T;

= T(t, s)a(x) + / Tt u) f (0, b (T, $)2)) du+ S Tt 7 )gi e (T 5)2)),

which thus yields
he(T(t,s)x) = T(t, s)x +n:(T(t, s)x)
= Tt ha(a) + [ Tt 0 (0ol (0 5)2) du

* Z T(t,7;5)gi(he,(T(7:, 5)1)).

s<Ti<t
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Moreover, by the variation-of-constants formula (see (3.7)), we have

R(t,s)(hs(z)) ZT(t>8)hs($)+/ T(t, u) f(u, R(u, $)hs(z)) du
+ Z T(t,7;7)gi(R(i, 8)hs(z))

s<Ti<t

We note that h¢(T'(t, s)z) and R(t,s)(hs(x)) satisfy the same variation-of-constants for-
mula and coincide for ¢ = s. Therefore, they are the same, and identity (3.4) holds. This
completes the proof of Lemma 3.3. O

Lemma 3.4. Provided that ¢ is sufficiently small, there exists a unique n € X satis-
fying F'np = .

Proof. It is sufficient to prove that the operator F' is a contraction. For each n,£ € X
we have

F(n)(tﬂf) - F(g)(hl‘)
= / U(t,w)[f (u, T(u, t)x + n(u, T(u,t)x)) — f(u, T(u,t)x + &(u, T (u, t)x))] du

+ Z Ut T(ri, t)x + (7, T(7i, t)x)) — 9:(T(7i, )2 + & (7, T(7i, 1))

- /OO V(t, w)[f (u, T(u, t)x + n(u, T(u,t)z)) — f(u, T(u,t)z + &(u, T'(u, t)x))] du

- Z V Tla )l‘ + n(TiaT(Tiat)x)) - gi(T(Tivt)x + g(TiaT(Tiat)x))]'

t<Ti

It follows from (3.1) and (3.2) that

Hf(uv T(ua t)[L’ + 77(% T(uv t)l‘)) - f(uv T(uv t)(ﬂ + E(uv T(uv t)x))”
< 8e= M In(u, T(u, )z) — E(u, T(u, t))|

and

i (T (7i, t)x + n(7, T(7i,t)x)) — (T(Tu t)x + &(ri, T (73, t)x)) ||
de E‘TZIH,'?(T“ (T,“t)l')—5(7'“T(T,“t)il')||

Using (2.3) and (2.4), we thus obtain
cF ()¢, 2) — FE(E, )|
Dé/ —ate)t=weelul ||y, T(u, t)a) — &(u, T(u, t)z)| du

+ DS Z e 7a+6)(t7‘ri)e€\’ri|

T <t

n(Tia T(Tiv t)x) - E(Tiv T(Tiv t)x)H
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oo
+Ds / (Dl iy, Tu, ) — €(u, T, £)2)]| du
t

+D§ Z e(7b+s)(Ti7t)es|Ti|

thi

(i, T(7i, t)a) — §(7i, T(7i, t)) |-
Taking the supremum in z yields

el sup PACICEIERAIII]

+ DS Z e 7a+6)(t7‘ri)es\’ri|

T <t

Nry — &T'i, HOO

+ D5/ e(—bte)(u—t)geful 170 — Eulloo du
t

+ D§ Z e(7b+5)(ri7t)es|‘ri\

t<T;

Nry — fn”oo

1
D5<+ra 5+b + 7 s)lln €lle-

Finally, taking the supremum in ¢, we obtain

P = FOll < D32 + et 2=+ )=l

Therefore, for § sufficiently small, the operator F' is a contraction in X. O

It remains to show that the functions h; = Id +n; are homeomorphisms. This can be
established following arguments in the proof of Theorem 1 in [6]. For completeness we
sketch the argument.

We first note that for each y € X and ¢ € R, the equation h;(z) = y has a solution of
the form x = y + z if and only if z = —n(y + 2). By the Brouwer Fixed-Point Theorem
applied to the ball of radius ||7:||o there exists z satisfying z = —n;(y + z), and thus h; is
surjective. To show that h; is injective, we observe that if z,y € X satisfy h:(z) = he(y)
for some ¢t € R, then

R(s, 1) (he(z)) = R(s, 1) (he(y))
for every s € R. By (3.4) we obtain hs(T(s,t)x) = hs(T(s,t)y), and hence

T(s,t)(x —y) = =[ns(T(s,t)x) = ns(T (s, )y)]- (3.15)

