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WEIGHTED ESTIMATES FOR FRACTIONAL
MAXIMAL FUNCTIONS RELATED TO SPHERICAL MEANS

MIcCHAEL CowLING, JOSE GARCIA-CUERVA AND HENDRA GUNAWAN

We prove weighted LP-L? estimates for the maximal operators M®, given by M2 f
= sup |t®u * f|, where u; denotes the normalised surface measure on the sphere of
t>0

centre 0 and radius ¢ in R%. The techniques used involve interpolation and the Mellin

transform. To do this, we also prove weighted LP-L? estimates for the operators of
convolution with the kernels |-|7%7*7.

1. INTRODUCTION

Denote by u, the normalised surface measure on the sphere in R with centre 0 and
radius ¢t. We shall be interested in weighted LP-L? estimates for the maximal operators
M?®, given by the formula

MO f = sup |t®p, * f|,
>0

whenever this makes sense. Unweighted estimates for this operator were proved by Ober-
lin [11].

One of the reasons why we are concerned with these estimates is the following. We
know that p, is LP-improving, that is, for some (and hence all) p in (1, 00), there exists
g in (p,00) and a constant Cp 4, such that

e * flly < Coarllfll, — VfelP

Considerations of homogeneity show that C, ., = Cpot~%, where a/d = 1/p— 1/q. It
follows that, for all f in L?,

%0 x fll, < Cpglifll, Ve RY;

in particular this implies that %y, * f — 0in L9 as t = oo whenever 0 < 8 < a.
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All our function spaces will be on R9, and we omit reference to R? in the notation.
Take f in L?, where d/(d — 1) < p € 0o. The facts that p, * f = 0in L9 as t — co and
that Stein’s spherical maximal function Mf = sup |y, * f| is in L? allow us to conclude

£>0

that u,* f — 0 pointwise as t — oo. It is now reas>onable to ask how fast this convergence
is. One corollary of our work is that M®f is in L9, so that the pointwise convergence is
faster than ¢t~# for any f in (0, a).

We recall in Section 2 a few well-known results about the Muckenhoupt, weight space
Ap, and then in Section 3, we first review and then improve the known LP-L? estimates
involving A, weights for the spherical maximal function. In Section 4, we prove some
~*~" where 0 < a < d and 7 is real.
Finally, we discuss the weighted LP-L? estimates for the fractional maximal functions

weighted estimates for the convolution kernels ||

related to spherical means in Section 5.

Constants will usually be denoted by C and ¢; the former constants may be very
large, and the latter very small. These “constants” may vary from one occurrence to the
next. However, they are always positive.

2. A, WEIGHTS

A nonnegative locally integrable function w on R is said to belong to the Mucken-
houpt class A; when there exists a constant C such that

ﬁ/ w(z)dz < Cw(y) for almost every y € @
Q

for all cubes @ in RY, where |Q| denotes the Lebesgue measure of Q. If 1 < p, ¢ < 00,
then w is said to belong to A, when there exists a constant C such that

(11 [, =) (g fpweere0ae) <

for all cubes in RY more generally, w is said to belong to A(p,q) when there exists a
constant C' such that

(i / w(z)"ds) ”q(ﬁ | wer dz) " <o

for all cubes in R?. It is easy to see that w € Ay if and only if w'/? € A(p, q).

Much is known about A, weights. A key property is that w € A, if and only if there
exist w, and w, in A; such that w = wlw;"’. Another is that if w € A;, then there
exists £9 in R* such that w® € A4, for all § in [0, 1 +&). This implies a similar property
for A, weights, and also implies that, if w € A, where p > 1, then w € A, for all ¢ in
an interval of the form (r,00), where 1 < 7 < p. It is known that |-|* € A, if and only if
—-d<a<x<0.

https://doi.org/10.1017/50004972700020694 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700020694

[3] Fractional maximal functions 77

We write LP(w) for the space of all measurable functions f: R — C for which

71, is finite, where
1/p
£l = ([ 0P wtaaz) ",
Rd

with functions identified when they agree almost everywhere.
We recall the following interpolation theorem of Stein and Weiss.

THEOREM 2.1. Suppose that v and w are weights, and that 1 < p,q < oo.
The complex interpolation space [LP(v), L(w)), is the weighted space L™ (v(1=0)r/pyfr/a),
where 1/r=(1-8)/p+6/q.

