
ON A P R O B L E M OF P . TURAN ON 
LACUNARY I N T E R P O L A T I O N * 

A . K . V a r m a * * 

( r ece ived D e c e m b e r 3, 1966) 

1. I n t roduc t ion . In 1955, Suranyi and P . T u r â n [8] con
s ide red the p r o b l e m of ex i s t ence and u n i q u e n e s s of i n t e r p o l a t o r y 
p o l y n o m i a l s of d e g r e e £ 2n -1 when t he i r v a l u e s and second 
d e r i v a t i v e s a r e p r e s c r i b e d on n g iven n o d e s . Around th is kind 
of i n t e r p o l a t i o n - aptly t e r m e d (0, 2) i n t e r p o l a t i o n - c o n s i d e r a b l e 
l i t e r a t u r e has grown up s ince then . F o r m o r e comple t e b ib l io 
g raphy on th is subjec t we r e f e r to J . B a l a z s [3] , La t e r we con
s ide red [10] the p r o b l e m of modif ied (0, 2) i n t e r p o l a t i o n when 

2 
the a b s c i s s a s a r e the z e r o s of (1 -x ) T (x) , w h e r e T (x) i s 

n n 
the Tchebycheff po lynomia l of the f i r s t kind (T (x) = cos n 9 , 
x = cos 9) . We modif ied the o r i g i n a l p r o b l e m of P . T u r â n in the 
s e n s e that we asked for p o l y n o m i a l s R (x) of d e g r e e < 2n+l 

n 
with the v a l u e s of R (x) being p r e s c r i b e d on the above a b s c i s s a s , 

n 
but the va lues of R '(x) w e r e to be given only on the z e r o s of 

n 
T (x) . L a t e r , in a l e c t u r e a t Stanford in 1963, P r o f e s s o r P . T u r â n 

n 
p r o p o s e d the p r o b l e m of finding the expl ic i t f o r m of the i n t e r p o l a 
to ry p o l y n o m i a l s on Tchebycheff a b s c i s s a s in the " p u r e " (0, 2) 
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interpolation which was not modified in the sense explained above. 

The object of this paper is to resolve this problem and to obtain 

the convergence proper t ies of the interpolatory polynomials for a 

c e r t a i n c l a s s of func t ions . 

A c o m p a r i s o n of our c o n v e r g e n c e t h e o r e m 3 . 1 with the 
c o r r e s p o n d i n g r e s u l t of B a l a z s and T u r â n [2] and G. F r e u d [5] on 
TT - a b s c i s s a s ( z e r o s of TT (X) = (1-x^) P 1 (x) , P (x) being the 

n n - 1 n - 1 
L e g e n d r e p o l y n o m i a l of d e g r e e <_ n - 1 ), shows tha t our r e s u l t i s 
w e a k e r than t h e i r s . Howeve r , we can p r o v e for the modif ied 
(0, 2) i n t e r p o l a t i o n on Tchebycheff a b s c i s s a s tha t our r e s u l t i s in 
a s e n s e the b e s t p o s s i b l e . We a r e not able to do the s a m e for 
the " p u r e " (0, 2) c a s e , but i t s e e m s p l a u s i b l e that th is is so in 
view of our r e s u l t for the "mod i f i ed" c a s e . 

2 . Exp l i c i t r e p r e s e n t a t i o n of i n t e r p o l a t o r y p o l y n o m i a l s in 
p u r e (0, 2) c a s e . 

Le t 

x ^ = - 1 < x < x < . . . < x_ < x = + 1 
n+2 n+1 n 2 1 

2 
be the z e r o s of (1 -x ) T (x) and le t S (x) be the p o l y n o m i a l of 

n n 
d e g r e e << 2n- 1 such tha t 

(2 .1) S (x.) = a. , s"(x.) = b . , j = 2, 3, . . . , n + 1 . 
n J J n j j 

Obvious ly S (x) is g iven by 
n 

n+1 n+1 
(2 .2) S (x) = 2 a. u (x) + S b v.(x) , 

n . 0 l i . _ i l 
l =2 l~2 

w h e r e u.(x) and v.(x) a r e the fundamen ta l p o l y n o m i a l s of f i r s t 

and second kind whose exp l ic i t f o r m s a r e g iven by 

T H E O R E M 2 . 1 . F o r n even and i = 2, 3, . . . , n+1 , we 
have 

(2 .3) u.(x) = p . r (x) + p ! r (x) + r . ( x ) 
l l 1 l n+2 l 

(2 .4) v.(x) = q. r (x) + q. r (x) + p.(x) , 
l l 1 l n+2 l 
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w h e r e 

(2 .5) p . + p i = — — -
n (1-x . ) 

4 A 
t i 

(2 .6) p . - p . = -
l l . . £ ^ (4n - l ) ( l - x . )T (x.) 

l n l 

2 ( l - x 
(2.7) q. + q ! = y^ 

1 1 £* 

(2 .8) 
2 A 

V q i 
( 4 n 2 - l ) T ' ( X . ) 

n l 

( 2 .9 ) p.(x) = 

2 1/4 
(1-x^) / 4 T (x) 

n 
2 T ' ( x . ) 

n l 

x T (t) 
A. f f— dt + f 

l J - l ( l - t 2 ) 1 / 4 -

x i . ( t ) 
l 

, 2 1/4 
1 (1 - t ) 