The right-hand side is bounded in ¢ and s. On the other hand, if x — y # 0, then either
Pt)(x—y) #0or Q(t)(x —y) # 0, and thus the left-hand side of (3.15) is not bounded
in t. This contradiction shows that x —y = 0, and hence h; is injective for each ¢ € R.
Finally, since h; is continuous and invertible, it follows from the Domain Invariance
Theorem that h; is a homeomorphism. This completes the proof of Theorem 3.1. |
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4. Conjugacies under linear perturbations

This section is dedicated to the construction of conjugacies between the evolution oper-
ators defined by two linear differential equations. For this we need a stronger version of
dichotomy. Namely, we say that (1.1) admits a strong non-uniform exponential dichotomy
if there exist projections P(t) for ¢ € R satisfying (2.2), and constants ¢ > a > 0,
d>b>0,D >0 and ¢ > 0 satisfying the inequalities (2.3) and (2.4), as well as

IT (¢, s)P(s)]]
IT(t, 5)Q(s)|

Now we consider the linear impulsive differential equations (1.1) and

Dcc(sft)+s|s|’ s,

t
t

A\VARV/AN

<
< l)ed(t—s)—‘ra\s|7 s.

=At)x, t#m,  Az|—,, = Bz, (4.1)

for some m x m matrices A(t) and B; for each t € R and ¢ € Z. In addition to the
hypotheses in §2, we assume that ¢ — A(t) has at most discontinuities of the first kind
at the times 7;. We shall always assume that (1.1) and (4.1) admit strong non-uniform
exponential dichotomies in R. Without loss of generality we take the same constants a, b,
¢, d, D and ¢ for the two dichotomies. Let also T'(t, s) and T'(t, s) be evolution operators
associated respectively to (1.1) and (4.1). We consider the corresponding projections P(t)
and p(t), as well as the corresponding stable and unstable subspaces

E(t)=Pt)X and F(t)=Q(t)X,
and R
E(t)=P(t)X and F(t) = Q(t)X,
nd

where Q(t) = Id — P(t) and Q(t) = Id — P(t) for each t € R. We note that X = E(t)®F(t)

for each t.

Theorem 4.1. Assume that (1.1) and (4.1) admit strong non-uniform exponential
dichotomies, and that dim E(t) = dim E(t) for some t (and thus, for all t). If min{a, b} >
2¢, then there exist homeomorphisms hy: X — X for t € R such that

hioT(t,s) =T(t,s)ohs, tseR. (4.2)

Proof. We first explain how the result can be obtained by constructing separately
conjugacies for the stable and unstable components. Namely, let us assume that we have
constructed homeomorphisms h; : E(t) — E(t) for t € R such that

hi oT(t,s) =T(t,s)oh; on E(s), t seR, (4.3)
and homeomorphisms h; : F(—t) — F(—t) for ¢t € R such that
hi o S(t,s) = S(t,s) o hf on F(—s), t,s€R. (4.4)

We note that the homeomorphisms h;" can be obtained repeating the construction of the
homeomorphisms h; replacing T and T', respectively, by the evolution operators S(t, s) =
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T(—t,—s) and S(t,s) = T'(—t, —s) (this corresponds to reverse the time direction, thus
transforming the expansion along the unstable subspaces into contraction, as in the case
of the homeomorphisms h; defined on the stable subspaces). One can easily verify that
for each t € R the map h;: X — X defined by

he(z,y) = hy (@) + 154 (y),  (2,y) € E(t) x F(1) (4.5)

is a homeomorphism. Furthermore, the identities in (4.2) follow readily from (4.3)
and (4.4).

Now we proceed with the construction of the homeomorphisms h; . We follow closely
arguments in [4], and thus we only sketch the construction (referring to that paper for
details). For simplicity of the exposition we assume that P(t) = P(t) = Id for each t € R,
in which case E(t) = E(t) = X for each t € R. This corresponds to the assumption
that the dichotomy only exhibits contraction. The general case can be obtained with
straightforward modifications. Again, for simplicity of the exposition, we shall write h;
instead of h; (although when E(t) = E(t) = X it follows readily from (4.5) that indeed
hy = h; ).

For each t € R and x € X, we set

alt,2) = / |7 (¢ + 7, )] dr.
0

It follows from (2.3) that the function ¢ is well defined (recall that we are only considering
the stable direction). Furthermore, we have

o0

q(t,T(t,s)x):/Ooo ||T(t—|—7',s)x||d7':/t 1T (u, )z du,

and thus, for 2 # 0 the function ¢ — ¢(¢, T(t, s)x) is strictly decreasing. One can also
show that

q(t,T(t,s)x) =0 when ¢t — 400
and that
q(t, T(t,s)x) = 400 when t — —oo.

