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Abstract

Let K,, K, be locally compact hypergroups. It is shown that every isometric isomorphism

between their measure algebras restricts to an isometric isomorphism between their Ll-algebras.
This result is used to relate isometries of the measure algebras to homeomorphisms of the
underlying locally compact spaces.

1991 Mathematics subject classification (Amer. Math. Soc.): primary 43 A 62; secondary 43 A10,
43 A 20, 43 A 22.

During the past forty years there have been many results characterising lo-
cally compact groups in terms of spaces of functions and measures on them.
The aim has been to find complete invariants of the class of locally com-
pact groups in the following sense: the locally compact groups G,, G, are
topologically isomorphic if and only if the corresponding function or mea-
sure spaces E(G,), E(G,) are isomorphic in the appropriate category. In this
context, the development for L (G) began with the papers of Kawada (1948)
and Wendel (1951, 1952); for MI(G) with Johnson (1964) and Strichartz
(1965), and for A(G) and B(G) with Arendt and Canniére (1983) and Wal-
ter (1972). There have been various extensions to spaces of continuous func-
tions and pth-integrable functions, and also variations on the nature of the
isomorphism between E(G,) and E(G,).

In this paper we consider the above ideas in the hypergroup setting. A hy-
pergroup (which we define in detail in Section 1) is a locally compact space
K with a convolution on its measure space M(K) such that (M(K), +, %)
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is a Banach algebra with further convolution-like properties. Familiar ex-
amples include the space of conjugacy classes of a compact group, the space
of double cosets of a locally compact group, and the dual object of a com-
pact group. It is important to adopt the viewpoint that hypergroups have
no algebraic structure of their own; all properties are inherited through the
measure algebra. As such, complete invariants need to be given in terms of
the measure algebra itself.

Notwithstanding the above, we can give useful analogues of the Kawada/
Wendel and Johnson/Strichartz results, by showing that these are in fact
statements about the convolution measure algebra structures rather than being
inexorably tied to the underlying group.

This paper is presented in four sections. In the first we give a defini-
tion of a hypergroup and present some preliminary results. Section 2 will
be concerned with the Kawada/Wendel result, where we identify the isomet-
ric isomorphisms of the (hyper)group algebra Ll(K ) in terms of bipositive
isomorphisms. In Section 3 we show that isometric isomorphisms between
hypergroup algebras are determined by isometric isomorphisms between the
corresponding measure algebras, thus extending the results of Johnson (1964)
and Strichartz (1965) given for locally compact groups. We also prove the
converse of this. Finally in Section 4 we show how isomorphisms between
measure algebras lead to homeomorphisms and other structure preserving
mappings between the underlying locally compact spaces.

1. Hypergroups

Hypergroups made their first appearance in harmonic analysis with the
papers of Dunkl (1973), Jewett (1975) and Spector (1975). While the three
definitions differ slightly the developments are quite similar. We follow that
of Jewett, which has become the standard for the many papers appearing in
this area during the ensuing fifteen years.

1.1. Notation. Let X be a locally compact Hausdorff space. The notation
below will be used throughout the paper.

R,C Space of real and complex numbers, respectively.
C(X), Cy(X), C(X) Space of bounded continuous complex-valued
functions on X, those vanishing at infinity,
and those with compact support, respectively.
M(X) Space of bounded Radon measures on X.
MY(X), M l(X ) Subset of M (X) consisting of those measures
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that are nonnegative, and those that are non-
negative with total variation one, respectively.
supp(u#) Support of u € M(X).
supp(4) J{supp(u): u € A}, where 4 C M(X).

(1]l Total variation norm of x4 € M(X).
e, Point mass at x.

A° Closure of 4 C X.

¢, Indicator function of 4 C X.

2 Empty set.

A Complex conjugate of 4 C C.

In this paper we consider two topologies on M(X), namely the vague topol-
ogy o(M(X), C.(X)), and o(M(X), C(X)) which we refer to as the weak

topology (Jewett (1975) uses the term cone topology). Where nothing is said
to the contrary, it is the weak topology that is intended.

1.2. Hypergroups. A nonvoid locally compact Hausdorff space K will be
called a hypergroup if the following conditions are satisfied.

(i) (M(K), +) admits a binary operation * under which it is a complex
algebra.

(i) The bilinear mapping *: M(K)x M(K) — M(K) givenby (u, v) —
uxv is nonnegative (uxr > 0 whenever u, v > 0) and its restriction
to M*(K)x M*(K) is continuous when M*(K) is given the weak
topology.