PROOF: See, for example, [17, p. 211]. 0

Let m, denote the normalised Lebesgue measure on the (solid) ball in R® with centre
0 and radius t. For o in [0, d], the fractional maximal operator M is given by

MSf =sup [t m, * f|.
t>0

This operator was considered by Sawyer [13, 14]. Observe that MY is the well-known
maximal operator of Hardy and Littlewood [7]. It was shown by Muckenhoupt [9] that,
when 1 < r < 00,

M, SCUflew VS €L (w),

if and only if w € A,. On the other hand, we also have the trivial estimate
IMifl,<Clfl, Vel

where C~! is the measure of the unit ball in R%. It follows from Theorem 2.1 that, if
1<{p<g< oand a=d/p—d/q, then

“Mcllf”q'w < C ”f”p,wﬂ/q Vf e Lp(wp/q)i
for all w in Ag/p41. Alternatively, we may write
IME fllgwe S Cllfllpur VS € LP(wP),

whenever w € A(p,q). For these results, and more about weights, see the works cited
above and; for example, [6, 8, 10].
We shall prove families of weighted inequalities of the form

0T fllgu S Clifllyurre V€ LP(wP19)
and

ITfllo S Cllfllpuoe VS € LP(0P1%)
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for all u in AY and v in A%. The first of these inequalities holds for weights of the form
(u1u37")” and the second holds for weights of the form (viv37°), where uy, us, v; and v,
are in A;. If, say, v € 6 and y(r — 1) € é(s— 1), then the second inequality is stronger
than the first. On the other hand, if, say, v > § and v(r — 1) < §(s — 1), then the
inequalities are incomparable. It would be interesting to know whether there is a simple
way to unify two such incomparable inequalities. Clearly, if the two inequalities above
hold, then interpolation gives a range of intermediate results. The inequalities also hold
for a weight which is the maximum of weights in A7 and A¢.

3. THE SPHERICAL MAXIMAL FUNCTION

In this section, we first review and then improve the known results involving A4,
weights for the spherical maximal operator on weighted L” spaces.

3.1. REVIEW. The study of the spherical maximal operator M began when Stein [16]

proved the inequality
IMSl, <CIfl, Vel

for the case where d > 3 and p > d/(d — 1). Much later Bourgain [1] treated the case
where d = 2 and p > 2. This case is much more difficult, and we shall henceforth assume
that d > 3.

Rubio de Francia [12] showed that the weighted estimate

IMSllpe < CUfllpye V€ LP()

holds when d/(d —1) < p< oo and 0 < a <dp—d—p (see also [6, p. 571]). Recently,
Duoandikoetxea and Vega (3] and Gunawan [4] showed that similar estimates hold for
more general weights. In particular, when d/(d — 1) < p £ 2, the inequality

(3.1) IMfllpw < Clifll,, VS € LP(w)

holds for all w in A} when v < (d—p')/d (see (3, 4]) and for all w in A} when
§ < (d-7p')/(d—1) (see [8]). Since if w € Ap, then w'*¢ € A, for some positive ¢,
the same results actually hold when v = (d- p')/d and § = (d - p')/(d —1). These
imply that (3.1) holds when w = |-|* and

dip' —d)/(d-1)<a<dp—d~p.
For power weights |-|*, Duoandikoetxea and Vega [3] showed that (3.1) holds when
l-d<a<dp—d-p;

this result is sharp except perhaps when a =1 — d. It is apparent that the results for
general A, weights are not strong enough to imply this result.
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3.2. NEwW LP-LP ESTIMATES. As observed in [5], estimate (3.1) may be proved using
interpolation. We shall generalise the method of [5] to extend the class of weights for
which estimate (3.1) is valid. Define the operator M, by

M. f =sup Imz,t * fl »
t>0

where (as in [16]) m, ¢(z) = t"¢m,(z/t) and

m,(z) =)~ (1 = |sP), )

(t, is equal to t if t is positive and 0 otherwise). This must be interpreted by analytic
continuation when Re z £ 0. When 2z = 0, we obtain a multiple of the spherical maximal
operator: wy_1 M = 2M,. Thus results for My imply results for M, and vice versa.