(2-10) A.J+ T n ( t ) d t + / + *ilt) dt = 0 
1 1 -. 2 , 1 / 4 - 1 , , 2 1 / 4 

(1- t ) (1- t 

T (t) 
(2 .10a ) i . ( t ) = 

iv ' ( t -x . ) T ' ( x . ) 
l n l 

, i = 2, 3 n+1 , 

(2 .11) r (x) = ^ T T 2 ( x ) + d - x 2 ) T (x) T ' ( x > " B <X)T <x> -
1 2 n n n n n 

(2 .12) r fx) = ^ 2 i ) T 2 (X ) - ( l - x 2 ) T (x) T ' ( x ) - B (x)T (x) , 
n+2 2 n n n n n 

(2 .13) B ( x ) = | ( l - x 2 ) 1 / 4 / — ^ dt 
- 1 (1 - t ) 
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Also for 2 < i < n+1 , we have 

(2.14) 

2 2 2 1/4 
(1-x ) i . (x) (1-x ) T (x) 

r i ( x ) = 2 + ~ 2 m I |
n 

1-x. (1-x.) T'(x.) 
l n l 

x T (t) (2-x. ) x i .(t) 

A ; J — I T M " * — î / ' i J , 2,1/4 
-1 (1-t ) 

2, J , 2,1/4 
2(l-x.) -1 (1-t ) 

d t + / 

x \.(t) 

d t 

x . i . ( t )-2(l- t2) i!( t) T (t) 
(2.15) \ . ( t ) = - ï - i r 7 - : 1 , i .( t) =7- " , , . 

1 2(t - x.) 1 (t-x.) 1 ix j 
i=2, 3, . . . , n+1, 

(2.16) A! J 
+1 T (t) 

n 

i ( i - . 2 ) 1 ' 4 

(2-x. ) +1 

; 

i .tt) 
1 

2(l-x.2) J-l ( l - t 2 ) 1 / 4 

1 

d t 

+1 Mt) 
1 

+ f 2 1 / 4 dt = 0 
.1 d - t ) 

Proof. The polynomials r.(x) and p. (x) are the funda

mentals in the "modified" (0, 2) interpolation and formulae 

(2.14) and (2.9), giving their explicit forms, have been obtained 

in our earlier work [10]. The values of p. , p! , q. and q\ as 

stated above follow from the observation that r (x) , r (x) , 
1 n+2 

p. (x) and r.(x) are polynomials of degree <_ 2n-fl in x while 

u.(x) and v.(x) are polynomials in x of degree £ 2n-1 . 

Hence equating to zero the coefficient of x and x on the 
right in (2.3) and (2.4) we get (2.5) - (2.8). 

3. Convergence Theorems. Let us consider the sequence 
of points 

(3.1) 1 = x > x„ > 
In 2n 

> x A > x ^ = -1 
n+1, n n+2, n 
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2 
where {x } stand for the zeros of (1-x ) T (x) . Then forming 

the interpolatory polynomials for each even n , we shall write 

the fundamental functions as r (x) , p (x) . Let f(x) be de-
kn kn 

fined and continuous for [-1 , +1] ; we consider the sequence of 
polynomials 

n+2 n+1 
(3.2) R (x,f) - S f(x ) r (x) + 2 6, p, (x) 

n , t kn kn , ^ kn kn 
k=l k=2 

with arbitrary numbers Ô . We shall prove the following 
Kn 

THEOREM 3.1 . Let f(x) have a continuous derivative 

of order 1 hi [-1 , +l] and let f!(x) € Lip a , a > 1 /2 . If 

1/2 
e n 

( 3 . 3 ) | 6 . | < -^-z , k = 2 , 3 , . . . , n + l , 

w i t h 

(3.4) Lt 6 = 0 , 
n-*- oo n 

then the sequence R (x, f ) converges to f(x) uniformly in 

[- 1 , +l] . The class Lip a , a > 1 /2 cannot be replaced by 
Lip 1/2 even if all 6 are zero. 

kn 

THEOREM 3.2 (Pure (0,2) case). Let f(x) have a 
continuous derivative of order 1 _in [-1 , +1] , and let 
f!(x) e Lip a , a > 1/2 . If 

1/2 
€ n 

( 3 . 5 ) p . = - I L - T , i = 2 , 3 , n + l 
in 2 

1-x. 
m 

with 

(3.6) Lt 6 = 0 , 
n-* oo n 

then the sequence S (x, f) converges uniformly to f(x) in 
n a L — 
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[-1 , +1] , where 

n+1 n+1 

(3.7) S (x,f) = S f(x. ) u. (x) + S p. v. (x) 
n . _ m m . _ m m 

i=2 i=2 

For the proof of these two convergence theorems we shall 
need the estimates of the fundamental polynomials. From now 

onwards, for the sake of typographical convenience, we shall 
write x. for x. , i.(x) for Jt . (x) and so on. The proofs of 

l m l m 
these convergence theorems are outlined in § 9 . 

