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EXPLICIT HYPERELLIPTIC CURVES 
WITH REAL MULTIPLICATION 

AND PERMUTATION POLYNOMIALS 

WALTER TAUTZ, JAAP TOP AND ALAIN VERBERKMOES 

ABSTRACT. The aim of this paper is to present a very explicit construction of one 
parameter families of hyperelliptic curves C of genus (p — 1 )/ 2, for any odd prime 
number/?, with the property that the endomorphism algebra of the jacobian of C contains 
the real subfield Q(2COS(2TT/p)) of the cyclotomic field Q(e2ni/p). 

Two proofs of the fact that the constructed curves have this property will be given. 
One is by providing a double cover with the pth roots of unity in its automorphism 
group. The other is by explicitly writing down equations of a correspondence in C x C 
which defines multiplication by 2cos(27r//?) on the jacobian of C. As a byproduct we 
obtain polynomials which define bijective maps F* —> Ft for all prime numbers in 
certain congruence classes. 

1. Introduction. In a beautiful Comptes Rendus note [3], J. F. Mestre presented 
a construction of hyperelliptic curves whose jacobians have real multiplication. As an 
application he found that the groups PSL2CFP2), for/7 = ±2 mod 5, can be realized as 
Galois groups over the rationals. An important tool in Mestre's construction is provided 
by torsion points on elliptic curves. One idea which led to the results presented in our 
paper was to try to mimic Mestre's approach with 'elliptic curve' replaced by the multi
plicative group Gm. 

Another important motivation was given by recent work of Van Geemen and Werner 
[1]. They compute Betti- and Hodge numbers of several three-folds. A particular example 
they study is associated with the equation 

f(x,y) =f(w,z), 

where f(x,y) = 0 defines a skew pentagon in the x, v-plane. It turns out that 'level sur
faces'/^, y) — c define double covers of hyperelliptic curves of genus 2, whose jacobian 
has real multiplication by ^2 • ̂  m a y w e ^ be t n a t t m s c a n ^ e 'explained' in terms of 
classical work of Humbert, who described abelian surfaces with real multiplication in 
terms of the configuration of the ramification locus of the associated Kummer surface 
seen in a natural way as double cover of the plane. 

Still another motivation to provide examples of jacobians with many endomorphisms 
can be found in recent work of De Jong and Noot [2]. They showed that the jacobian of 
the curve y" = x(x — l)(x — À ) has for n — 5,7 a CM-field of degree 8,12 resp. in its 
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endomorphism algebra for infinitely many values of À. One can ask the same question 
for families related to the ones presented here; e.g. for the family 

y3 = x5 — 5.x3 + 5x + t 

of curves of genus 4. Analogous to what will be shown below, one checks that these 
curves already have the field Q(>/--3, y/5) in the endomorphism algebra of their jaco-
bian. However, investigating the action of the endomorphisms on homomorphic 1-forms 
leads one to believe that the situation here is in an essential way different from the one 
in their paper. We will not go into the case of non-hyperelliptic curves here. 

The main result of this paper is the following. 

THEOREM 1. Let p >3bea prime number. Denote byC^a primitive pth root of unity 
(inQ). Let g G Z[X] be the minimal polynomial of-(p-(~x. Putft{X) := Xg(X2-2)+t. 
The equation 

y2=f(x) 

defines a family of curves of genus (p— 1)/ 2 whose jacobians contain the field Q((f)+(>p~
] ) 

in their endomorphism algebra. 

While investigating the families of curves mentioned in the theorem above we found 
a rather amusing additional result: * 

THEOREM 2. Let g be as defined above and let I be a prime number. The map 

x^xg(x2-2):Fi->Fl 

is bijective for all prime numbers I such that I4 ^ 1 mod p. 
For p = 5 it is even bijective whenever £ = ±2 mod 5. 

A simple consequence of this theorem is that a smooth complete model of the curve 
over F^ defined by / " = xgix2 — 2) (for I / m and I4 ^ 1 mod p) has exactly t + 1 
F^ -rational points. Although it is possible to 'explain' this fact using the real multiplica
tions, it is certainly nice to have such an elementary proof as well. The special case p = 5 
yields the polynomial X5 — 5X3 + 5X. The fact that this defines a bijection F^ —> F^ was 
submitted as an exercise in the problem session of Nieuw Archief voor Wiskunde. 

