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1. In t roduc t ion . In 1957, M o r d e l l [3] proved 

THEOREM. If p is an odd p r i m e t h e r e ex i s t non-nega t ive 
3/4 

i n t e g e r s x, y < A p log p , w h e r e A is a pos i t ive abso lu te 
cons tan t , such that 

2 2 
(1 .1) ax + by = c(mod p) , 

p rovided (abc, p) = 1 . 

Recen t ly Smith [5] has obtained a sha rp a sympto t i c fo rmula for 
the sum S { r ( n ) : n <_ X , n = c(mod k)} w h e r e r(n) denotes the 
n u m b e r of r e p r e s e n t a t i o n s of n as the sum of two s q u a r e s . As an 
app l ica t ion of the a sympto t i c f o r m u l a for this sum, he deduced 

THEOREM. Jï k is an odd in t ege r , containing only a bounded 
3/4 

n u m b e r of f a c t o r s , t h e r e ex i s t non-nega t ive i n t e g e r s x, y < B k 
w h e r e B is a pos i t ive abso lu te cons tan t , such that 

2 2 
(1 .2) x + y = c(mod k) 

p rov ided (c , k) = 1 . 

This s h a r p e n s M o r d e l l ' s r e s u l t when a = b = 1 and k = p . 
It is the p u r p o s e of this paper to g e n e r a l i z e Smi th ' s r e s u l t to the c a s e 

2 2 
of the cong ruence ax + by = c(mod k) . We use an en t i r e ly d i f ferent 
method f rom that of Smith . We apply an idea due to T ie t ava inen [7] . 
We p rove 

THEOREM. Jf k is an odd in teger t h e r e ex is t non-nega t ive 
3/4 1/2 

i n t e g e r s x, y <C C k d(k) , whe re C is a pos i t ive absolu te 
cons tan t and d(k) denotes the n u m b e r of d i v i s o r s of k , such that 

*Th i s r e s e a r c h was suppor ted by NRC Gran t A-7233 , 
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2 2 
(1 .3 ) ax + by = c(mod k) , 

p rov ided (abc , k) = 1 . 

S m i t h ' s r e s u l t i s the s p e c i a l c a s e a = b = 1 , d(k) bounded . 

2 . Nota t ion . We let 

3 /4 1/2 
(2 .1 ) h = [ D k ' d(k) ,L\ + 1 , 

w h e r e D > 0 is defined by 

2 °° 1 
(2 .2 ) D = S d = l d 3 ' 2 

Clea r ly h >; 1 and k i s supposed to be l a r g e enough so tha t 
1 

h <, - T (k - 1 ) . F o r any in t ege r x we let N(k, x) denote the n u m b e r 

of so lu t ions (u , v) of 

(2 .3 ) u + v = x ( m o d k) , 

with 

(2 .4) 1 < u < h , 1 < v < h . 

C l e a r l y 

k " d 2 
(2 .5 ) 2 N ( k , x ) = h . 

x=0 

F o r any r e a l n u m b e r u we w r i t e 

(2 .6 ) e(u) = exp(2 IT i u) 

and it i s we l l known that for any i n t e g e r r we have 
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k-1 / . f 1 , if r a O(mod k) , 
(2.7) i 2 e - 1 = J k r o \ . k / 1 ° . if r # O(mod k) 

We a l so define for a r b i t r a r y i n t e g e r s r and s : 

x=l ' 

k -1 / 2 
(2 .8) M ( k , r ) = S N(k, x) e 

x=0 

h 
(2 .9) A ( k , r ) = 

k -1 / 2 N 

(2 .10) T ( k , r , s ) = S e f * k
+ S X 

(2 .11) S ( k , r ) = T(k , r , 0) , 

(2.12) K(k,r,s) = V e ( ! k + j [ ^ Y 
x=l \ k / 

(x ,k)=l 

w h e r e [ x , k ] deno tes the unique in teger m sat isfying 

(2 .13) x m = l (mod k ) , 1 < m < k - 1 , for (x , k) = 1 

The s u m A(k, r ) (cons idered by TietaV&inen [6] when k is p r i m e ) 
s a t i s f i e s 

k " 1 2 
(2 .14) 2 | A ( k , r ) | = kh . 