4. We shall need the following lemmas. 

LEMMA 4. 1. If x = cos 0 , we have 

(4.1) 

x T (t) 
2r 
2 1 / 4 

-1 ( l - t ) 
/ d t 

r(r-

r(r+f) 

r(-
/ 

d t 
3 J 2 1 /4 

4r(-) -l ( i - t V 

2 3/4 r " 4 r(J + ? 
+ (l-xZ) / 4 2 %• T _ » 

j=o r ( j + 1 -2J+1' 

( 4 . 2 ) 
/ 

x T (t) 
2r- 1 

•1 ( l - t 
2 1/4 

dt = 

lt 2x3/4 , 3, 
(1-x ) r ( r -~) 

T(r+7) 

r-1 r(j+" 

j=i r(j+-) 
T,. (x) 

2j 
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x T ' (t) 2 r r ( r + - ) r - 1 r ( j + - ) 
(4 .3 ) / \ . d t = - 3- 2 g" s in(2 j+l )6 ( 

- 1 ( i - t ) r ( r + ^ j = i r ( j + - ) 

2 n - 1 
(4 .4) \ . ( t ) = ^ - + - S ( n 2 - r 2 - l ) T ( x . ) T ( t ) , 

1 Zn n r 1 r 
r = l 

w h e r e X.(t) i s defined in ( 2 . 1 5 ) . F o r the proof of th is L e m m a 

see [10] . L e m m a 4 . 1 l eads us to f o r m u l a t e 

LEMMA 4 . 2 . The following e s t i m a t e s a r e va l id : 

^ T (t) 
(4 .5) I f P . IA dtl < - for - 1 < x < +1 , 

- 1 ( l - t 2 ) 1 / 4 P 

2 1/4 ,X V ° 41 
(4 .6) | ( l - x ^ ) 1 / 4 / f-j- d t | < ~ for - l < x < +1 

- 1 (1- t ) ' 

k = 2 , 3 , . . . , n+1 , 

+i V ^ 4 
(4 .7) 0 < / 2 1 / 4 dt < - , k = 2, 3, . . . , n+1 , 

- 1 (1 - t ) 

2 . 1 / 4 * T ^ ( t ) , , ^ f + i } 1/2 
(4 .8) | ( l - x ) / —j- d t | < 

1 d-tV / 4 ' " r ( f + | ) ~ 
< n 

for - 1 < x < + 1 

P roof . We sha l l p r o v e (4. 5) only for p even; for p odd 
the proof follows s i m i l a r l y f rom ( 4 . 2 ) . 
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Sett ing 

x 
I(x) = J (1-tY dt 

- 1 

which i s cont inuous and :> 0 in [-1 , +1] and f r o m the wel l 
known e s t i m a t e [Na tanson [6] page 329] 

r(or + 6 +n + l ) , 6V 

(4 .9) w -L -L „ \ = ° ( n ) > n i n t e g e r , a> - 1 , p > - 1 , 
T\a + n + 1 ) 

we have f r o m (4. 1) and A b e l ' s i nequa l i t y 

I r Zr _ I 4 
I / TTT7 dtl < 

i d - t 2 » 1 ' 4 r(r+-) 16 Hr-i) 

z 
< - , 
— r 

b e c a u s e f r o m A b e l ' s i nequa l i ty , we have 

r - 1 r ( i + - ) 
2 — cos (2i + 1)6 s in 6 | 

i = l r ( i + - ) 

T(r + ^ ) 
< 4 ; 

l x 1< p < r - 1 

r(r--) - p -

2 cos (2i + 1) 
i = l 

0 s in G 

1 r(r--) 

This p r o v e s ( 4 . 5 ) . F r o m a wel l known r e s u l t of L . F e j e r 

1 2 n - 1 

(4 .10) i (x) = - + - 2 T (x ) T (x) , 
k n n r k r 

r = l 

cos U - x , 
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we have 

x I (t) 

(1-x ) / — — dt = - ( l - x ) I x ) + - S + - S , 
J „ tA - A 1 ' 4 n n 1 n 2 
-1 (1-t ) 

where 
n _ 1 x T (t) 

2.1/4 ç 2r 
c ) J 2 

r = l " " -1 (1-t ) 

S! = S T2r(Xk> {1 'X > I ,. 1 ,1/4 d t ' 

r=l -1 (1-t ) 

In order to prove (4.6), it is enough to show that \S | <_ 10 , 

and I S I < 10 . For this, we need the following easily verified 

identit ies: 

- - 1 5 
2 Hi+4) 

(4.11) 2 r— cos (2i+ 1) 6 sin 6 
i=0 T(i+-) 

n 1 —-1 1 

-_ ^ — sm 2i 6 , 
zr(f-^) 4 i=i r(i+|) 

2r(-) co ru-i) 
(4.12) f - = 2 f-

r ( - ) j=i r(j+-) 

Fur ther we need the following estimate which is an immediate 
consequence of Abel 's inequality. 
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(4.13) 
f'1 r(j4) 

2 — sin 2j G sin G 
j=i r ( j+- ) 

< —— max L si 
— # 7 . n 

r ( - ) i < p < - j=i 

F r o m (4.12) it follows that 

(4.14) 

- - 1 1 
2 F( r -7 ) 

4 
2 g— cos 2r 0 

r = l r ( r+~) 

< 2 

Now using (4. 11), (4. 13), (4. 14) and (4. 1) we have 

| S I < 3 - + - + I sin 6 2 
2 r ( " ) r = l 

2 sin 2r 0 cos 2r 

2 ( r + ~ ) 

< 1 + 
2 sin 2r (0 + 0, ) + sin 2r (0 - 0 ) 
S ± ^ 

r = l 4r + 1 

Since 

and 

4r 4 r + l 4 r (4 r+ l ) 

sin 1 0 , _ 1/2 ^ \ < 2 , -
j = l 

we have | S I <_ 10 . The proof that |S |<_10 is analogous. 