It is a pleasure for us to thank Bas Edixhoven, Noam Elkies, Bert van Geemen, Jo-
han de Jong, Ernst Kani, Jean-François Mestre, Rutger Noot, Frans Oort, Chad Schoen 
and Noriko Yui for showing interest and/or giving some useful remarks. Most of this 
work was done at the Mathematisch Instituut der Rijksuniversiteitte Utrecht. The initial 
typesetting of the manuscript was done at the Department of Mathematics and Statistics 
of Queen's University, Kingston. We thank both institutions for their hospitality. 

* Recently we found out that an even stronger result than Theorem 2 is well known and in fact very classical. 
See Ken Williams's paper in Duke Math. J. 38(1971) 659-665 for a good reference. 
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2. The construction. Let n > 2 be an integer. Suppose k is a field of characteristic 
not dividing In. Over k, we define a family of curves CDt as the smooth, projective model 
corresponding to the equation 

y1 = x(Xln+tJ<r + l). 

The curves *Dt have many automorphisms. On the model given by the equation above 
one easily discovers a Z / 2Z x Z / nZ, given by the hyperelliptic involution and the map 
(x, v) i—» (£ jt, £ ("+1V2y) for an «th root of unity £. Furthermore, we have the involution 
a given by 

Note that a does not commute with the Z / nL while it does commute with the hyperel
liptic involution. Hence the quotient 

is again hyperelliptic, but the Z / nZ does not descend to automorphisms of Ct- However, 
it does of course define correspondences on Cu This observation is the basis for the 
present paper. 

We start by providing a model for the quotient *Dt / ( a ). 

PROPOSITION 3. The quotient Q of the curve (Dt given by the equation 

/1 y \ 
modulo the involution a: (x,y) i—• ( - , —r ) is given by 

yx xn+l / 

y2=x-g(x2-2) + t 

ifn is odd, and 
y2^(x + 2)(g(x2-2) + t) 

in case n is even. 
Here g(X) G k[X] is the monic polynomial whose zeroes are all the numbers £ + ( _ 1 , 

for £ G ^\ { — 1} satisfying £ n — — 1. The model given is in fact birationally isomorphic 
to Ct over the base field k. 

PROOF. Since a and the hyperelliptic involution commute, we obtain a commutative 
diagram 

©, — 0 
I 1 

pi _ pi 

in which all morphisms have degree 2. The map P1 —• P1 here can be given a s x ^ 
x + 1 / x. From this description it is clear that a model of Q is given by the equation 

y2 - ht(x\ 
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in which ht is a polynomial with simple zeroes at all numbers of the form a +a ~ , where 
a is a root of x2n + to* + 1 = 0, and in case n is even, another simple zero at —2. 

Now in k[X,X~{] the relations 

X2n + 1 = Xn(X + X~l) • g(X2 + X"2), 

for n odd, and 

Z 2 n + 1 =Xng(X2+X-2) 

for even rc hold. This can be checked by noting that both sides define monic polynomials 
of the same degree with the same set of zeroes. It follows easily that the expressions 
given in the statement of the proposition define such polynomials ht(X). 

Moreover, taking the model y2 = x(^n + tx*1 + 1) for *Dt, the field of a -invariant 
functions on (Dt over k is generated by r\ = yX-(n+i)/2 an (j £ _ x +x-\ m c a s e n j s Q^ 

and £ = x+x~\r] — y(l + x~x)x~nl2 in case n is even. Again using the relations above 
one finds 

and 

î/2 = «+2) (g (É 2 -2 ) + f), 

respectively. This proves the proposition. • 

REMARK. Starting similarly from y2 = x2*1 + txn + 1 one can take the quotient under 
the involution given by (x,y) i—> \\/ x,y/ JT\. Using the same notations as above, the 
quotient is for odd n described by the equation y2 = (x + 2)(<Kg(x2 — 2) + f) and for even 
ft by y2 = gC*2 — 2) + £. In fact, the two examples are closely related: both are covered 
by the curve given by y2 — x4n + tx2n + 1. 

3. Proofs. 
3.1 The main result. We use the setup and notations from the previous section, but from 
now on we restrict ourselves to the case n = p is an odd prime number. Fix the model 
y2 = xix2? + txP + 1) for <Dt and take ( G Aut(2)r) given by 

C-{x,y)~tc*x4P+i)l2y\ 

where Ç, G k is a primitivepth root of unity. Let [£ ] be the automorphism of the jacobian 
Jac(©r) corresponding to £. 