r = 0 

The s u m s T(k , r , s) and S(k , r ) a r e Gauss i an sums and it is wel l 
known that (see for example [2]) 

( 0 , if s £ 0 (mod d) , 
(2 .15) T ( k , r , s ) = ^ , v 

l d T d ' d ' d ' lf S S ° < m o d d > > 
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w h e r e d = (k , r ) . Also if (k , r ) = 1 , wi th k odd, we have 

(2.16) T (k , r , s ) = e f ' f 4 ' k V S ^ ' k ] ) S(k,r) 

and ( see for example [4]) 

4 ( k " d ) 1/2 
(2.17) S ( k , r ) = ( - ) i k l c 

k J 

r 
w h e r e (—) is the Jacob i s y m b o l . F i n a l l y K ( k , r , s ) i s the K l o o s t e r m a n 

k J 
sum, which E s t e r m a n n [ l ] has shown s a t i s f i e s 

(2 .18) | K ( k , r , s ) | < d(k) k 1 / 2 ( r , s , k ) 1 / 2 

This e s t i m a t e is a consequence of the work of Weil [8] , 

3 . Idea of proof . The idea of the proof is to show that 

k - 1 
(3 .1) S N ( k , x ) N ( k , y ) > 0 . 

x, y=0 
2 2 

ax + by =c (mod k) 

This r e s u l t i m p l i e s that t h e r e ex is t i n t e g e r s x and y (0 £ x, y £ k - 1) 
such that 

2 2 
(3 .2) ax + by = c (mod k) 

and 

(3 .3) N ( k , x ) > 0 , N ( k , y ) > 0 . 

The condi t ions (3 .3) imply the e x i s t e n c e of i n t e g e r s u, v, u ' , v1 such 
that 

3 1 4 
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k-4 
(3 .4) 1 < u , v , u ' , vf < h < — 

and 

(3 .5 ) u + v = x , u' + v1 = y (mod k ) 

Hence 

and so 

(3.6) 

| x - (u + v ) | < k - 1 , |y - (u* + v ' ) | < k - 1 

31A 1/2 314 1/2 
< " 0 < x = u + v < 2 h = 2[Dk ' d(k) ' ] + 2 < Ck ' d(k) ' , 
i 

,! 3 / 4 1 / 2 3 / 4 1 / 2 
0 < y = u' + v» < 2h = 2[Dk ' d(k) ' ] + 2 < Ck ' d(k) ' , 

for a su i t ab le pos i t ive abso lu te cons tan t C <_ 2 73 + 2 . This is the 
r e q u i r e d r e s u l t . 

4 . Proof of t h e o r e m . F r o m (2.7) we have 

f 2 2 
k - 1 ,• 2 , , 2 . > ! k , if ax + by = c (mod k) , 

s J (ax + by - c ) t | = , 
n L k J ] 0 , o t h e r w i s e , 

so that 

k - 1 
k S N(k , x) N(k , y) 

x, y=0 
2 2 

ax + by = c(mod k) 

k - 1 k - 1 (. Z , , L K \ 
S N ( k , x ) N ( k , y ) S e l ( a X + ^ ' C ^ > 

x, y=0 t=0 

k - 1 ^ k -1 
( S N ( k , x ) } 2 + S e(ZTLj M ( k , a t ) M ( k , b t ) , 
^ x=0 J t = l > k ' 
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on picking out the te rm with t = 0 . Thus from (2. 5) we have 