This completes the proof of (4.6) . The proof of (4.7) follows 
from the identity (4.11) and from the resul t 
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+1 i , ( t ) d t 
k ( 4 . 1 6 ) / 2 1 / 4 

1 ( 1 - t 
2n 

3 — - 1 1 

r2r(¥) 2 r(j-i) 

I- rF j=i r ( j+-) 

L . v i / 2 
(TT) 2 n 

2"1 I t !1 » rxj-i), 
2 , . 5X ( 1 - c o s 2 je , ) + S i > 

• j - i ^ n » ' k
 r_n r(j+f)J 

J 2 

which in tu rn , i s a consequence of (4 .1 ) , (4 .2) and ( 4 . 1 0 ) . An 
equ iva len t e x p r e s s i o n for the i n t e g r a l in (4. 16) sha l l be useful 
l a t e r , and i s e a s y to ver i fy ; i t i s 

+i i ( t) 

<4-17> / —T77Ï d t 

- i d - t ) 

2TT 
1/2 

7 - - 1 3 
2T[-) 2 r ( j + i ) 

— sin 0, + Z — sin(2j+l)9 i sinG, 
r Ç ) j = i r ( j+-) 

Las t ly , the proof of (4 .8) follows on us ing A b e l ' s inequa l i ty in 
( 4 . 3 ) . 

5 . E s t i m a t e s for the P o l y n o m i a l s p, (x) . 
1 k n 

The following L e m m a gives us the e s t i m a t e s of the funda
m e n t a l p o l y n o m i a l s of the second kind in modif ied (0, 2) i n t e r 
po la t ion . 

LEMMA 5 . 1 . F o r - 1 < x < +1 and for k = 2 ,3 , . . . , n+1 
we have (n even) 

(5 .1 ) | p R ( x ) | < ( l - x 2
k ) 1 / 2 - 1 / 2 , + 1 \ { t ) 

J 
4 1 

1 ( l - t V / 4 n2 
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(5.2) y i p k wi<£ • 
k=2 

Inequality (5. 2) is best possible in the sense that if 
TT TT 

d = cos x i X " 7̂ " T~ ' we have 
n n n 2 4n 

n+1 
2 

k=2 
(5.3) S |p (d )| > ~ , n> n . 

. _ k n — \j n — o 

Proof. Using (4.7) we see that (5.2) follows at once from 
(5.1). From formula (4.1) and (4.9) we have 

+ 1 T W A %I7 
i r AX \ r n , i 1 - o / Z 
( 5 - 4 ) | / 2 1 / 4 d t | < - n 

-1 (1-t ) 

so that (5. 1) follows at once from (2.9), (2.10), (4.5), (4.6) and 
(4.7). In order to prove (5.3) we first need the following inequality: 

2 1/4 ^ T ( t ) A 
(5 .5 ) I ( l - d ) f - y r j d t l > ~7~ for n > n . 

-1 (1-t ) 

In order to prove (5. 5), we observe from (4. 1) and (4. 9) 
that for this purpose it suffices to show that 

R 

2 2_1 r{J+b n1 / 2 

(5.6) sin x Z — cos (2j+l) x > -TT - • 
j=o r(j+-) 

Now from the identity (4. 11), we see that 
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- - 1 5 

2 2 r ( j + f> 
sm x 2 T" c o s (2j+l)x 

n J=o r ( J + | ) 

smx 
n 1 — -1 1 

— — s i n n X - - Z s i n 2 J X n 

L r ( - - - ) J = i HJ+-) 

Since I sin nv = — , sin Y = cos — > 2 , we have (5. 6) on 
1 n 2 n 4n — 

using (4.13), from which follows (5.5). 

Now, from (2.9), (2.10), (5.5) and (4.7) we obtain 

( l - d V / 4 | T (d ) 

k n n
 2 T ' (x ) W 

n kn 

d T (t)dt 
n n 

kJ Â 7" 2.1/4 '" I J A . 2,1/4 
L -1 (1-t ) -1 (1-t ) 

n * (t)dt 
k 

( 5 . 7 ) 
, - 3 / 2 

n kn 

rÇ + 4) 
.n 1, 32n 2n J 

+ 1 i 

1 (1-t ) 

k ( t ) „ 45 
-— dt - — 

2,1/4 n 

for n > n . F rom the above, it then follows that in order to prove 
o 

(5.3) it is enough to prove that 

( 5 .8 ) 
n+1 

k=2 
T (x ) 

n k 

+ i ik(t) 4 r(f ) 
I TT77 d t > 

J 2 1/4 - nir -1 (1-t )' « ! ' 

This inequality follows on using (4.16), since the left side of (5.8) 
now becomes 
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1/2 

2 n 

n+1 

2 sin 0, 

k=2 * 

n 
3 - - 1 1 

r y 2 r(r--) 
—— - 2 — cos 2r 9 
r(-) r=i r(r+-) k 

Interchanging the order of summation in the above and observing 
that 

n+1 

(5.9) 2 sin (2 r+1)0 = cosec (2r +1 ) ~ 
k=2 k 2 n 

ê have 

where 

I = A + B 

A = — — cosec — 
2 w 5 x 2n 

n r ( -) 

