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Abstract

Functions in the meromorphic Besov, Q , and related classes are characterized in terms of double integrals
of certain oscillation quantities involving chordal distances. Some of the results are analogous to the
corresponding results in the analytic case.

2000 Mathematics subject classification: primary 30D45; secondary 30D50.

Keywords and phrases: meromorphic function, chordal distance, spherical derivative, normal function,
Qp-class, Besov class, Bergman class.

1. Introduction and results

Let H(ID) denote the algebra of all analytic functions in the unit disc D := {z : |z]| < 1}
of the complex plane C. For 0 < p < 0o and —1 < & < 00, the weighted Bergman
space A consists of those f € H(ID) for which

LAIE, 1=/ 1F @17 (1= 12 dA(z) < o0,
« D

where d A denotes the element of the Euclidean area measure on ID. It is well known
that

If = f(O)IIZg Z/D 1 @17 (1 = 12HPH dA(z) (1.1)

for all f € H(D) [5, 9]. As usual, the symbol =~ refers to the asymptotic equality
which means that the quantities in other sides of the symbol are comparable, that is,
their quotient is bounded and bounded away from zero.

Let M (ID) denote the class of all meromorphic functions in . For f € M (D), the
spherical derivative of f at z is defined as f#(z) := | f'(z)|/(1 + | £ (z)|?). The chordal
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distance between the points z and w in the extended complex plane C:=CuU {oo} is

lz — w]

V1+ |z|21\/1 + wf?
V14 z[?

The following result establishes a partial analogue of the asymptotic equality (1.1) for
functions in M (D).

if 7, w # 00,

x(z, w) =
if w=o00.

THEOREM 1.1. Let 1 < p <00 and —1 <a < 00, and let f € M(D). Then there
exists a positive constant C, depending only on p and «, such that

dA(2)
lz]

Analogously to the analytic case, the meromorphic Bergman class M/ is defined as
the set of those f € M (ID) for which

/D x(f(@), FONP(1— |z dA(z) < C /D (ff@)PA — |z|HP T

IIfIIMp :—/ X(f(2), 07 (1 = [z) dA(z) < o0

Theorem 1.1 implies that

A(2)
lz|

forall 1< p<oo, -l <a<oo and f € M(D). The notation A < B means that
there exists a positive constant C such that A < CB. The symbol 2 is understood
in a similar fashion. We do not know whether the converse of the asymptotic
inequality (1.2) holds or not.

Theorem 1.1 has several consequences. The first one shows that functions in the
Besov classes satisfy a certain double integral condition. For 0 < p < oo, the Besov
class Bi consists of those f € M (ID) for which

IIfIIMpN/(f (@)P (1 = Iz )”+°’ + x(f(0), 0)” (1.2)

£ 1y = / (FH@NP (1 = 2P dA(2) < oo.

For studies on meromorphic Besov classes, see [1, 2, 7, 12, 16]. For a € D, we define
©a(2) :=(a — z)/(1 — az). Then ¢, is the automorphism of D which interchanges the
origin and the point a.

THEOREM 1.2. Let 1 < p <00 and —1 <a < 00, and let f € M(D). Then there
exists a positive constant C, depending only on p and o, such that

p
[ [ REELE 0 - Py aac dac) = i,

S n—wrft
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A result by Stroethoff [15] states that f € H(ID) belongs to the analytic Besov space
B,,2 < p < o0, if and only if

// f@ = fw|”

Z—w
The case o =(p/2) —2 > —1 of Theorem 1.2 establishes the following partial
meromorphic analogue of this fact. The inequality of the opposite direction for normal
meromorphic functions is discussed in Corollary 1.9.

— 1z PP2(1 — [wH P72 dA(z) dA(w) < oo.

COROLLARY 1.3. Let 2 < p <00 and f € M(D). Then there exists a positive
constant C, depending only on p, such that

[ (2L - o2 - 02 aac) da)

|1 —wz|
<ClfI,
An application of Theorem 1.1 with & = 0 to the function (f o gow)(rz) yields
/ X(f@), fw)? dAR) S / P — P LA (5
D(w,r) D(w,r) low (@)’

where D(w, r) :={z:|¢w(z)| <r} is the pseudohyperbolic disc of (pseudohyper-
bolic) center w € D and radius r € (0, 1), and the constant of comparison depends
only on r. This fact can be used to prove Theorem 1.4. The class M*(p, ¢, s) [13, 16]
consists of those f € M (D) for which

IIfIIM#(p 0.5 - Sup / NP = 120 = 19a ()P’ dA(z) < 00.