(ii) Given x,y €K, ¢, x¢, € M l(K ) and supp(e, * ay) is compact.

(iv) The mapping (x, y) — supp(e, * sy) of K x K into the space of
nonvoid compact subsets of K is continuous, the latter space with
the topology as given in Jewett (1975), Section 2.5.

(v) There exists a (necessarily unique) element e of K such that ¢, +¢, =
e xe,=¢ forall xeK.

(vi) There exists a (necessarily unique) involution (a homeomorphism
x — x of K onto itself with the property (x” )~ = x for all
x € K) such that, for x,y € K, e € supp(e, * ey) if and only
if x=y ,and (u*xv) =v xu forall u,v € M(K), where
i € M(K) is defined by p~ (A4) = u(4™) for Borel subsets 4 of
K,with 4 ={x":x € 4}.

A familiar example of a hypergroup is a locally compact Hausdorff group
G, with M(G) carrying its usual convolution structure. Many examples are
to be found in Dunkl (1973), Jewett (1975), Ross (1977) and Bloom and
Heyer (1982). Harmonic analysis on hypergroups has been given in some
detail in the paper of Jewett (1975). We shall use the more straightforward
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results there without explicit reference. However some of the results that
either we need to refer to reasonably often or are not to be found in the form
we require will be presented below.

For fe C(K), x,y € K, we write

flxey) = [ £de,x8) = £,0) = £ (0

provided the integral exists. It is seen that (x, y) — f(x=*y) is a continuous
function on K x K, and that f,, f* € C(K) for each x € K.
For subsets A, B of K define

A*B=U{supp(8x*ay):x€A, y € B}.

A subset H of K is called a subhypergroup of K if the following three
conditions are satisfied:

(i) H is nonvoid and closed;
(i) H =H;

(iii) HxHCH .

It is apparent that ¢ € H whenever H is a subhypergroup of X .

Let H be a subhypergroup of K. A nonnegative (not necessarily bounded)
Radon measure w on K will be called left H-invariant if ¢, xw = w for all
x € H. In the case where w is left K-invariant, we refer to it as a left Haar
measure on K. If K is compact (Jewett (1975), Theorem 7.2A), discrete
(Jewett (1975), Theorem 7.1A) or commutative (Spector (1978), Theorem
I11.4) then K possesses a left Haar measure. It is not known whether all
hypergroups admit left Haar measures. However if a left Haar measure exists,
it is essentially unique (Jewett (1975), Theorem 5.2). Throughout this paper
we assume that K possesses a left Haar measure, which we denote by w, , or
o if there is no possible ambiguity. We denote by M, (K) the two-sided ideal
in M(K) consisting of those measures absolutely continuous with respect to
w; see Jewett (1975), Theorem 5.6A. Similar considerations hold when left
is replaced by right throughout. A measure that is both left and right H-
invariant will be referred to simply as H-invariant. It should be noted that
a left Haar measure on a compact hypergroup K is also right K-invariant
(Jewett (1975), Theorem 7.2A).

Of particular importance in probability theory are those measures w €
M*(K) satisfying o * @ = w; such measures are called idempotent. Jewett
(1975), Theorem 10.2E has characterised the idempotent measures as Haar
measures of compact subhypergroups of K ; see also Dunkl (1973), Theorem
1.13.

For each f € C(K) we define f~ by f (x) = f(x" ), where x € K.
It is clear that [ f du = [ fdu~ whenever u € M(K). Furthermore
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(M(K), +, *) is a Banach ~-algebra, with the involution given by p™(4) =
u(A”). For each p € [1, co] we can form the Lebesgue space L”(K, w)
which is usually written just as L(K). We shall not distinguish between
L'(K) and its isomorphic image M (K) in M(K).

2. Isomorphisms of LI(K )

Let T be an isometric isomorphism between Ll(Kl) and L‘(KZ) , and
write s(f) = {x € K: f(x) # 0} where f € LI(K). (This support set is
determined up to a null set.) We need the following five lemmas which were
given by Wendel (1951) for locally compact groups. However it should be
noted that the proofs given by Wendel for Lemmas 2.1-2.4 do not depend
on any group structure; the reader is referred to Wendel (1951), pp. 308-309
for these.