B = 
(2n2) 

n 
— - 1 1 

Z — [ cosec(2r-1 ) —- - cosec(2r+1)——] 
r = l T(r+-) 

This shows that B> 0 since for 1 < r < — - 1 , we have 
- - - 2 

0 < (2r+l) ~~" < ~~ , and sin 0 is increasing for 0 < 0 < — 
- 2n — 2 — — 2 

Using the inequality sin < —- , we have 
2n — 2n 

I > 
^ ( | ) 

, 5 , 

which proves (5.8) and this completes the proof of (5.3). We shall 
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need in fu ture the following i n e q u a l i t i e s : 

(5.10) ( 1 - x V « < ( 2 ^ i t < ^ , k = 2 , 3 -S + 1 
k — Zn n 2 

2 1 / 2 (n-k)ir n ^ 
5 .11 1 - x ) <~ — , k = T + 2, . . . , n + l 

k — n 2 

6. E s t i m a t e s for the po lynomia l s r (x) . 
c ^ 

In o r d e r to obtain the e s t i m a t e s of the fundamenta l poly
n o m i a l s of the f i r s t kind we sha l l need the following l e m m a s . 

LEMMA 6 . 1 . F o r - 1 < x < +1 , 

n + 1 (A Z\ ? 

(6.D s ± ^ y - i^ ( x )<8 
k=2 (1-xf) 

k 

P roof . Since 

2 2 2 
c = 1 - x, + (x - x ) - 2x(x - x ) , 

k k k 

we have 

2 2 
n+1 (1 -x )9 (x) 

S k 

k=z i - xj; 

n+1 T 2 (x) n+1 n+1 | i (x ) | 
< 2 i ( X ) + - Î L _ S l + - | x | S k 

k=2 n k=2 k=2 (1 -x ) 

Using Schwarz inequa l i ty for the l a s t s u m on the r i g h t hand s ide 
and the inequa l i ty due to F e j e r , v i z . 
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n+1 

(6.2) 2 i 2 ( x ) < 2 , 
k=2 k 

we ge t ( 6 . 1 ) . 

LEMMA 6 . 2 . F o r - 1 < x < +1 and for k = 2, 3, . . . , n+1 , 

2 1/4 X V ( t ) 

(6 .3 ) | J (x) | = | ( l - x ) J ^ - — d t | < 2 3 n 
K - 1 ( 1 - t ) ' 

Also for k = 2, 3, . . . , n+1 

+ 1 M * ) i 2 „\ + 1 i , (fc) x / , 

,6-4) ", vmàt-^K ^ î d t | £ 2 n 

- i ( i - t ) - i ( i - t ) 
P r o o f . F r o m the f o r m u l a (4 .4 ) and (4 .6) we have 

V X ) | ^ — 2 ' ( 1 " X ) / , 2 , 1 / 4 d t 

- 1 (1 - t ) 

, n - 1 x T (t) 
+ I 1 2 r 2 ( l - x V / 4 T ( x k ) / — f - j - dt| 

n r = l r k - 1 ( l - t 2 ) 1 / 4 

< 21n + 2n = 23n , 

whence the f o r m u l a (6 .3) fol lows on us ing (4 .5 ) and ( 4 . 6 ) . P r o o f 
of (6 .4) fol lows on (4 .5 ) and (4. 6). 

LEMMA 6 . 3 . The following e s t i m a t e s a r e val id for 
k = 2, 3, . . . , n+1 (n even) . 

« r r - i n + 1 \ + 1 ^ k ( t ) 

(6 .5 ) V < S . . . . f -—j- d t < 12 , 
1/2 5 " k=2 ( 3 l n V j - l ( l - t 2 ) 1 / 4 ~ 
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n+1 +1 I At) 
(6.6) 0< 2 * f 1 — - d t<8n / Z 

k=2 (s in 9 ) - 1 (1 - t ) ' 

(6 .7) 
5 /2 n+1 

< 2 
k=2 

16 

-̂v^v 
I < 15n 5 / 2 

w h e r e A is given by ( 2 . 1 6 ) . 
K. 

Proof . Using the left inequa l i ty in (4 .7 ) , (4. 17) and (5 . 9) 
we have that the left s ide of (6 .5) 

2(TT) 
1/2 

7 £-1 3 

o 4 TT , „ 4 (2k+l)-
2 —• cosec —— + 2 — cosec —-•— 

5 > 2n , . „ 5, 2n r(T) k=l r(k+-) 

<ifc^u^„+v ^ 
L n f ) . " ' k = i r(k+f) <2k+1), " 

1/2 
< 6(IT) < 12 

w h e r e we have used the e s t i m a t e s (4 .9) and the i nequa l i t i e s 
(2k+l)TT n p ^ , n A 

c o s e c *—-—— < ——- for 0 < k < — - 1 . 2n ~ 2k+l 

The proof of the left inequa l i ty in (6 .5) i s c l e a r on using 
( 4 . 1 7 ) . In o r d e r to p r o v e (6 .6) we p roceed as above and u s e 
(4 .17) so tha t the left s ide of (6 .6) is 