THEOREM 1.4, Let 1<p<oo, —2<g<o00o, 0<s<oo and O<r<1. Let
a, B,y,8 € Rsuchthata + B=q — pandy + 8 =s, and let f € M(D). Then

1
sup / (— x(f(@), F)P (1 — |z — [w]*)P

aeD JD\IDZ, M| Jp,r
(1= lga (@)D (1 = | (w)]?)? dA(w)> dA(z) S ||f||M#(pq 5

Here |D(z, r)| denotes the Euclidean area of D(z, r), so

, (1—la»?

R

(1.4)
by [6, p. 3].

The class A of normal functions consists of those f € M(ID) for which the
family {f o ¥}, where v is a Mobius transformation of 1D, is normal in D in the
sense of Montel. It is known that f € M(ID) is normal if and only if || f|ar
= sup,¢p f#(z)(l — |z|2) < oo [11]. The following result establishes a sufficient
condition for normal meromorphic functions to belong to M*(p, g, s).
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THEOREM 1.5. Let 1 < p<oo, —2<g<o0, 0<s<ooand 0<r <1, and let
feN. Leta,B,y,8 e Rsuchthata +B=q — pandy + 8§ =s. Then

1
D , 1 — [w>)¥P(1 — |z]?)P/P

14
(1= |@aW)PP(1 = | (2)[HYP dA(w)) dA(z).

IANE s < sup
M*(p,q,s) aeD

Theorems 1.4 and 1.5 together with Holder’s inequality yield the following
characterization of functions in M*(p, ¢, s). Analogous results for analytic functions
can be found in [14].

THEOREM 1.6. Let 1 < p<oo, —2<g<o0, 0<s<ooand 0<r <1, and let
feN. Let a B,y,8 €R such that o + B=q—p and y +8=s. Then the
following conditions are equivalent:

(1) feM*(p,q,s);

1
(2) sup / (— x(f@), F)A —[wH¥P (1 — |z|*)P/P
p\I1D& M| Jpe.r

acD
P
- (1= lga )P = |ga(2)|)YP dA(w)) dA(z) < o0;
1
(3) sup / (— x(f@), F)P — [z — [w]*)?
p\I1D&, | Jpe.r

acD
- (1= lga @) (1 = |ga(w)]?)? dA(w)) dA(z) < 0.

For 0 < 5 < 00, the meromorphic Q¥-class consists of those f € M (D) for which

1 s 1= sup fD (f* ()8’ (2. @) dA(z) < oo,

aeD

where g(z, a) := —log|p,(z)| is the Green function of D [4]. It is known that
Qf =AN'nN Mf, where Mf = M*(2,0, s) [16]. Therefore, Theorem 1.6 yields the
following result.

COROLLARY 1.7. Let0 <r <l and 0 <s < oo, and let f e N. Leta, B, y,5 €R
such that o + B = —2 and y + § = s. Then the following conditions are equivalent:

(1) f e 0%
1
(2) sup / (— X (f(@), Fw) — w2 (1 — |z*)P?
aeD JD\ID @, )| Jpi.r)

2
- (1= lga )21 = |pa(2)1P? dA(w)) dA(z) < 00;

1 2 2\a 2\B
3) supf — x(f(@), fw)* = 1z1H%(1 = Jw]?)
aeD JD\ID(Z, )| Jp,r)
- (1= lga @) (1 = |@a(w)]?)? dA(w)) dA(z) < oo.
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Corollary 1.8 is an immediate consequence of Theorem 1.6. It answers partially
[13, Question 5].

COROLLARY 1.8. Let1 < p<oo, —2<qg<00,0<s <ooand f € N. Then

x(f (@), f(w)) 2\(q/2)—1 2\(q/2)—1
||f||M#(pqs)Na€D//( T — e >(1—|w|)q (1 —1z|H"

(1 = lpa ()21 = 19a ()P /* dA(w) dA(z).