2.1. LEMMA. For f, g€ LI(KI), s(f)ns(g) =@ ifand only if s(Tf)N
s(Tg)=2.

2.2. LEMMA. For f, g € LI(KI), s(f) cs(g) ifand only if s(Tf) C
s(Tg).

2.3. LeMMA. For each o-finite subset B of K, there exists f € Ll(Kl)Jr
such that s(Tf)=B.

2.4. LemMa. Let f, g€ L'(K))*. For y € s(Tf) write

K () = TAOITS D)™

and similarly for K, . Then K . =K, a.e. on s(Tf)ns(Tg).

The fifth lemma is essential for relating isometric and positive isomor-
phisms between the hypergroup algebras. We first require the idea of a con-
tinuous character y, which is a nontrivial bounded continuous function sat-
isfying both the product formula y(x *y) = y(x)y(y) and p(x~) = y(x) for
all x,y e K. Wewrite K~ for the set of continuous characters on K . Note
that members of K~ are necessarily bounded in modulus by y(e) =1 (see
Jewett (1975), Lemma 6.3D) but in contrast to the group case could take the

value zero.
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2.5. LEMMA. There is a unique continuous character y with |y| =1 on K,
such that Tf =y|Tf| a.e.on K, forall f¢€ LI(K1)+ (y is real or complex
according to the Ll-spaces).

PrOOF. Let V' be a compact neighbourhood of e, € K, , and using Jewett
(1975), Lemma 10.1C choose an open (and closed) g-compact subhyper-
group H; of K, containing V. By Lemma 2.3 there exists # € L'(Kl)+
such that s(Th) = H,. From h >0 we have ||k ||, = ||4| so that

(1) \Th * Thil, = | T(h k)|, = 1« kll, = [4ll} = \ThIT.

Now
Thx Th(y) = / Th(z)Th(z" *y)dw, (2).
H, 2

Using Lemma 2.4, we have (writing K for the common value)
K=K, =K, ae ons(ThxTh)ns(Th).

As s(Th) = H, is a subhypergroup of K,, s(Th * Th) C H, so that
s(ThxTh) C s(Th). Now as Thx Th = 0 outside s(Th x Th) we have
that Th+ Th = K|Th+Th| on H,, where we have extended K to be K,
on H,. Hence

|Th  Th(y)| = K(»)™" /H Th(z)Th(z™ *y)dwy (2)
and using (1), we have 0
||Th*Th||1=/ K(y)“/ Th(z)Th(z" »y)dw, (2)dwy ()
HO HO
=/ / K) ' K(2)|ThI(2)(KIThI)(z" *y) deoy () doy (v)
HO HO
= | Thl|}
= [ 1T dog ) [ 1TH(z) doy (2)
HO HO
= [ [ ITH@ITH(E ) doy () dog (2)
HO HO

where for the final equality we have used Jewett (1975), Theorem 3.3F. It
follows that as ¢ - * g, is supported in H),

/ / /  K0K®) K@) ThI(x)|Th|(2)
Ho Ho {z }"‘{Y}
de,- x&,(x)dwy (z)dwg (v)

_ /H 0 /H 0 / o [THOITHE) de, -+, (1) deo (2) doog ).
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Since |K(x)K(») 'K (z)| =1 we deduce that K(x) = K(y)K(z)~' with the
equalities holding x-a.e. on {z  } = {y} for almost all y, z. Hence

/ K(x)de,- x£,(x) = K(»)K(z)™
{27 )00}

and K(z~ xy) = K(y)K(z)—1 for almost all y, z € H,. Now choose a
compact set C C H;, of (finite) positive measure, and integrate to obtain

K)o (€)= [ Kp)dog @) = [ K& K@) dog(2)

for almost all y. Since K € L™(K,) and K¢, € L'(K,), Jewett (1975),
Theorem 5.5D shows that the latter expression is a continuous function of
y. Thus K is equal almost everywhere to a continuous function, y, say. By
the above y,(z~ *y) = yo(y)yo(z)_l a.e. on Hy x H,. Appealing to Jewett
(1975), Lemma 3.1A, we see that this equality holds everywhere on Hyx H,,,
and it should also be observed that [yl =1.

We note from Lemma 2.4 that for any f ¢ LI(KI)+ with s(Tf) Cc H,,
Tf =,Tf] ae. on H,. We now extend this result to all of K,. Write
K, =_,{y,} * H, as the disjoint union of left hypercosets of H, (see Jew-
ett (1975), Lemma 10.3A), pick a finite number of them, and write H, for
the open subhypergroup of K, generated by the (finite) union. By Jewett
(1975), Theorem 10.1C, H, is o-compact, and as above we obtain a con-
tinuous character y, with modulus 1 on H,. By Lemma 2.4 for two such
subhypergroups H,, H,, 7, and y| agree on H,NH, > H, sothat y, isan
extension of ¥, . It is easy to see that forany f € LI(KI)+ with s(Tf)c H,,
Tf=y,|Tf] ae.on H,.