THEOREM 3.1. Suppose that d/(d — 1) < p < oo and that max{0,1 — p/d}
<0 < (d—2)/(d-1). Suppose also that w is of the form ulu, 8@=1)-4-2) o here u, and
ug lie in A,. Then there exists a constant C such that

1Mol < Cllfll,y  VF € LP(w).
PRrOOF: We first outline the proof. We start with three inequalities, namely
IM:fll < Callfll,  VfelL?
if Rez > 1 - d/2, |
IM:fllo € Cellflle VfEL™

if Rez > 0, and )
IMefll < C:lifll,,  Yf€Li(w)

if Rez > 1 and w € A,, when ¢ > 1. An iterated 1nterpolat10n argument shows that, if
6,,05,8; € [0 1] and 6, + 6, + 63 = 1, then

”sz”p,w5 S CZ ”f“p_w5 Vf € LP(w‘,)
for all w in Ay, provided that

d 1 6 @6 6
Rez>6(1-5)+6;, -=2+= ad =22
2 p 2 g q
The proof then consists of choosing the interpolation parameters appropriately. Indeed,
to obtain a weighted inequality for a given p in (1, 00), we must choose nonnegative 6,

and 63 such that

6 +6; <1, 01(1—g)+03<0 and 0<—1-(%—%)<1.
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The first of these three conditions allows us to choose 6, to be 1 — 8, — 63, while the
second ensures that the final result holds for My, and the third means that we can find ¢
in (1,00) such that 1/p =6,/2 + 63/q. The three conditions together imply that p must
be bigger than d/(d — 1). It also turns out that for each p in (d/(d — 1), 00), there is a
range of 6, and 0; which satisfy the conditions, and hence a range of results.

Now we come to the details. We divide our argument into several cases. First we
consider the case where 6§ = (d — 2)/(d — 1) and d/(d — 1) < p < co. Next we consider
the case where d/(d—1) < p < d and § = 1—p/d: this requires several subcases. Finally
we consider the case where d < p < o0 and § = 0. An interpolation argument completes
the proof of the theorem.

CaAsE 1." We show that, if d/(d — 1) < p <oo and 6 = (d — 2)/(d - 1), then
IMofllyys S Cliflls  VfE€LP(w') Vue A

Take w in A;, and recall that there exists a positive £y such that w!'*¢ € A, for all ¢ in
[0,€0). Since p > d/(d — 1), we may choose a small positive ¢, such that
eip(d —1) €0

—+2 1 .
p(d-—l)+ €y < and 13 <1+€o

Now take £, in (0, 9) such that

€2 =€1P(d‘“1)
1+¢ d-2

Define 6,, 6,, 03 by

| d—2 2
pld-1) pld-1)
then 0 < 6,,0,,03 < 1. Take g to be 1 +¢;; then 1 < ¢ < co and w'**? € A,. Now
interpolate between the estimates

6; = 0, = +2; .and 0;=1-8, — 05

IM:All, < C:llfll,  VfelL?

ifRez > 1-—4d/2,
IMefllo € C:llflle VfEL™

if Rez > 0, and
”sz||q,wl+‘2 < Cz “f”q,wl+eg Vf G Lq(’U))

if Rez > 1, to conclude that
Mofllpuws S Cellfll,us Y € LP(P),

where § = (d — 2)/(d - 1).
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CASE 2. For this case, we introduce the notation p* for p(d — 2)/(d — p). We show that.
if d/(d — 1) < p < d, then the inequality

IMofllpw S Clifll  VF € LP(w)

holds for all w of the form wu) /%, ~P-1/d

suffices to show that

, where u; and u, lie in A;. Equivalently, it

IMofllu < CIfNl,  Vf€LP(w) Ywe AP

We consider three subcases. First, if p = 2, then p* = 2. If w € A,, then there exists

some ¢g in (0, 1) such that w'*€ € A, for all ¢ in [0,¢0). By choosing @ slightly less than

1 —2/d, we may arrange that 6(1 +¢&9) > 1 —2/d and (1 - 8)(1 — d/2) + 6 < 0; by then

choosing ¢ appropriately in (0, £9), we may arrange that w'*¢ € A, and 6(1+¢) = 1-2/d.
On the one hand, if Rez > 1 — d/2, then

IMfll, <CNIfll,  Vfel?
and on the other hand, if Rez 2 1, then

WMl uive < Collfllguee V€ LE(w'™).

By interpolation,
”szllz,wﬂ(we) S Cz ||f”2'w9(l+e) Vf € L2(wa“+5))

provided that Rez > (1 — 6)(1 — d/2) + 6. The result claimed follows for this case.
Next, suppose that d/(d — 1) < p < 2, so that 1 < p* < p. If v € Ap-, then there

exists some gy such that w!* € A,- whenever 0 < € < g, and then there exists some p**
in (1,p*) such that w'*¢ € A,... Take 8 and 6* such that

1 ) 1-6 1 o* 1-6°

- = — 4 — and -= + .