Corollaries 1.3 and 1.8 yield the following characterization of functions in the
Besov classes.

COROLLARY 1.9. Let2 < p <ooand f € N. Then f € Bl if and only if

/ f (X(fl(zifﬂ ))) (1= 1zP)P720 = ) P22 dA) dAw) < oo,
(1.5)

It is natural to conjecture that (1.5) is a sufficient condition for f € M(D) to
be normal. If this is answered in the affirmative, then the assumption f € N in
Corollary 1.9 may be deleted.

REMARKS. For 0 < p < 2 the behavior of the Besov class Bﬁ differs a lot from the

case 2 < p < oo when
Bic () Qhoch
(p—2)/p=<q<l
by [1, Theorem 9], [4, Theorem 3] and [3, Corollary 3]. Here N stands for the
class of strongly (little) normal functions which consists of those f € M(ID) for which
lim, ;- F#(2)(1 — |z|*) = 0. We can distinguish the following three cases.

(@) If 0 < p <1, then [2, Theorem 5] guarantees that the class Bﬁ contains
nonconstant analytic functions. This is a clear distinction to the analytic case where
B, reduces to the space of constant functions for all 0 < p <1 [17].

(b) The class Bf contains only either constant or nonnormal functions by
[2, Theorem 4].

(©) If 1 < p <2, then Bl’f contains both some nonconstant normal functions (for
example, all polynomials) and nonnormal functions [2, Theorems 4 and 5]. Indeed,
by [2, Theorem 5], for each 1 < p < 2 there exists an f, € H(ID) such that

/ (FR@)P (1= 2P dAG) < / (fR@)P (A = 217! dA(z) < oo.
D D

Then f), € Bff and (11) in [2] is satisfied. Therefore, f}, is not a normal function and,
in fact, f, satisfies lim sup,_, ) (1 —|z]?) = oo for all ¢ € 8D [8].

The remaining part of the present paper is devoted to the proofs of Theorems 1.1,
1.2, 1.4 and 1.5.
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2. Proof of Theorem 1.1
Firstlet p =1, and let 0 <t < 1. Since x (f(z), f(0)) < fol f#(tz)|z| dt, Fubini’s

theorem and integration by parts yield

1
/D X (F @ FON = 12P)* dAG) < /D fo FH2) dilzl(1 = 2D dAG)

1 o
- / / f#(w)lwl(l—w> & daw)
0 JD(,) ? t

1 lw|\*dt
_ # 7Ny =
—/Df (w)|w| |w|<1 ; ) 3 dA(w)

dA(w)
lw]

1
= / ffw) [ (1 —s)%ds
D Jwl|

_ g (1I—Jwpte
—/Df (w)—a—i-l

1 —|w|\dA(w)
x | lw| + —_—
oa+2 |w|

dA(w)

< / (= w2,
D |w]

which is the desired asymptotic inequality for p = 1.

If p>1, choose ¢ > ((p —1)/p) such that « — pg + p > 0. By Holder’s
inequality,

|z| dt

1 1
# _ # _ - -
x(f(z),f(O))S/O f <tz>|z|dt—/0 R (e

1 1/p 1 p/(p=1 g4 (p—1/p
< )P (1 — t)z))P? dt / i
< (/O FHa)P A = 1lz)) Ao

1 1/p
< (/ Fra)P (1 —t|z])P dt|z|(1 — |z|>”—1—"q>
0

from which Fubini’s theorem yields

fDx(f(z), FONP(1 = |zH)% dA(z)

1
5/ f SHa)P (1= 1129 di|z](1 = [P 7P dAG)
D Jo

! a—pq+p—1
=[ [ rwra- |w|>1"1|w|<1 - M) 9 aaw)
0 D(0,t) t t
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lw \* P4t~ g
T) 3 dAw)

/f )P (1 = [whPw| |(

dA(w)
S/(f (W)P (1 — [wHPTe—0,
D |w]
3. Proof of Theorem 1.2

By the change of variable z = ¢,, (1), Theorem 1.1 and Fubini’s theorem,

p
1(f) = / / XU@ TN P dAG) dAw)