Now extend y, to y on K, which by the preceding paragraph is well
defined. Consider any f € LI(K1)+, and since supp(w,) = K, (Jewett
(1975), Lemma 5.1A) the countable number of hypercosets {y,} * H, that
s(Tf) intersects nontrivially (that is, in sets of positive measure). Write

& = Tf'{yn}mH0

and f, = leg,,. Then f =3, f ,and by Lemma 2.1 the sets s(f,) are
pairwise disjoint. Since f >0 sois each f, . Thus

g,)=7,0g,»=r»lg, W), ye{y,}+Hy,

and
Tfy)=yWITf(y)| forallyeK,.

We can now present the main result of this section.
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2.6. THEOREM. Let T be an isometric isomorphism of LI(KI) onto
LI(K2). There is a continuous character y on K, with modulus 1 such
that the mapping P: LI(KI) — LI(KZ) defined by

(P)x) =yx)'Tfx), feL'(K), xek,,

is an isomorphism of LI(KI) onto LI(KZ) satisfying Pf > 0 if and only if
f > 0. The character y is real or complex according to Ll(Kl) , LI(KZ).

ProoF. By Lemma 2.5 there is a (unique) continuous character y of K,
with |y| = 1 such that forall f e L'(K,)", Tf =y|Tf| ae. on K,. With
this choice of y define P as in the statement of the theorem, and for /> 0

(PF)(x) = y(x0) " Tf(x) = |Tf(x)|

so that P carries positive elements of L'(Kl) into positive elements of
L'(K,).

We also have from the proof of the lemma in Bloom (1986) that for f, g €
L'(K,)

P(f+g)=y 'T(f+g) =y "(Tf+Tg)=("'Tf)x(y"'Tg)=Pf+Pg

(note that the lemma is given for commutative hypergroups, but the proof
carries over to the general case by appealing to Dunkl (1973), Proposition
2.2(3) where it is shown that y is constant with value y(x)y(y) on {x}x{y}).
Thus P is an algebra isomorphism of LI(KI) onto Ll(Kz).

It remains to show that f > 0 whenever Pf > 0. Write

f=h-L+ilfi-1)
where f, f,, f5, £, >0 and s(f))Ns(f,) =2 =s(f)Ns(f,). Then
Pf=Pfi-Pf,+i(Pf,~-Pf,)
and since P is an isometry Lemma 2.1 implies that
sS(Pf)Ns(Pf) =2 =s(Pf,)Ns(Pf,).

Now Pf > O implies that Pf, — Pf, = 0, and using the disjointness of
the supports Pf, = P f3 = Pf, = 0 (all three terms are nonnegative). Thus
Pf=Pf and f=f, >0 asrequired.

The algebra isomorphism P introduced in Theorem 2.6 is termed bipos-
itive. We have a converse to Theorem 2.6 for such operators.
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2.7. THEOREM. Let P be a bipositive isomorphism of L;((Kl) onto L;(KZ).
Then P is an isometry.

PrROOF. P and P! are order-preserving hence bounded. Thus as in
Wendel (1951), Theorem 2

2) 0<C < IIPAIL/Ifl, SCy <00, f#0.

Let fe Ll(Kl)+ . Then Jewett (1975), Theorem 5.5L shows that ||/ * f]|, =
If1? and by recursion ||f*"||, = |f|" forall n=1,2,.... Now Pf >0
and P(f*") = (Pf)"", so that by (2)

0<C, <P <Cy<o0,  f#0, n=1,2,....

Thus ||Pf]|, = ||f]l, forall feL'(K,)".
For f € L;((Kl) write f = f, — f, where f|, f, are nonnegative with
disjoint supports. Then
WAl = 1A = Al = 1Al + 140 = 1PAN +IPA,
> ||Pf, = PLll, = IPfI,

and similarly for P! 5o that

A1, = 1P~ A < IPAL < DA

which gives the result.

Wendel (1952), Theorem 1 identified the multipliers of LI(G) as convo-
lution operators, and also (Theorem 3) the isometric multipliers of L (G) as
those convolution operators generated by ye, where x € G and y € C with
|y] = 1. The arguments used by Wendel carry over to hypergroups to give:

2.8. THEOREM. Let K be a hypergroup and T a bounded linear operator
from LI(K ) into itself. Then T commutes with convolution if and only if
there exists a unique measure u € M(K) such that Tf = u=x f for each

felL'(K).