To prove our main result, it suffices to show that the endomorphism [( ] + [C ]~ ! 're
stricts' to the jacobian of Q- This will follow if one shows that its action on the tangent 
space at the origin of Jac(£>f) stabilizes the subspace on which the involution a acts 
trivially. Equivalently, one has to check that the action of £ + ( _ 1 , seen as element of 
the group ring fc[Aut(£>r)], stabilizes the space oj((Dt)

a of a-invariant differentials in 

H°(^,n^ /t). 
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A basis for uj((Dt)
a is given by the differentials 

dx 
ujj = (V - y - 1 ^ ' ) - ; 0<j<(p- 3)/2. 

One computes 

From this, Theorem 1 follows. 

3.2 Remarks on simpleness. We will now take a closer look at the special case t — 0. 
Assume that the ground field is k = Q. The curves Co a nd £>o have an additional auto
morphism: 

L:(x,y)\-+(—x,iy). 

Here / is a square root of —1. Obviously, t and £ commute, and i2 acts as —1 on both 
jacobians. As above, [£ ]+[£ _ 1 ] acts on the tangent space at the origin of Jac(Cb). Together 
with the action of [L] this provides a representation of the field K = Q(< ,̂ /). Fixing an 
embedding of K into C, this representation determines a CM-type of the CM-field K([4], 
pp. 42-AA). This is described in the following 

PROPOSITION 4. The CM-type of the field K = Q(^ + Çp~\ i) C C corresponding to 
the curve y2 — xg{x2 — 2) can be described as follows. 

Write Gel(K/ Q) = Z / 2Z x F*/ ( ± 1 ), w/iere f/œ Z/ 2Z corresponds to Gal (Q(i)/ Q) 
And F* to the Galois group ofQ((p)/ Q. 

Then the CM-type is given by the partition 

Gal(tf/Q)= Vi U V2, 

where V\ and V2 are subsets of(p— 1)/ 2 elements defined by 

Vx = {(0, ±1), (1, ±2), (0, ±3), (1, ±4), . . .} 

and 
V2 = {(1,±1),(0,±2),(1,±3),(0,±4),. . .}. 

PROOF. Similar to the discussion in (3.1) above, it suffices to compute the action of 
C * + (C _ 1 )* a nd 1 * on global differentials of (Do invariant under (x, y) 1—» ( 1 / x, yj JC"+1 ). 
A basis of these differentials and the action of £ * + (£ - 1 )* on it was already computed. 
Since 

L*ujj = (—îyiuj, 

this implies the proposition. • 
Using a criterion provided by Shimura and Taniyama, the above description allows 

us to prove the following. 
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PROPOSITION 5. In characteristic zero, the jacobian of the hyperelliptic curve given 
by 

û:f = xgtf-2) 

where g G Z[X] is the minimal polynomial of—2 cos(2ir / p), is absolutely simple for all 
prime numbers p except for p — 5. 

A direct consequence of this is 

COROLLARY 6. In characteristic zero, the jacobian ofy2 = xg{x1—2)-K is absolutely 
simple for general t ifp ^ 5 . • 

REMARK. We do not know whether the corollary is also true for p = 5. Of course, 
the fact that the jacobian of Q is not simple in that case doesn't give any information on 
the situation for general t. In fact, by computing characteristic polynomials of Frobenius 
over various finite fields for some values of t, we are tempted to believe that also for 
p = 5 we obtain in general absolutely simple jacobians. 

PROOF OF PROPOSITION 5. By [4], p. 69 it suffices to show that the CM-type de
scribed above is primitive if and only if p ^ 5. In our case this means that multiplication 
by a non-trivial element of Z / 2Z x F*/ ( ±1) does not fix the sets Vi and V2, unless 
p=5. 

For/? = 5 multiplication by (1, ±2) provides such an element, hence the CM-type is 
not primitive. The cases p < 5 are trivial (the corresponding curve has genus 1). Hence 
we may and will assume p > 5. Of course, an element fixing V\ will also fix V2. Hence 
we restrict our attention to one of these, say 

{(0,±1),(1,±2),(0,±3), . . .} . 