Ci—wzlt
dA(w)

= ] (e] P — 2y e
= /D/DX((f Pw) (@), (f 0 9w)(0)7(1 — [ul%) dA(u)(l_|w|2)2

dA dA
5 []‘)/];)((fOQOw)#(M))p(l — |u|2)p+a (u) (w)

lul (1 —[wl»)?
= / /(f#(ww(u)))”(l — 1w @ PP (1 = Ju)®
D JD

dA) dAw)
lu| (1 — |w[?)?

dA(w)
= | (Ff)Pa —|zHrt / o), (2)]* 2 dA(2).
/]D) D " lpw (D) I(1 — |w|?)?
But now
dA(w) 2wty [ = lu»®
ol (2)]* 12 =(1—|zgH~@F / ——— dA)
/D v low (@)(1 — [w|?)? D |ue]
~ (1 — |z~ @+,
and the assertion follows.
4. Proof of Theorem 1.4
Routine calculations and (1.4) show that for w € D(z, r) and a € D,
1—z* =1 — |w* = |1 —wz| ~|D(z, r)|"/? (4.1)
and
1= 10a(@* = 1 — |ga(w)]%, 4.2)

where the constants of comparison depend only on r. By (4.1), (4.2) and (1.3),

1
— (1 _ N N
= SUP/ <—|D(z, o] D(z,r)X(f(Z)’ F)P(1 —1z[H)7A = [w])

aecD JD

(1= @@ 1P (1 = |ga(w)|?)° dA(w)) dA(z)

< sup f ( f (FHw)P (1 — |w|2>PM)(1 ey
aeD JD \J D(z,r) |§02(LU)|
(1= |ga(2)1»)* dA(z)
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from which (4.1), (4.2) and Fubini’s theorem yield

15 supf (/ (FH)P 1 — w21 = |ga(w)|?)° dA(w) ) dA(z)
aeD JD \JID(z,r) |z (w)]
dA
= sup / ( f i)(ﬂ*(w))l’(l — w7721 — g (w)[*)* dA(w)
aeD JD \JD(w,r) |9z (w)]
= sup /D (fHw)P (1= 1w (1 — |ga(w)]?)* dA(w).

5. Proof of Theorem 1.5

Letz, we @, and define

A direct calculation shows that |F(z, w)|* = x*(z, w)/(1 — x*(z, w)) for all z,
w € C. Denote the pseudohyperbolic distance between the points z and w in D by
p(z, w) :=|¢;(w)|. By the uniform (p, x)-continuity of f, there is an r; € (0, 1)
such that x (f(2), f(w)) < % for p(z, w) < ry [10]. It follows that

, 2
Vi X(;Z(f;w;zw» e el
— <),

for p(z, w) <r;. Since f € M(D), there is an rp € (0, 1) such that the function
8z(w) := F((f o) (w), f(2)) is analytic in D(0, r2) :={w: p(0, w) = [w| <r2}
for all z € D, and hence its Maclaurin series is of the form Z,fozl ar(2)wk in D(O0, ry).
Therefore,

|F(f (@), f(w)] =

# _ AN _ 3 —
A =zl = a1l = wgz(w) dA(w)
D(O,r)

r

- 2/
=3 Jpo.n

for any r € (0, rp). Now let r < min{ry, r2}. Then (5.2) and (5.1) yield

F((f o g)(w), f(2))| dA(w) (5.2)

I(f) = /D RO =127 = 121DT7P (1 — |9a(2)*)° dA(2)

2 P
= | (—3 [ irs oo, f(z))IdA(w)>
D\’ D(0,r)
(1= 1zP)77P (1 — |ga(2)*)* dA(z)
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2 p
- / <_3/ |F(fu), fE)Lw)| dA(u))
D\ JD(z.r)
(1= 2P (1 = lga () 1)) dA)

4 , 5 p
s dA
< /D ( N /D (mx(f(u) F@)lglw)] <u>>
(1= 1277 (1 — 9 ()17 dA(z) (5.3)

from which the assertion for r < min{ry, r2} follows by (4.1) and (4.2). If r > min
{r1, r2}, choose ¢ > 1 such that r* := r/c < min{ry, rp}. Then (5.3) together with (4.1)
and (4.2) give the assertion for r*. To obtain the assertion for r, it remains to make
the set of integration larger by replacing D(z, r*) by D(z, r) and note that there is a
constant C, depending only on ¢, such that |D(z, r*)| > C|D(z, r)| for all z € D.