2.9. THEOREM. Let K be a hypergroup and consider the isometry T: Ll(K)
— L‘(K) given by Tf = pux f. Then there exists x € K and y € C with
|7l =1 such that p = ye,.

It should be noted that in contrast to the group case the converse of Theo-
rem 2.9 fails to hold. Indeed consider Example 9.1D of Jewett (1975) where
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the conjugacy class hypergroup of the alternating group on four letters is rep-
resented as K = {e, a, b, ¢}, with hypergroup dual K~ = {1, x, ¥, ¢}
related according to the following table:

e a bl c

111 1 1)1
x |1 1 a | p a =
v |1 1 B«
E|1|-1/3101}0

2ni/3
e /.

=)
I

Then Tf = ¢, + f defines a multiplier of LI(K ) into itself but ¢, & =0
shows that 7 is not norm preserving.

3. Isomorphisms of M (K)

Johnson (1964) metrically characterised the subspace of absolutely con-
tinuous measures in the measure algebra of a locally compact group to show
that for locally compact groups G,, G,, M(G,) is isomorphic to M(G,)
implies the same of LI(GI) and Ll(Gz) . The same result was obtained in-
dependently by Strichartz (1965). We follow Strichartz’ development which
can be adapted to the hypergroup setting.

3.1. LEMMA. For u,v € M(K)
ulv ifandonlyif |u+v|=|u-vl=Iul+Ilvl.

This lemma is proved in Strichartz (1965).

3.2. LEMMA. Ll(K ) is the intersection of all nontrivial closed left ideals 1
in M(K) that satisfy

(3) uel,veMK)andv L A whenever u L A, A€ M(K) implyv € 1.

PrOOF. We first see that LI(K } is a closed left ideal of M(K) satisfying
(3). Indeed that it is a closed left ideal is proved in Jewett (1975), Theorem
5.6B. Also for u € LI(K ) Strichartz (1965) showed that the condition on
v € M(K) that v L 4 whenever u L A is equivalent to v < u; for if
v < u then there exists g € Ll(u) such that v = gu, and u 1L A implies
v 1 A. In the other direction if v L A whenever 4 L A then, in the
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Lebesgue decomposition ¥ = fuu+ A we have as u L A that v L A. Thus
A=v—fulA and hence A =0, so that v = fu <« u. Condition (3) for
L' (K) now follows as the Lebesgue-Radon-Nikodym theorem guarantees that
LI(K ) contains, along with each member, every measure that is absolutely
continuous with respect to it.

It remains to show that any nontrivial closed left ideal I of M(K) sat-
isfying (3) must contain L'(K). Indeed let u € I with u # 0. If (V)

is a basis of compact neighbourhoods at e and k, = w(V;)—léV then
k, e L' nL*®(K), and for each f € C(K)

’/kafdw—/fdse

o)™ [ (f—f(e))dw’

<o) /V f — fle)lde

<o) o,)e=¢
for o sufficiently large, where we have used the continuity of f at e. Thus
k, — &, weakly, and from the continuity of the convolution, k_*u — &, =
. Since u # 0 there exists a forwhich k xu #0,and v =k *p € LI(K) .
Now |v| € v and hence by the first paragraph |v| € I. Let x € supp(|v|)
and write 7 = w({x }* V;)_lé{x_}*,,a . Now by Jewett (1975), Lemma 4.2D

pos(h,) * supp(|v|) = pos(h, * |v|)

where pos(h) = {x: h(x) > 0}. Now x € pos(h ) and x € supp(|v|) so
that e € {x }*{x} C pos(h_ x|v]). Since h_x|v| € C(K) we see that h_x|v|
is strictly positive in a neighbourhood V of ¢.

For o sufficiently large, ¥, ¢ V' in which case k @ <« h_* |v|. For such
o we have k w € I, and since I is a closed ideal and (k,) is in fact an

L (K)-bounded approximate identity it follows that LI(K ycI.

We are now able to give the promised characterisation theorem which is
an easy consequence of Lemmas 3.1 and 3.2.

3.3. THEOREM. Let K, K, be hypergroups, T: M(K,) — M(K,) an
isometric isomorphism. Then T restricted to LI(KI) is an isometric isomor-
phism between L'(K,) and L'(K,).