P px 2 p p 2
As p** approaches p*, 6 approaches 8, so by taking p** close enough to p* and ¢ small
enough, we may assume that

(1 +¢€)po* _ pb

ptt pt'
Unravelling the definitions, we see that
0 1/p—-1/2 —1— 2
1/p* —1/2 d
and 0* < 8, whence
d d do* d db
+(1-0)1-=)=1-= —5t+t+5=
o+ (-6 2) 3T <l-g+5 =0
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On the one hand, if Rez > 1 — d/2, then
(3:2) IM:fll, < C:|fll, Vf e L2,
and on the other, if Rez > 1, then
(33) M fllpee rve S Collfllponree  Vf € L7 (w').
By interpolation,
“sz"p,w5 s CZ ”-f”p,uﬁ vf € Lp(wd)
ifRez > 60"+ (1—6°)(1—d/2) and § = (1+¢)p8*/p**; in particular, this inequality holds
if 2 = 0. It follows that

[Mofllpus < Cllfllpue  Vf € LP(w)

for all w in A,-, where 6 = 1 — p/d, as claimed.

For the subcase where 2 < p < d, we argue in a similar fashion, taking p** in (p*, 00)
and interpolating between the estimates (3.2) and (3.3) for this case.

Finally, if d/(d —1) < p < d, then another interpolation gives the intermediate cases
enunciated.

CASE 3. We show that if d < p < o0, then

IMofllpw < CNfll, VS € LP(w)

for all w of the form u?~%, where u € A,.
Given u in A;, there exists some small positive € such that u'** € A4;. Choose J;
and 43 such that

2 2 -2 -
0<h==-68 <= and 0<03=d——53<u,
P p p

where 83 > (d — 2)d1/2, and take 6, to be 1 — 8, — ;. If §; and &; are small enough, then
1 < ¢ < 00, and also

,%(;—E)—% - (1 B dpfa2)—l(1 - 26_91;)_1 €(l,1+e).

Now interpolate between the estimates

IM:Afll, < C:lIfl,  Vfel?

if Rez >1-4d/2,
IM:fllo € Cellflee  VfEL™

if Rez > 0, and
"MZf”q,w < Cz "f”q,w Vf S Lq('l.U)
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if Rez > 1, where w is chosen to be u(2~99/P to conclude that
IMofll, Cllfll,w  Vf € LP(w)

for all w of the form 4?9, where u € A,.

The results for intermediate values of 4 for a given p follow by interpolation from
the extremal results with the same p. 0

Clearly our results improve the previous results of [3, 4, 5], but do not reach the
expected limit of 417/,

4. ESTIMATES FOR FRACTIONAL POWERS OF THE LAPLACIAN
For a in [0, d], define B, by the formula
T((d—a-in)/2)
T((a+in)/2)

and write K, , for B,(n) |-|****". Note that I?a,,, = |:|7°7* (see [15, p. 117]). The kernels
Ko, correspond to fractional (imaginary) powers of the Laplacian. In this section, we
obtain weighted LP-L? estimates for the kernels K, .

(41) By() = n~42+eki

Before we consider weighted LP-L? estimates, we remind the reader that, for £ and

nin R,

win|/2 :

eminl/ |I;E§1/‘2“ in)| s (2m)'/2

Il
as |n| — oo (see, for example, [18, p. 151]). Since I' is meromorphic, with simple poles
at 0, -1, —2, ..., it follows that, given a, b, and c in R, there exist constants C; and C,
such that
- a+{+1

(4.2) Cy Inf%+ < ‘F f ﬂ)l < Gy [pfE+e?

for all  in [—¢,c] and all 5 in R\ (—1,1). The behaviour of the quotient when 7 is small
may be controlled using the poles of T.