This set is the union of two subsets: write V for the ones with first coordinate 0 and V" 
for the others. We distinguish three cases. 

CASE 1. Assume p ~ 3 mod 4. Since V and V" have different cardinality, an el
ement in Z / 2Z x F*/ ( ±1) fixing their union must be of the form a = (0, *). This 
element acts without fixed points on V\ hence order (a)\#Vf = (p — 3)/ 4. The order of 
a divides the order of the group ¥*/ ( ±1) as well, which is (p — 1)/ 2. It follows that 
order (a) = 1, i.e. a is the unit element of the group. 

CASE 2. Assume p = 1 mod 4 and the element a interchanges the sets V' and V". 
Then a interchanges the sets (0, ±2) V and (0, ±2) V" as well. Define for 0 < j < 3 the 
sets 

Wj : = { / 3 G F ; / ( ± 1 ) ; / 3 is represented bybeZ 

with 0 < b < p and b = j mod 4} . 

Then WQ — W\ and W2 — W3. Furthermore 

(0,d=2)V/, = {(l, i8); PeW0} 

https://doi.org/10.4153/CJM-1991-061-x Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1991-061-x


EXPLICIT HYPERELLIPTIC CURVES 1061 

and 
(0,±2)V = {(0,/?); (3EW2}. 

Write a = (l,/3) and represent /3 by b G Z with 0 < b < p and £ odd. By assumption, 
multiplication by /? interchanges the sets Wo and W2. We will show that f3 cannot exist 
by examining what it does to the elements ±1 , ±2, ±3 and ±5. 

Because b • 1 represents an element of W2 = W3, it follows b = 3 mod 4. Next, 
p/2 < b < p, since otherwise 0 < b -2 < p which would imply that £ • 2 represented 
an element in W2. Similarly one finds b < 2pj 3, because if this were not the case then 
0 < b - 3 — 2p < p and b • 3 — 2p = 3 mod 4, hence both ±3 and (3 • ±3 would be 
elements of W3 = W2. 

Hence we either have 2pj 5 < b < 3p/ 5 or 3/?/5 < b < Apj 5. By looking at 
b - 5 — 2p and Z? • 5 — 3/? in these respective cases, one checks that neither can occur. 

CASE 3. Assume p = 1 mod 4 and the element a fixes the sets V and V". Using the 
same idea and notations as in Case 2, one now has to look for elements &GZ such that 
0 < b < p and b = 1 mod 4. 

By studying b • 2 one finds 0 < b < p/2. Proceeding by induction, it follows by 
looking at b • 2k that 0 < b < 2k for all k such that 2k < p. By taking the maximal such 
k one finds 0 < b < p/2k < 2, hence b — \. 

This finishes the proof. • 

3.3 Correspondences. From now on the only constraint on the characteristic is that it 
does not divide 2p. Instead of using the curves (Dt to obtain endomorphisms of the jaco-
bians of Q one can construct these endomorphisms directly in terms of correspondences 
on Q. As before, Q is assumed to be given by the model y2 = xg{£ — 2) + t. Consider 
the morphism cp given as 

¥> :GxG — P 1 x P 1 

which sends a pair of points (Pi^Pi) to their ̂ -coordinates (y(P\),y(Pi)). 
The inverse image <^-1(A) of the diagonal A C P1 x P1 consists of the diagonal in 

Ct*Ct, and another component. This other part is locally described by the set of equations 

y2
l=xlg(x1

l-2) + t 

y2
2 = x2g(4-2) + t 

y\ =y2 
x\g(x\-2)-x2g(x2

2-2) = 

X\ —X2 

It turns out that the curve in Q x Ct described by these equations is reducible. To see 
this, one can use 

LEMMA 7. Let p be a prime number. Consider the monic minimal polynomial f G 
Z[X] of(p+Ç~l, where Q, is a primitive pth root of unity (in C). Define F(T) := Tf(T2+2). 
Then 

(p-D/2 
F(X) - F(Y) = (X - Y) - n ( X 2 - ^ X F + F 2 + 4 - ^ 2 ) . 

k=\ 
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Here#k = Çk
 + Ç-k. 