PROOF. Both T and T~ preserve the property of being a closed left
ideal. We also see that if I is an ideal in Ll(Kl) satisfying (3) then T'(I)

https://doi.org/10.1017/51446788700035102 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700035102

394 Walter R. Bloom and Martin E. Walter [12]

also satisfies (3). Indeed for Tu € T(I), Tv € M(K,), Tv L TA whenever
Tu L TA (recall that T is onto), and by Lemma 3.1

ITv + TA| = Ty — TA| =||Tv| + ITA|.
Since T is an isometry this entails that
v +All = llv = Al = lvll + 1Al
sothat v L A whenever u L A. By (3), v €I and Tv € TI as required.

Similarly if I is an ideal in LI(KZ) satisfying (3) then T_I(I ) also satisfies
(3).

It remains to observe that intersections are also preserved so that by Lemma
3.2, T is an isometric isomorphism of L'(K ,) onto L' (K,).

We can prove the converse of Theorem 3.3 by making use of Wendel’s
theorem for hypergroups.

3.4. THEOREM. Let K|, K, be hypergroups, T: Ll(Kl) — Ll(Kz) an
isometric isomorphism. Then T extends to an isometric isomorphism between
M(K,) and M(K,).

ProOF. Denote by & (LI(K,.) , L’(K ;)) the space of bounded linear op-
erators from L'(K,.) into itself, i =1, 2. Then T extends to an isometric
isomorphism T from Z(L'(K,), L'(K,)) onto Z(L'(K,), L'(K,)) via
TS = TST™' where S € Z(L'(K,), L'(K,)). Also if S commutes with
convolution then so does TS, as can be seen from the chain of equalities

(TS)(f %) = (TST ' )(f*xg) = (TS)(T ™' f+T 'g)=TIS(T™' )+ T 'g]
= (TST ') (f)*g =(TS)(f)*g.

It remains to observe that M(K;) can be identified (isometrically) with the

subspace of Z(L'(K i) L (K;)) consisting of those operators that commute
with convolution; see Theorem 2.8.

4. Isomorphisms of hypergroups

We have already observed that an isomorphism between two hypergroups
is in fact an isomorphism between their measure algebras. However such a
map does lead to a homeomorphism between the underlying locally compact
spaces. We first need to identify the extreme points of the unit ball of M(X),
something that is well known for X compact (see, for example, Dunford and
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Schwartz (1958), Lemma V.8.6, p. 441) or for real measures. However we
can find no explicit reference to the more general result; our proof which is
quite direct is included for completeness.

4.1. LEMMA. Let X be a locally compact Hausdor(f space, M(X) the set
of complex Radon measures on X, and B the closed unit ball in M(X).
Then ext(B) ={ye :x € X, |y|=1}.

Proor. To show the forward inclusion we consider u € ext(B). First
note that ||u|| = 1. Indeed if u =0 then 0= x4’ + L(—p') where ||| <1
shows that 0 cannot be extremal. If u # 0 then u = |jullu + (1 — ||jul)u
would give the same conclusion if |ju]| < 1.

Now suppose there exist x, y € supp(u) with x # y. We can find an
open neighbourhood U of x with U° disjoint from y; and x € supp(u)
shows that [u|(U) > 0. Put u, = ul, and u, = ply\,. Then p=pu +u,
and ]l = [l | + | - Thus

= ||u + |lu
Iy R nuzu

(l#l(X\U) > 0 as y € supp(u)) . Also |lu, || < llull 1 and |lu,|| < llull <1
shows that u cannot be an extreme point of B. Hence supp(u) = {x} for
some x € X, and ||u|| =1 means that u = ye, for some y with |y|=1.
For the reverse inclusion, let x € X, |y| = 1 and suppose ye, = bu, +
(1 —b)u, forsome u,, u, € B, 0 <b < 1. Clearly |u|l = |lu,ll = 1. We
want to show that ye = u, = pu,.
We first show that if 4 € C_(X) vanishes on an open neighbourhood U

of x then
/hdﬂl=/hdu2=0.
X X

We can assume without loss of generality that 4] < 1. Since X isa T33
space there exists k € C(X) such that ||k|| <1, k(x) =1 and kK =0
outside U . In fact by choosing such k with respect to a relatively compact
open subset of U containing x we can further assume that & has compact
support. Now

b/kdu1+(1—b)/kdu2=y/kdsx=yk(x)=
X X X

But |y| = 1 gives that y is an extreme point of the closed unit ball in C.
Since

[ du] < < 1
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for i=1, 2, we can deduce that