THEOREM 4.1. Suppose that 1 < t < oo, and that max{0,2 - t} < v < 1.
Suppose also that w is in A,, where

_t+2y-2
—

Then there exist constants C and ¢ such that

1Ko * fllyr SC A+ 1) Nfllyur VS € Li(w?),

for all n in R, where E = dsy/2t.
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PRrOOF: Fix t and v, and hence s, as enunciated, so that s > 1, and take w in A,.
Let 6 be sy/t; then 0 < 0 < 1.
On the one hand, by Fourier analysis,

| Kom+ fll, =Ifll,  Vfel”

On the other hand, as shown in [4], for all small positive  there exists a constant C such
that, for all 7 in R,

dj2+6 s
1Ko * fll,0 < C A+ )" M1ll,,  Vf€L*w).
Complex interpolation shows that
é(d ')
(4.3) 1Kon * fllyr < C @+ D" 1 fllwr  VF € LHw?),

which is the required result, except that the exponent of (1 + |n) is a little too big.
Gunawan and Wright have recently shown that the term & is not necessary in any of
the above inequalities—details will appear elsewhere. However, this improved estimate
is still not as strong as possible.
To improve (4.3), we recall that there exist {y and so in R* such that 1 € sp < s
and w'*¢ € A, for all ¢ in [0,(p) and all s in (g, 00). Choose 8* and s* very close to 8
and s such that 6* < 8, sg < s*,
g1 1 1 1 (1 + Go)st*
— =) = -z —>1.
0 (s' 2) 0(3 2) and s*0 >1
Now choose ¢ and ¢ such that
6"(d/2 +6) < 6d/2  and % —1
Interpolation between the estimates

1Kom * flle v < C 1+ ) Nfllorec  VF € L7 ()
and
Kon* fll,=llfl, VfelL®
yields the inequality enunciated. 0

Now we interpolate between our “optimal” weighted L!-L* estimate and the trivial
L'-L™ estimate to obtain weighted LP-L9 estimates.

THEOREM 4.2. Suppose thatl < p < ¢ < oo and that max{0,1-¢/p'} <y < 1.
Suppose also that w € A,, where

= g+2%y—p
Py '

Then there exist constants C and € such that
Eo—¢
"Ka'n * f”va‘, s C (1 + Inl) ”f”p,wﬁ‘l/q vf € Lp(wm/q)’
where Ey = d(pg — 29 + 2pvy)/2pg.
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PRrOOF: From Theorem 4.1, given ¢ in (1,00) and « in (0,1) such that t + v > 2, if

t+2vy~2
s tHrer—2
vy

and w € A, then there exist constants C and e such that

(4.4) WKom * fllr C QA+ Wfllr  Vf € Li(wT),

where E = dsvy/2t.
Furthermore, for all z in R% and f in L,

g £@)] < [ |Kanlz =0 7y = | B 190, V7 e L,
whence
(4.5) Ko * flly S CQ+1)" 171, VfelLh

We interpolate between the estimates (4.4) and (4.5). To do this, we consider the family
of operators (T¢)ogrecgi, given by

T(d - E +(E/2 + d/4)(£ +in))
T(d—(E/2+d/4) (€ +im)) &%

Tf+inf = * f.

This family is continuous in the strip of definition and analytic in its interior (say, in the
topology of operators from the space of simple functions to the space of functions with
the topology of convergence in measure). Further, for some small positive ¢ and all »

in R,
I'(d— E+i(E/2 +d/4 .
ITin e < c’ (F(d B i(;(/2/+ d/4;n))n)l (1) Ul
SCOA+M) " Nfllpyr  Vf € L(w?),
while -

U(5d/4— E[2+i(E/2 + d/4)n)
ITiinfllo < © ] I'(3d/4— E/2—i(E/2+ d/4)n)
<Clfll,  vfelLl.

@+ Ial) "2 111,

Stein’s complex interpolation theorem (see, for example, (17, p. 205]) implies that,
if
1-6
t

and ——1—04-1
t )

[l I -

1
0<0<1, - = +
p

Qe

3

then
~(1-8
(Tosinfllyr < C QA+ )" Wfllpurre VS € LP(wP9),
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which in turn implies that
Eg—¢’
1Kan* fllon < CQ+ D" Wfllpwrra  Vf € LP(w™9),

for some positive ¢’, where Ey = d(pg — 2¢ + 2py)/2pg.
It is now a question of sorting out which ¢ is compatible with a given p and g to
obtain the result. We leave the details to the reader. 0

4.1. WEIGHTED LP-L% ESTIMATES FOR M®. We now present an approach to the max-
imal estimates for M, based on the calculations for the homogeneous kernels |-|™*~*"
and the use of the Mellin transform. See, for example, [2] or [4] for similar applications
of the method.