Therefore, for each s € R and € X \ {0} there exists a unique time ¢ = 7, , € R such
that q(t,T(t,s)x) = 1.
For each t € R, we define a map h;: X — X by

T}t, ) (e e
q

(Tt,xa T(Tt,x; t)x)
0 if x =0,

ht(.’ll) =

where -
it ) :/ Tt + 7 D)z dr.
0
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These maps are precisely the desired conjugacies. Let us sketch the argument. For y =
T(t,s)x and T = 7, we have

q(r,T(7,8)x) = q(7,T(7,t)y) = 1.

Therefore, 75, = Tty = T 7(t,5)2 (in view of the uniqueness of each of these numbers),
and we obtain

T(t, 7, 7(t,5)2) T (Te,1(t,6)2, T (L, 8)
Q(Tt,T(t,s):m T(Tt,T(t,s)ma 5)13)

T(t, Ts.2)T (T o, $)

(Ts,2, T (Ts,2, S)x)

T(s7 To.w)T (Ts 0, $)T

(75,0, T(Ts 3, 8)x)

=T(t,8)hs(x)

he(T(t,s)x) =

>

for each t, s € R. This establishes (4.2).
Repeating arguments from [4] we can establish the following two lemmas.

Lemma 4.2. For each t € R the function h; is continuous at 0.

Lemma 4.3. There exists a continuous function K: R x (X \ {0})? — R such that,
for every t € R and x,Z € X \ {0},

|Tt7$ - Tt@‘ < K(t,l‘,f)”.ﬁ - j”

By Lemma 4.3, the function = — 7, is locally Lipschitz (and thus continuous) in
X \ {0} for each fixed t.

Lemma 4.4. For each t € R, the function x — §(7¢ 4, T (T4, t)x) Is continuous on

X\ {0}
Proof of Lemma 4.4. Take z,Z € X \ {0} and write
T="Tp and T =Tz

Let also
y=T7)T(r,t)z and §=T(t7)T(7,t)z.

We have

oo

§(r. T(r,t)7) = 4(r. T(r, t)y) = / T B 4wty du = / 17z, tyy]| dz

T

and

(7, T(7,1)Z) = / SR 7] ds.
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To prove that the function z — §(7, T(7, t)z) (with 7 = 7, ;) is continuous, it is sufficient
to find continuous functions Ky = K4(t,7) and K5 = K5(t,x,Z,y, T) such that

Z = 1q(r, T(r,t)x) — ¢(7, T(7,1)7)| < Kallz — 2| + Kslly — |- (4.6)

Indeed, since the jumps in (1.1) and (4.1) are the same, the function z — y =
T(t,7,4)T (74,2, 1)z is continuous for each t € R. Therefore, the desired statement follows
from (4.6). On the other hand, inequality (4.6) can be obtained by repeating arguments
in [4]. O

The continuity of each map h; follows immediately from the above lemmas.
The inverse of h; is obtained as follows. For each t € R, we define a map ¢g;: X — X
by

T(t,7)T(r,#)T(#,t)x
he(ge(z)) = = , 4.7
) = G T D at, T, D) o
where 7 = 7(t, g:(x)) and 7 = 7(¢, z). Now we observe that
T(t, #)T(7,t)z q(r, T(r, 7)1 (7, t)x)
=q(1,T(7,t)g:(x)) = q| 7,T(T, = = = , 4.
L= T o) = o 70 TEDEEI) A HEIEEID - 1

and thus R
f(r) == q(r, T(r,")T(7,t)x) = q(7, T(%,t)x).

Proceeding as for 7; ;, one can show that for each o > 0 there exists a unique real number
7 such that f(7) = a. Since f(7) = q(7,T(7,t)z), it follows from uniqueness that 7 = 7.
Proceeding in a similar manner to that in (4.8) and using the fact that 7 = 7, we obtain

i T, gy () = q(t, ZI?(T, t)x) (j(f' T(A,t)x) _ Al 7
d (r,0)9u(@)) q(r, T (, t):z:) q(r, T(T t)yx)  q(r,T(7,t)x)

and it follows from (4.7) that

hi(g(x)) =

[(t, 7)T(r, t)x
§(7, T(7,0)gs(2))a(r, T(r, t))

This shows that g; is the inverse of h;, which completes the proof of the theorem. O
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