y=/kd,ul=/kdu2.
X X

Similarly ||z + k||, < 1 gives the same equalities with & +k replacing k so

that
/kdu1=/hdu2=0.
X X

This shows that x4, , u, vanish on X\{x} and hence supp(u,) = supp(u,) =
{x}. Thus yu, = y,&, and u, = y,¢, for some y ,y, with |y,| =|y,| =1;
and

ve, =bye, +(1-b)ye, = by, +(1-b)y,e,
gives y = by, + (1 —b)y,. Thus y =y, =y, as y is extremal in the closed
unit ball of C, and u, = 4, = ye_ as required.

Now suppose that T: M(K,) — M(K,) is an isometric isomorphism.
Then T(B,) = B,, where B, denotes the closed unit ball of M(K}), i =
1, 2. Clearly T(ext(B,)) = ext(B,). Indeed if u € ext(B,) and Tpu = av, +
(1-a)y, where 0<a <1, v,,v,€B, then p=aT 'v, +(1-a)T 'y,
and ||T_1V1|| <1, ||T_1V2|| < 1 shows that u = T_lu1 = T_lu2 and
Tu=v,=v,. Thus Tu € ext(B,) and T(ext(B,)) C ext(B,). Since T " is
also an isometric isomorphism we have T_‘(ext(Bz)) C ext(B,), and these
combine to give the desired equality.

The above paragraph shows that for each x € K, there exists y € K,
such that Te, = y(x)e, where |p(x)| = 1. We write y = 7(x). As can be
expected t preserves some of the structure of K, and K,. We first need a
result on the vague convergence of measures.

4.2. THEOREM. (a) If (u,) is norm bounded in M(K) and ||(u, — u) *
fll, = 0 forall fe L (K) then p_— u vaguely.

(b) If u,, u € M*(K) with p, — p then |(u,— p)* fll, — O for all
feL'(K).

ProOF. (a) For f € L'(K) and g € C,(K) we have using Jewett (1975),
Lemma 4.2H

(4) /f*g_d(#;—/l—)=/g*f_d(ua—u)=/(ua—y)*fgdw—vo

by the assumption on (x,). Now L' % Cy(K) is dense in Cy(K); indeed
if (kﬁ) is the bounded approximate unit in LI(K ) given in the proof of
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Lemma 3.2 then kﬂ — ¢, weakly, and appealing to Jewett (1975), Lemma
4.2F for g € Cy(K) we have

li;l‘lﬂkﬂ xg—¢,xgl =0

so that kﬂ xgeL'x C,(K) approximates g .

We now use the norm boundedness of () and (4) to deduce that u, — u
on Cy(K) as required.

(b) To prove this we follow the proof of Theorem D(a) given in Granirer
and Leinert (1981). The only part that needs attention is the property that
K, * f — w+ f uniformly on each compact set for f € C (K). But this
has been proved in Bloom and Heyer (1989), Theorem 2.9, and the result is
complete.

4.3. COROLLARY. Every hypergroup K is homeomorphic to {¢,: x € K}
where the latter is given the point-norm convergence topology as a space of
operators on LI(K) Jthatis x, — x ifandonly if |le, x f—e xf||, = O for

all feL'(K).

4.4. THEOREM. The isometric isomorphism T: M(K,) — M(K,) induces
a homeomorphism t: K| — K, that preserves compact subhypergroups.

Proofr. First note that 7 is one-to-one as 7(x,) = 7(x,) implies 7(x1)Taxl
= 7(x2)Tsx2 and Taxl = T(y(xl)7(x2)ex2). Since T is one-to-one &, =
y(xl)7(x2)£x2 , and considering the supports of these two measures we have

X, =X,.
To show that 7 is onto choose y € K, and, since y M(K,) - M(K,)
is an isometric isomorphism, x € K, and a, with |o| = 1 such that

T"ley =o€, . Then
S —
y(x)sr(x) =Te, = T(ayT ay) =0,

and again considering supports we have y = 7(x) (and T_lct(x) =7(x)e,).
Consider x, — x so that by Corollary 4.3, & —& in the point-norm con-
vergence topology. Since 7': M(K,) — M(K,) is a norm-preserving algebra
isomorphism we have || Taxa xTf—T e, *Tf||, = 0. Now appeal to Theorem
3.3 to have that T restricted to L' (K,) is an isometric isomorphism between
L'(K,) and L'(K,) sothat |Te, xg—Te,_*g|l, — 0 forall g L'(K,).
By Theorem 4.2(a) :

y(xa)sr(xa) = Tsxu - Te, =y(x)e

(x)
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in the vague topology. In particular it must be the case that 7(x,) — 7(x) so

that 7 is continuous. Similarly from T_ley = 7(1—1()7))81—1( ) we see that

y
17! is also continuous. Thus 7 is a homeomorphism.