(4.1) 
k " d 4 

k £ N(k,x) N(k,y) - h 
x, y=0 

2 2 
ax +by = c(mod k) 

k-1 x 
S e j ^ J M f k , at)M(k,bt) 

t=l l k ^ 

Now 

k-1 
M(k , at) = S N(k , x) e 

x=0 

at x 

1 k-1 h k-1 
- 2 S S e 

x=0 u,v=l r=0 

r(u + v - x) + at x 

v 

so that 

1 k ^ 2 
~ 2 {A(k, r)} T(k, a t , - r ) , 
k r = 0 

k - 1 - c t \ 
2 e ( — : M(k , at) M(k, bt) 

t=l l k > 

k-1 k-1 
~ S A(k, r)} {A(k, s)} T(k, a t , - r ) T(k, b t , - s ) e l ' ^ J 

k d Ik t=l r , s=0 ' 
2 2 

t=l 
(t,k)=d 

k-1 iv - J. k - 1 

~ 2 2 {A(k, r)} 2 {A(k, s)} 2 S e j ^ j T(k, a t , - r ) T(k, bt, - s), 
k d|k r , s=0 

d l r . d l s 
t=l v 

(t,k)=d 

as T ( k , a t , - r ) T ( k , b t , - s ) is zero (see (2. 15)) unless - r = 0 (mod(k , at)) 
and - s = 0 (mod(k , bt)) , that is, unless d | r and d | s , since (ab , k) = 1. 
In this case 

T(k.at.-r) = d T [ * . f . f 
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and 

T ( k . b t . - . ) - d T ^ . ^ . - J 

so that the s u m b e c o m e s 

k -1 _ _ k-1 
(4.2) \ S d2 S {A(k,r)}2 {A(k,s)}2 S e ( " ^ ) T g , f , f ) T ( | 

k d |k r , s = 0 t=l 
d | r , d | s (t, k)=d 

We next change the s u m m a t i o n over t in (4 .2) into s u m m a t i o n over u , 
w h e r e u = t /d , which g i v e s : 

{A'3)t* à / ks"VA(k,r)}2{A(k,s ,}2 v^) T (^ a u '~ i ) T fè~ 
k d | k r , s = 0 u=l / 

(u ,~)=l 

F r o m (2 .16) and (2 .17) the sum over u in (4 .3) is 

d 
L Jz<™\ / - f 4 , k / d l ( - r / d ) 2 Tau, k / d l \ / a u ^ 4 

t ^ \ k/d /M/ u, j i » ! 

i / k ^2 

2 -u,k/dVbu\ ^ " l | - 1 / Z 
•[4,k/d] ( - s /d ) Tbu, k /d1 \ /bu \ . 4 \ d " 7 , k > 

' 6 | k/d Ak/d / V 

w h e r e 

kf i ab \ /k ^ 

2 2 
e = [4a , k/d] A + [4b , k/d] (j) 
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F r o m (2 .18) 

1/2 i 
|K (k /d , - c , - e ) | < d(k /d) (-) ( -c , - e , k / d ) 

as (c , k) = 1 

Hence 

- c t 
k - 1 

S e l - r ^ i M(k , at) M ( k , b t ) 
t=l U 

< 1• S d 2 S | A ( k , r ) | 2 | A ( k , s ) | 
k d | k r , s = 0 

d | r , d | s 

k -1 
^ 2 

< ^ r d " 2 ] Y | A ( k > r ) | 2 ' 
k ' d | k ; r=0 

d | r 

k . 

d(k) 
f d 

^ i S d 1 / 2 i "s |A(k/d,t)|2^ 
d | k t=0 J 

k d k 

J/1 M 3 / 2 T2 ^ ! 

d(k)k h 2 
d k d 

3 /2 

< d(k) k 3 / 2 h 2 D 2 

Thus f r o m (4 .1) 
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k=l 
k 2 N(k,x) N(k,y) > h2 (h2 - d(k)k 3 / 2 D 2 ) > 0 

x, y=0 
2 2 

ax + by = c(mod k) 

3/4 1/2 3/4 1/2 
as h = [D k d(k) ] + 1 > D k ' d(k) . This completes the 
proof of the theorem. 

5. Conclusion. As remarked by Smith [5] it would be of great 
interest to know if the exponent 3/4 of the theorem can be lowered. 
It would also be of interest to know if the method of this paper could be 
adapted to give a corresponding result for the congruence 

i m 
(5.1) ax + by = c(mod k) 

where i > 2 , m > 3 and (abc , k) = 1 
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