PROOF. Let À be the difference between the lefthand and righthand side of the for
mula above. For / G Z define & := Ç — Ç~l. Let 0 < ij < p and / ^ y. One computes 

c 2 - (ç~j+<}'%$+tf+4 - ç r + # w ) 2 - o. 
It follows that A(£i,£j) — 0. Since the total degree of A is less than/?, and (&,£/) 7̂  (£*,£/) 
whenever either / ^ & mod porj^l mod /? one concludes that À = 0. • 

Over the field k under consideration, choose / to be a square root of — 1. The polyno
mial/from the lemma will be considered as a polynomial in k[X]. Onehas/(X) = g(—X), 
hence (with fy = Ç7' + C ~"/) 

X ! ^ - 2 ) - x 2 ^ - 2 ) 

= x]f((ixl)
2+2)-x2f((ix2)

2 + 2) 

(p-D/2 

= (-0(^1 - w2) • n {(«o2 - ^(wi)(«2>+(w2)
2+4 - 0/} 

7=1 
( P - D / 2 

= ±(JC2—JCi)- I I {x2-$jXXX2+x\-4 + $2}. 
7=1 

In terms of the description of (f~~l(A) given at the beginning of this section, it should be 
clear that each factor in the product given above corresponds to an irreducible compo
nent. One can use these to obtain endomorphisms of Jac(G). The example/? = 5 will be 
worked out below. 

3.4 Permutation polynomials. We are now ready to prove Theorem 2. Given/? prime 
and g € Z[X] as before, consider for prime numbers £ the map 

a mod £ t—-> ag(a2 — 2) mod £. 

The theorem is easy for p = 2, hence suppose p is odd. Let £ G F^ be a primitive /?th 
root of unity. 

If a ^ /3 have the same image under the map we consider, this precisely means that 
for some y between 0 and (/? + 1)/ 2 one has 

a2 - (Cj +Ç~j)a(3 +P2 = 4 - «'" +C~7')2-

By if necessary changing the choice of the primitive /?th root of unity we may assume 
y = 1. In case £ =/à ±1 mod p this means that C > C -1> C * and £ ~£ are the zeroes of an 
irreducible polynomial over F^. In particular this implies £ 4 = 1 mod /?. 

In case p = 5 , the polynomial is xgCx2 — 2) = x5 — 5x3+5x. The case £ = 2 is easily 
checked. Assume £ > 2 and write x\ = £1 + $2» *2 = £1 — £2- Then 

xj — 5xj + 5xi — X2 + 5̂ 2 — 5̂ 2 

*1 — *2 
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A pair a f (3 G F£ such that ag(a2 - 2) = (3g(f32 - 2) yields a pair (£i, £2) e¥ix¥E 

corresponding to a point on one of the two conies described above. Since 1 and y/5 E F ^ 
are linearly independent over F^, this would lead to 2£ 2 = 5/2 which is impossible since 
V^ g¥e for£ ^ ± 1 mod 5. • 

3.5 EXAMPLE: p = 5. In the special case p = 5 we now take a closer look at the 
correspondences on G mentioned above. As used in the previous section, write 

giitu 6 ) = >/5tf + (v^ - 2)£2
2 + 5 ~ 2

3 V ^ . 

Consider the correspondence T described locally by 

y\ = je] - 5JCJ + 5XI + ^ 

^2 = -̂ 2 — 5JC2 + 5JC2 + / 

For / = 1,2 one has projections 7T;: T —• Q described by (xi, y\, JC2 , j2)•—> (x^yi). 
The fiber of 7r2 over a point (x2, j 2 ) consists of two points; their x\ -coordinate satisfies 

y/5(xl +x2f + (A/5 - 2)(JC! - x2f + 2(5 - 3y/5) = 0. 

It follows that the involution r on T which interchanges the points in the fibers of 7r2 is 
given by 

T: (XI ,^ I ,X 2 , J 2 ) I -> I —ATi - ( - + - \ /5 jx 2 , ^ i ,x 2 , j 2 J. 

The correspondence T yields an endomorphism of the jacobian of Q whose tangent 
mapping on the tangent space at the origin can be computed as before on H°(Ct, ^ ) . It 
is given by 

LJ I—> TTiUJ + T*7T*UJ. 

A straightforward computation (using that 

{(A/5 — l)*i + x2} dx\ = — {x\ + ( v 5 — l)x2}dx2 

on r ) reveals that on the basis {dx/y,xdx/y} of H°(Ct,Qç) this tangent mapping is 
given by the matrix 

- • • -= 0 \ 

-i + VsJ 
•k-k^ 
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