Let H be a compact subhypergroup of K, and write w, for its nor-
malised Haar measure. Then @, is idempotent and

Toy=T(wg+wy)=Twy*Toy

shows that T'w,, is idempotent. We now make use of Lemma 4.5 below to
write 7(H) = 1(supp(wy)) = supp(Twy) which by the continuity of 7 must
be compact. We also have by Jewett (1975), Lemma 3.2G that
©(H) * t(H) = supp(Tw) * supp(Tw,,)
= supp(Twy * Twy,)
= supp(Twy) = 1(H)

and from Corollary 4.6 below t(H) = 1(H ) = t(H). Now appeal to Jewett
(1975), Theorem 10.2F to deduce that 7(H) is a compact subhypergroup of
K.

We can show that y has many of the properties of a character of K. We
first prove a preliminary result.

4.5. LEMMA. For each u € M:(Kl), t(supp(u)) = supp(Tu).

PrOOF. We first note that T is weakly continuous on M*(K) in the sense
thatif u — u then Tu — Tpu vaguely. Indeed by Theorem 4.2(b) for such
anet (u ), |l(un, —u)*fll, -0 forall fe LI(KI) , and as in the proof of
Theorem 4.4, ||(Tu, — Tu)* g, — 0 forall g€ L'(K,) so that (note that
(u,) must be norm bounded) by Theorem 4.2(a), Ty, — Tu vaguely.

Now we use the property that every positive measure g with compact sup-
port can be approximated by a positive discrete measure v with supp(v) C
supp(#) and ||v|| = ||u||. From Te = y(x)e,,, we have

7(x)

Tu=T (/ax dﬂ(x)) = /Tex du(x) = /y(x)sr(x) du(x)

where we have used the weak continuity of 7 proved above. Then choosing
S € C(K,) with support disjoint from z(supp(x)) we have

Tu(f) = / P(6)£(1(x)) dp(x) = 0

so that supp(7Tu) C 7(supp(u)).
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In the other direction, we first note that y is continuous on K, , which fol-
lows immediately from the definition of y and the continuity of 7. Choose
y € t(supp(u)) , so that y = 1(x,) for some x, € supp(u), and a neighbour-
hood V' of x,. Then there exists g € C*(K ;) supported in ¥ such that

u(g) #0. Now f=got"' € C*(K,), and from the continuity of y

Tu(f) = / YOO £(1(x)) dp(x) # 0

provided V is taken suitably small. Thus y € supp(7u) and this completes
the proof.

4.6. CorROLLARY. t({x}*{y}) = {t(x)}*{t(y)} and ©(x") =1t(x)" for
all x,yeKk,.
ProOF. Using Lemma 4.5 we have for x, y € K|,
T({x} x {y}) = t(supp(e, x ¢,)) = supp(T'(¢, x ¢,))
= supp(Te, * Te,) = supp(y(X)7(¥)e, 5y * &)
= {t(x)} * {=(n)}.
For the second equality just take y = x~ to give 7({x}* {x"}) = {7(x)} *
{t(x7)}. Then e, € {x} +{x"} gives e, = 1(e,) € {r(x)} * {r(x")} and
hence 7(x ) =t(x) .

4.7. THEOREM. The function y satisfies y(x*y) = p(x)y(y) forall x,y €
K, . If furthermore Ty~ = (Tu)” forall pe M l(Kl) then y is a character
of K.

PrOOF. Let x, y € K, . Then from the weak continuity of 7
VIV Derx) * ey = T(ex % 8) =T (/ &, de, * Ey(s))

= / Te de, * g,(s8) = /y(s)sr(s) de €,(s).

Choose f € C(K,) such that f=1 on 7({x} * {y}). Then from Corollary
4.6

pe ) = [ Hs)eqo(£)de, x2,(6)
= P(X)P (0 * 8y () = (X7 (¥)-
If Ty~ = (Tw)~ forall ue M'(K,) then

y(x_)sr(x_) =Te - =(Te,) = y(x)at(x)_.
Thus y(x~) = y(x).
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