1/2 n+1 
— S I 

k=2 n 
nil 

5 , s in 6 
r ( - ) k 

- - 1 3 
! 2 IXJ+-) 

+ 2 , - 5 , 2 n 

j=i r(j+-) sin e j 

- i n n : j 

< 4n ^ 
< 8n 

3 /2 

k=2 s in 
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Here we have used (4. 9), (5. 10) which proved (6.6) . Now we 

first prove the right side of (6.7) and observe that 

1 

/A Z\ -p 1 / \ I n s i n 6 i 

1-X ) T (x ) k 
k n k 

, k = 2 ,3 , . . . , n+1 

Now us ing (Z. 16) and ( 6 . 4 ) , we have 

A - . < 3 / 2 ; / ( 2 " x ^ +^Z-v\ r+i ^ { t )
 Ht + ? i /2 

A. I < n \ I + - — I / ^TT, , d t + Zn k 1 - w-% 2 ! J-i a - tV ' 4 

The r i g h t hand s ide of (6 .7) fol lows on us ing (6 .5 ) and 

n+1 
2 c o s e c 0 < Zn log n 

k=z k 

To p r o v e the lower inequa l i ty in (6 .7) we have f r o m (Z.16) and 
(6 .4) 

I A' I 1 3 / 2 
+1 X (t) (2 -x ) +1 I (t) 

L ' - I ( i - . 2 ) 1 ' 4 Z J ? 1/4 
2 ( 1 - 0 -1 (1-t ) 1 / 4 

k 

1 3 /2 
^ / 1 ^ ^ d t - 2 n 1 / 2 

2 U d-t2)1 /4 

— f 
\ J 

+1 \ ( t ) 

s i n 2 6 , - 1 ( l - t
Z ) 1 / 4 

d t 

Hence , us ing (6 .5) and (6 .6) we get the r e q u i r e d r e s u l t . This 
c o m p l e t e s the proof of the L e m m a 6 . 3 . 

LEMMA 6 . 4 . F o r - 1 <_ x <_ +1 , we have (for n even) 
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n + 2 -M? 
(6 .8) 2 | r (x) | < 140 n ' . 

k=l k n " 

The inequa l i ty (6 .8) is b e s t p o s s i b l e in the s e n s e that if 

d = C O S Y , Y = T ~ ^— we have 
n n n 2 4n 

n+Z 
(6 .9) 2 | r (d ) | > ~ n / 2 , for n > n 

k = l k n n 2 1 0 

Proof . We sha l l f i r s t need the e s t i m a t e s 

(6 .10) | r (x) | < 3n , | r ^ (x) I < 3n , - 1 < x < +1 
1 I n ' ~ ' n+2, n ' — — — 

T h e s e e s t i m a t e s follow i m m e d i a t e l y f rom (2 .11) , (4 .8 ) , 
(2 .12) and the o b s e r v a t i o n 

| ( l - x 2 ) T ' (x) | < n . 
n ~~ 

On us ing (6 .7 ) , (6 .1 ) , (6 .3 ) , (4 .5 ) , (5 .10) and (6. 10), the 
r e s u l t (6 .8 ) follows i m m e d i a t e l y . The inequa l i ty (6 .9) can be 
p roved on the s a m e l ines as the proof g iven for ( 5 . 3 ) . H e r e 
we have to use (6 .3 ) , (6 .7 ) , (6 .1 ) , (6 .2 ) , ( 4 .6 ) , (4. 5) and (5 . 10). 

7. P u r e (0 ,2) c a s e : 

E s t i m a t e s of the fundamenta l po lynomia l s of the second 
kind in p u r e (0, 2) c a s e . 

LEMMA 7 . 1 . F o r - 1 < x < +1 , n = 2 , 4 , 6 , . . . we have 

^ ^ I / xl o - 1 / 2 / , Z x 1 / 2 L 2 x 1 / 2 - 1 . r+i i i ( t ) 
(7 .1) | v . ( x ) | < 2 n ( 1 - x . ) | ( l - x . ) n + / — — 

L X - 1 (1 - t ) 1 / 4 

AniA 2 .1 /2 - 3 / 2 
< 10 (1 -x .) n 
~" l 

d t 
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and 

n+1 
(7 .2) 2 | v . ( x ) | < 10 n 

i = 2 1 

•1/2 

The inequa l i ty (7 .2) i s b e s t p o s s i b l e in the s e n s e tha t 

' - 1 / 2 
n > n . 

n + 1 r( 
( 7 . 3 ) S |v ( 0 ) | > 

i = 2 ior(f) 
4 ; - 1 / 2 

n 

P roof . F i r s t we o b s e r v e tha t (7. 2) i s an i m m e d i a t e 
c o n s e q u e n c e of ( 7 . 1 ) . Using (2 .7 ) , ( 2 . 8 ) , ( 2 . 11 ) , (2 .12) we have 

q.r (x) + q!r (x) 
l I n ^i n+2, n 

( 1 - x 2 ) n " 2 

l 
T'(x)-T (xHl-xV'V 

n n J 

2 , 1 / 4 , * T n ( t ) 

1 d - t 2 ) 1 / 4 
dt 

A. 
~ [ x T 2 ( x ) + 2 ( l - x 2 ) T (x) T r ( x ) ] 

(4n - 1 ) T (x.) 
n l 

whence , on us ing (2 .10 ) , (4 .7 ) , ( 4 .8 ) , (5 .4 ) and the o b s e r v a t i o n 