THEOREM 4.3. Suppose that df(d-1) < p < g < d, that a = d/p — d/q, and
that max{0,1 — ¢/p'} <~ <1 - g/d. Suppose also that w is in A,, where
=2t 2p'y —p'
Py

Then there exists a constant C such that
||Maf“q’w‘7 S C ”f”pyw?’?/q Vf E Lp(wVY/q)‘

PROOF: We first outline the Mellin transform method, and then apply it to the case
in hand.
Using the Mellin transform, we may write formally

1 —d+i
i (z) = / ||~ 4 dn,
R

27 We-1

where wy_; is the area of the unit sphere. Indeed, for u: R — C, define %: Rt — C by
the formula

w0 = [ u(te)do(@) = wans [ u(t) (o),
Sd-1 Ré
where o is surface measure on the sphere. Then,
_1-/ / U(.'L') lea—d+t'17 dz dn — i_/ / [ﬁ(t) ta] tiﬂ—l dt dT]
27 Jr Jre 27 Jr Jr+
= % /R/R[E(e’) e"’] e dsdn.

This is the inverse Fourier transform (in 0) of the Fourier transform of s — %(e®)e®*®, and
is therefore equal to %(e)e®®, as required.
From the definition of B, and K, (see (4.1)), it follows that

= / Ao(n) Ko ydn,
R
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h
where 1

Aaln) = 5B )

From (4.2), Aa(n) = O((l + |n|)a-d/2)‘ Now we see that

oy, = /R Aq(n) ™ K, dn,

whence
ek f = /R Aa(m)t™ (Ko f) dn.
Consequently,
M1 < [ [Ao(m)| Kan * fldn
and hence

1Ml < [ [Aalm] W * Fl .
For the case in hand, we obtain weighted LP-L9 estimates for M f provided that
J @+ () dn < o,
where Fy is as defined in Theorem 4.2. This boils down to the condition that

a—g'f-EoS—].,

that is,
(%_1 V)d_c_ué_l,
p ¢/ "2 p ¢
whence
'ysl—%.

Observe that this condition and the condition max{0,1 — ¢/p’} < v < 1 of Theorem 4.2
are compatible if and only if

q q q
R R .
1 < and 0«1 ;
these inequalities hold if and only if p > d/(d — 1) and ¢ < d. 0

At this point, we have weighted L?-L9 inequalities for M® when d/(d — 1) < p
< g < d (corresponding to the upper triangle in Figure 1). We may interpolate once
again to obtain nontrivial weighted LP-L? estimates for M® when p < ¢ < (d — 1)p and
g 2 d (corresponding to the lower triangle in Figure 1); this method also improves some
of our estimates in the upper triangle.
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|

G g .

D=

Figure 1:

THEOREM 4.4. Supposethatd/(d—1) <p<q<(d—1)p, that o =d/p—d/q,
and that max{0,1 —¢/d} < v <1 —g/p(d—1). Suppose also that w is in A,, where
s Py+d-dy—1-g
Y

Then there exists a constant C such that
IM®fllyur S CUFllpuorrs  VF € LP(wP/9).

PRroOF: Given p and ¢ such that d/(d— 1) < p < ¢ < (d — 1)p, there exists 6 in
(0, 1) such that

(4.6) d/(d—1) < pf < gb < d.

If moreover

4.7) max{O, 1— q0/(p9)'} <v<1-4q8/d,
and w € A,,, where

_90+2(00)y — (p9) _2py+pef—g-p

o= (p6)'y Py ’

then we may interpolate between the inequalities

IMfll, <Cllflle Vel
(which is trivial) and

I|Mo/0f”q9,w7 < C £ ll o w3116 Vf € [P (w®h/(e0)),
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(from Theorem 4.3) to obtain the inequality
(4.8) IM® fllgr S Cllfllppomra  Vf € LP(w™9).

For given p, q and v, there are two questions to be answered: Does there exist § in
(0,1) such that inequalities (4.6) and (4.7) both hold? And if so, what is the optimal A;,
for the weight w in (4.8)?

We need to be able to choose @ such that

p0>gi?, g < d, 1——p—<'y and v<1-g¢8/d

These inequalities boil down to the inequalities

>—d,_’ 9<C_l1 0>.1__7+}. and 9<M
p(d-1) q q p q

Thus such a 8 exists if and only if

0

l—y 1y _dll-7)
maxy ———, —— + — ¢ < ————
{p(d -1) ¢ p} q
that is, if and only if v < 1 — ¢/p(d — 1), which holds by hypothesis.
The best result is obtained by maximising sy subject to the conditions above, that

is, taking @ equal to d(1 — 7v)/q. The condition that v > 1 — ¢/d in the statement of the
theorem ensures that d(1 —v)/q < 1. 0
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