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1. Introduction. There is considerable l i te ra ture con
cerning the century old resul t that for a rb i t ra ry positive in tegers 
a and m , 

; j , m / d A , , x 

(1.1) S ji(d) a ' s 0 (mod m), 
d | m 

where fi(m) is the usual Mobius function. For ear l ie r work on 
this we refer to L . E . Dickson [4, pp. 84-86] and L. Carlitz [1 ,2] . 
Another reference not noted by the above authors is R. Vaidyana-
thaswamy [6], who noted that the left member of (1. 1) r ep resen t s 
the number of special fixed points of the m th power of a ra 
tional t ransformation of the n th degree . Recently Carlitz [ l , 2] 
considered a generalization of (1.1) and obtained necessary and 
sufficient conditions for the congruence 

(1.2) 2 |±(d) g(m/d) = 0 (mod m) 
d | m 

to hold, where g(m) is an a rb i t ra ry ar i thmetic function. This 
in turn was further generalized by P . C. McCarthy [5] who ob
tained necessary and sufficient conditions for the validity of the 
congruence 

. S Hi(d) g(m/ k) 5 0 (mod m) 
d |m 

where k > 1 is a given integer . 

It is the purpose of this note to consider these resul t s in a 
more general setting and ra ise the question: Given two ari th
metic functions f(m) and g(m) , of which the former is mul t i -
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plicat ive, under what conditions does the congruence 

(1.3) 2 f(d) g(m/d) = 0 (mod m) 
d | m 

hold for all positive integers m ? We obtain necessa ry and 
sufficient conditions for (1.3) to hold, from which the resu l t s 
of Carli tz and McCarthy re fer red to ea r l i e r follow as special 
c a s e s . 

2. Throughout what follows we assume that f(m) and 
g(m) a re in tegra l valued. We write F(m) for the left member 
of (1 . 3) and r eca l l the well known fact that F(m) is mult ipl ica
tive provided both f(m) and g(m) a re so, but that" this no 
longer holds if only f(m) is mult ipl icat ive. It follows that if 
both f(m) and g(m) a re multiplicative, (1.3) holds if and only 
if we have 

a _ a 
(2.1) F(p ) = 0 (mod p ) for all p r imes p and all in tegers 

a > 0 . 

If f(m) alone is multiplicative and g(m) is note, the condition 
(2.1) is st i l l obviously necessa ry for the validity of (1.3) for 
all m , but is no more sufficient, as can be seen, for example, 
on setting 

f(m) = u(m); g(l) = 1, g(n) = n 2 + 1 (n > 1). 

However we have the following 

THEOREM 1. If g(m) is multiplicative, the congruence 
(1 . 3) holds for all positive integers m if and only if for all 
p r i m e s p and all positive integers a and b with (b, p) = 1 
we have 

a 
(2.2) 2 f ^ ) g(p a" tb) = 0 (mod p a ) . 

t = 0 

Proof. To prove the lfifn part , we can assume that 
m > 1 since (1 . 3) holds tr ivial ly for m = 1 . Let p be a 

p r ime divisor of m and p J| m , so that we can write m = p n 
where (p, n) = 1 . We have 
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F(m) = S S f ^ d ) g ( p a " t n / d ) 
d | n t = 0 

= 2 £(d) 2 ffp*) g ( p a " t n / d ) . 
djn t = 0 

Since (p, n/d) = 1 , the inner sum = 0 (mod p ) on using (2.2) . 
Using a s imilar argument for each pr ime divisor of m we ob-
tain F(m) - 0 (mod m) , as is to be shown. 

We next assume (1.3) to hold for all m and derive (2.2) . 
F i r s t we observe that, f(m) being multiplicative, f(l) 4 0 and 

-1 
the (Dirichlet) inverse function f (m) exists and is completely-
character ized by the p roper t i e s : 

-1 
i) f (m) is multiplicative; 

ii) for all p r imes p and all integers a :> 0 , 

,2.3, „.iv»=tfo«p')î4h."), {i: La;ô • 

Recalling the definition of F(m) we have 

g(m) = 2 F f d ) ? 1 (m/d) 
d |m 

a 
for all m > 0 . Setting, in par t icular , m = p n where p is an 
a rb i t r a ry pr ime, n an a rb i t r a ry integer > 0 p r ime to p and a 
an a rb i t r a ry non-negative integer, one obtains, on using the 

- 1 
multiplicativity of f (m) . 

a 
g(pan) = 2 f i ( p a - t ) 2 Ffo'd) f ± (n/d). 

t = 0 djn 

, a-1 
Using s imilar relations for g(p n), . . . , g(n) , we have 

a a a-1 
(2.4) 2 V ) g(p a _ tn) = 2 Up1) 2 f 1 ( p a " t " K ) 2 F(pKd)f1 (n/d) . 

t = 0 t = 0 K=0 d | n 
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Rearranging the t e r m s , the right member becomes 

2 (f - f 1 ) ^ ) 2 F l p ' ^ d l f S n / d ) 
t = 0 d | n 

which, in view of (2. 3), reduces to 

2 F ( p a d ) f 1 ( n / d ) . 
d |n 

Since by assumption (1.3) holds for all m , we have F(p d) = 
a a 

0 (mod p ) , showing that the left member of (2 . 4) is = 0 (mod p ) 
and thus completing the proof of the theorem. 
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