(7 .4) | ( l - x 2 ) T' (x ) | < n , 
n — 

we have 

|q . r (x) + q! r (x) | 
l 1, n l n+2, n 

<d-xV 1 / 2 

"~ l 

2n +—^TTz I a - x 2 / 7 2 U ( i - t 2 ) 1 / 4 
dt 

Now combin ing th i s r e s u l t with the known e s t i m a t e of p .(x) we 

ge t the r e q u i r e d r e s u l t as s ta ted in ( 7 . 1 ) . In o r d e r to p r o v e 
(7 .3) we note tha t f r o m (2 . 11) and (2. 12) we ge t 
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(7 .5 ) r (0) = r (0) = -
I n n+2, n 2 

, n / 2 
0 T (t) 

( * j - l ( l - t 2 ) 1 / 4 
dt 

F u r t h e r , f r o m (2 .9 ) and (2 .10) we get 

n / 2 F , +1 i . ( t ) 0 | . ( t ) 

2 T ' ( x . ) 
n l 

2 J . ( 1 - t 2 ) i / 4 -i H-.V'4 
dt 

whence f r o m (4 .7 ) and s i m i l a r r e s u l t s we get 

(7 .6) | p i ( 0 ) | < — i = 2 , 3 , . . . , n + l 
n 

Also f r o m (4. 3) we have 

o T' (t) 1X7+7) 2" 1 r(r+f) 
(7-7) / T T _ d t = n_^4 2 ( . 4 ) r 4 

K l - t 2 ) 1 / 4 nf+f> -o r ( r + I ) 

Since the t e r m s in the s u m m a t i o n on the r igh t a r e mono ton ica l l y 
d e c r e a s i n g and a l t e r n a t e l y pos i t i ve and nega t ive , the s u m on the 

r i g h t i s g r e a t e r than T 
r(l) 

2 V 5 n f > 
, hence we have 

0 T ' ( t ) A A/7 r < 7 ) 

(7-8) ^ i r ^ " 1 2 " - ^ 
Hence , us ing (2 .4 ) , (7 .6 ) , ( 7 .8 ) , we have 
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0 T' (t)dt 

Ivjtoil > ( i - x f ) ^ 1 1 / - J T T 7 Î l - M -Kl») ! 
n - 1 (1 - t ) 

n+1 r ( - ) 
2 | v . ( 0 ) | > - i - — | - n " 1 / 2 for n > n 

, = 2 1 ~10 r(f) 

This c o m p l e t e s the proof of the above l e m m a . 

8. E s t i m a t e s of the fundamen ta l p o l y n o m i a l s of the f i r s t 
kind . 

Now we s h a l l be able to obta in the e s t i m a t e s of the fundamen
ta l p o l y n o m i a l s of the f i r s t k ind . 

LEMMA 8 . 1 . F o r - 1 < x < +1 we have 

n+1 
(8. 1) 2 | u . ( x ) | < 142n log n . 

i = 2 1 

Proof . F r o m ( 2 . 3 ) , ( 2 . 5 ) , (2 .6 ) and us ing (2 .11) - (2 .16) 
we get 

1 1 2 U-*2>if<*> 
(8 .2 ) u.(x) ~^ — 

1 2 
n 

2x 1-x. 
l 

l ^x; 1-
n 2 

1-x. 
l 

w h e r e 

+ F (x) + F (x) + F (x) + F (x) , 
1 2 3 4 

2 2 1/4 
( 2 - x f ) ( l - x ) ' T (x) x I . ( t ) 

F lx) = - - ^ f 7—77 dt ; 
1 2 ( l - x 2 ) 2 T , ( x . ) j - l ( l - t 2 ) 1 / 4 

i n i 
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using (4. 6) we have 

(8.3) iF^x)! < (l-xJV3 /2 n"2 
i = 2, 3, . . . , n+1 

F (x) i s given by the e x p r e s s i o n 

2 1/4 
( 1 - x V T (x) x \ . ( t ) 

F ( x ) = , n / \ dt 
Z (1-x^) T (x.) - 1 (1- t ) 7 

l n l 

using (6 .3 ) we have 

(8 .4) | F 2 ( x ) | < 2 3 ( l - x 2 ) " 1 / 2 i = 2 , 3 , . . . , n+1 

F o r F (x) we have 

2 1/4 i 
(1 -x ) ' T (x) x T (t) 

F 3 ( x ) = - — i — z ^ - I —"hn dt 

n ( 1 - x . ) - 1 (1 - t ) ' 

on us ing (4 .8 ) we get 

- 3 / 2 
(8 .5 ) | F ( x ) | < - £ — 

3 ( l - x Z ) 
1 

Las t l y 

F 4 ( x ) = — 
A T (x) 

i n 
2 , — ^ 

(4n - l ) ( l - x . ) T (x.) 
l n l 

w h e r e 

2 2 1/4 X T ( t ) 

I = (4n - l ) ( l - x ) j 2 1/4 d t + 4 n s i n n 6 s i n 0 + 2 x T (x) 
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T h e r e f o r e u s i n g ( 4 . 1 ) and A b e l ' s i n e q u a l i t y w e g e t 