(1]
(2]
(3]

(10]
[11]

[12]
[13]
[14]
[15]
[16]

(17]

References

R. Aulaskari and G. Csordas, ‘Besov spaces and the Qo classes’, Acta Sci. Math. (Szeged) 60
(1995), 31-48.

R. Aulaskari, W. K. Hayman and P. Lappan, ‘An integral criterion for automorphic and rotation
automorphic functions’, Ann. Acad. Sci. Fenn. 15 (1990), 200-224.

R. Aulaskari and P. Lappan, ‘Criteria for an analytic function to be Bloch and a harmonic or
meromorphic function to be normal’, in: Complex Analysis and Its Applications (Hong Kong,
1993), Pitman Research Notes in Mathematics, 305 (Longman Scientific & Technical, Harlow,
1994), pp. 136-146.

R. Aulaskari, J. Xiao and R. Zhao, ‘On subspaces and subsets of BMOA and UBC’, Analysis 15
(1995), 101-121.

P. Duren and A. Schuster, Bergman Spaces, Mathematical Surveys and Monographs, 100
(American Mathematical Society, Providence, RI, 2004).

J. B. Garnett, Bounded Analytic Functions, Pure and Applied Mathematics, 96 (Academic Press,
Inc. [Harcourt Brace Jovanovich, Publishers], New York-London, 1981).

T. Haiou and J. Xiao, “Two applications of generalized Carleson measures to meromorphic Besov-
type spaces’, Kexue Tongbao 43 (1998), 1047-1050 (in Chinese).

W. K. Hayman, ‘The boundary behaviour of Tsuji functions’, Michigan Math. J. 15 (1968), 1-25.
H. Hedenmalm, B. Korenblum and K. Zhu, Theory of Bergman Spaces, Graduate Texts in
Mathematics, 199 (Springer, New York, 2000).

P. Lappan, ‘Some results on harmonic normal functions’, Math. Z. 90 (1965), 155-159.

O. Lehto and K. I. Virtanen, ‘Boundary behaviour and normal meromorphic functions’, Acta Math.
97 (1957), 47-65.

S. Makhmutov, ‘Hyperbolic Besov functions and Bloch-to-Besov composition operators’,
Hokkaido Math. J. 26 (1997), 699-711.

J. Rittyd, ‘On some complex function spaces and classes’, Ann. Acad. Sci. Fenn. Math. Diss. 124
(2001), 1-73.

, ‘n-th derivative characterisations, mean growth of derivatives and F(p, ¢, s)’, Bull. Aust.
Math. Soc. 68(3) (2003), 405-421.

K. Stroethoff, ‘The Bloch space and Besov spaces of analytic functions’, Bull. Aust. Math. Soc. 54
(1996), 211-219.

H. Wulan, ‘On some classes of meromorphic functions’, Ann. Acad. Sci. Fenn. Diss. 116 (1998),
1-57.

K. Zhu, ‘Analytic Besov functions’, J. Math. Anal. Appl. 157 (1991), 318-336.

https://doi.org/10.1017/5S0004972708000981 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972708000981

58 R. Aulaskari, S. Makhmutov and J. Rittyd [10]

R. AULASKARI, Department of Physics and Mathematics, University of Joensuu,
PO Box 111, 80101 Joensuu, Finland
e-mail: rauno.aulaskari@joensuu.fi

S. MAKHMUTOYV, Department of Mathematics and Statistics,
Sultan Qaboos University, PO Box 36, Al Khodh 123, Oman
and

Institute of Mathematics, Ufa, 450077, Russia

e-mail: makhm@squ.edu.om

J.RATTYA, Department of Physics and Mathematics, University of Joensuu,

PO Box 111, 80101 Joensuu, Finland
e-mail: jouni.rattya@joensuu.fi

https://doi.org/10.1017/5S0004972708000981 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972708000981