, n 3 , 
r ( 2 + i ) 

I , = 2 T f x ) - 4 ^ 
1 n_1 ixf+f) 

r ( 4 ) . , 2 1 /4 f 

-T" (1_x } J 
d t 

n / 2 r ( j + ~ ) 

2 -

IX 4 > 

2 1 / 4 
- i ( i - t ) w j = i r ( j + - ) 

— s i n 2 j 6 s inG 

S i n c e 

and 

, n 3 . 
r ( 2 + I } , - 1/2 

< 2 n 

Z , . 3 . s i n 2 j 6 s i n i 

j = i r ( j + ï ) 

n- m a x 
n 

1 X 4 ) * < p < 2 

I 2 s i n 2 j 0 s i n I 
•1 j = l 

w e h a v e 

T h u s w e o b t a i n 

l l I < 2 + 8 n 1 / 2 • 3 < 2 6 n 1 / 2 

1 ' — — 

A' 9A 1 / 2 

A. 26 n 

(8-6) | F (x) | < I r - * -
( 4 n - l ) ( l - x . ) T ' ( x . ) 

1 n 1 

H e n c e f r o m ( 8 . 2) o n u s i n g ( 8 . 3 ) - ( 8 . 6 ) t o g e t h e r w i t h ( 6 . 7 ) , 
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and (6. 1) we get a t once (8 . 1). 

In o r d e r to p r o v e our m a i n c o n v e r g e n c e t h e o r e m we r e q u i r e 
a l e m m a on a p p r o x i m a t i n g p o l y n o m i a l s . 

LEMMA ( 8 . 2 ) . Let f(x) have a cont inuous d e r i v a t i v e in 
[-1 , +1] and le t f !(x) € Lip a , 0 < a< 1 ; then t h e r e e x i s t s a 
s equence of po lynomia l <p (x) of d e g r e e at m o s t n such that 

(8 .7 ) I f l x l - ^ l ^ C n - ^ I H - x V ^ ' 2
 + n i - ° ] , 

w h e r e C i s a cons t an t independent of both x and n . F u r t h e r , 
we have 

1 2 a~i i 
(8 .8) | ^ ( x ) | < C n " V i n [ ( l - x ) 2 n " * ] for - l < x < l 

The e x i s t e n c e of <p (x) and the inequa l i ty (8 .7) i s due to 

Dzydayk [4] and (8 .8) fol lows by us ing the s a m e method as g iven 
in L e m m a 1 in G . F r e u d [5] . 

9 . Proof of T h e o r e m 3 . 2 . By the above L e m m a t h e r e e x i s t s 
a s equence of po lynomia l <p (x) which sa t i s f i e s (8 .7) and (8 .8) . 

Then by the u n i q u e n e s s t h e o r e m we have 

n+1 n+1 
S (x) = S f(x.) u.(x) + 2 p. v.(x) , 

n . 1 1 . l l 
i = 2 l - 2 

n+1 n+1 
<p (x) = 2 <p(xm) u.(x) + S <p"(x ) v.(x) . 

n . _ i l . _ n l i 
1 = 2 1 = 2 

T h e r e f o r e 

| S (f ,x) - f (x) | = | S (x,f) - <p (x) +<? (x) - f (x) | 
1 n n n n 

< |S (x,f) - <p (x ) | + \cp (x) - f (x) | 
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< S (x,f) - <p (x) + o ( l ) by (8 .7 ) 
— n n 

n+l n+1 
< 2 |f(x.) - ^ ( x . ) | | u . ( x ) | + 2 | p . | |v.(x) 

i =2 i - Z 

n+l 
+ 2 | ç>"(x . )v . (x) | + o ( l ) 

. 0 n i i 
i -Z 

I 2 + I 3 + I 4 + o ( l ) 

But by using (8 .7) and (8 .1 ) we ge t 

n+l 
• 1 - a 

n+l 
I = 2 f ( x . ) - <p (x . ) | | u . ( x ) | < 2 C n 2 u.(x) 

2 i = 2 * n ' i = 2 * 

284 C n log n 
— 1 + a 

n 

F o r I we have on us ing ( 7 . 1 ) , (3 .5 ) , (6 .5 ) and (3 .6 ) 

x A 6 n 

n+l n 
1/2 

i =2 i 

2, - 3 / 2 2 , 1 / 2 - 1 / 2 
+1 i . ( t ) 

Z d - x ^ n - ^ + Z d - x f ) 1 " , ! - 1 " / - - ^ - dt 
- 1 ( 1 - t 2 ) -

= o( l ) . 

L a s t l y on us ing (8 .8) and (7 .1 ) we ge t 

I I < 10 2 n (1-x . ) n (1 -x ) 
' 4 1 ~ in i ' 

i =2 

o( l ) , for a> 

Thus we obta in tha t | S (f, x) - f(x) [ = o ( l ) . 

Th i s c o m p l e t e s the proof of the t h e o r e m 3 . 2 . The proof of 
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T h e o r e m 3 . 1 i s on the s a m e l ines a s above and i s left out . Tha t 
T h e o r e m 3 . 1 i s b e s t p o s s i b l e can be p roved on the s a m e l ines as 
in the p a p e r of B a l â z s and P . T u r â n [2] on us ing (5 . 3) and ( 6 . 9 ) . 
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