
TRANSFORMATION OF L I F E - T E S T DATA 

N o r m a n R. D r a p e r and I rwin Gut tman 

( rece ived F e b r u a r y 29, 1968) 

In a r e c e n t pape r Box and Cox (1964) cons ide red the p r o b l e m of 
t r a n s f o r m i n g dependent v a r i a b l e s in r e g r e s s i o n and ana lys i s of v a r i a n c e 
p r o b l e m s , in o r d e r to ach ieve the usua l a s s u m p t i o n s of Normal i ty , 
cons tan t v a r i a n c e and addit ivi ty of effects . H e r e we adopt the s a m e 
a p p r o a c h to i nves t iga t e t r a n s f o r m a t i o n s of data which allow the 
t r a n s f o r m e d o b s e r v a t i o n s to follow a G a m m a d i s t r i bu t ion . A spec ia l 
c a se of this i s the exponent ia l d i s t r ibu t ion , valuable in l i fe - tes t ing , 
for which examples a r e g iven . 

1. The P r o b l e m . We sha l l i nves t iga t e the following p r o b l e m . 
y of o b se rv a t i o n s which i t would 

n Suppose we have a s a m p l e y . , y 9 , 

be convenient to t r e a t as belonging to a G a m m a d i s t r ibu t ion (of o r d e r m, 
known) with unknown p a r a m e t e r G to be e s t ima ted , but we fea r that 
such an a s s u m p t i o n m a y not be va l id . Can we find a t r a n s f o r m a t i o n which 
can be applied to the y. which will allow the a s s u m p t i o n of a G a m m a 

d i s t r i bu t ion to be val id ly applied to the t r a n s f o r m e d o b s e r v a t i o n s ? 
(We sha l l see that this p r o b l e m has specif ic app l ica t ions , e . g . in the 
l i f e - t e s t ing f i e ld . ) We sha l l cons ide r t r a n s f o r m a t i o n s of the type 

(1 .1) Y i 
1,2, ! II, \ > 0. 

(We shal l not cons ide r negat ive va lues of X for the following r e a s o n . 
A negat ive power t r a n s f o r m a t i o n i m p l i e s a pos i t ive power t r a n s f o r m a t i o n 
of the r e c i p r o c a l s of the o b s e r v a t i o n s . However taking r e c i p r o c a l s 
has the effect of m e r e l y r e - o r d e r i n g pos i t ive obse rva t i ons so that the 
l a r g e s t o r ig ina l o b s e r v a t i o n b e c o m e s the s m a l l e s t r e c i p r o c a l o b s e r v a t i o n 
and so on, thus reduc ing to the s a m e fo rmula t ion as we adopt . Thus any 
t r a n s f o r m a t i o n p r o b l e m involving l i f e - t e s t data can be handled by 
using pos i t ive va lues of \ on ly . ) We shal l e s t i m a t e an a p p r o p r i a t e 
va lue for \ in the following way. If the t r a n s f o r m e d data 

z. = y. 
l l 

i = 1,2, . . . , n follow the G a m m a d i s t r ibu t ion (of o r d e r m , 

known) p a r a m e t e r 0, then the p robab i l i ty d i s t r ibu t ion function for 

z. i s 
l 
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(1.2) f(z.) = f(yX) = { z m " V Z i / G } / { 0 m r ( m ) } , z . > O , 9 > 0, m > 0. 
l i i J } i 

This i m p l i e s that the l ikelihood function for the o r i g i n a l y. is 

given by 

(1 .3) | j | e - m { r ( m ) } " n { n y ^ " 1 " 1 * } exp { - S y X / 6 } 
i=l X i= l * 

w h e r e the Jacob ian | j | = |9(y , y' , . . . , y )/d[y , y , . . . , y ) | i s the 

one n e c e s s a r y to t ransform, f r o m one se t of v a r i a b l e s to the o t h e r . 
When the fami ly (1 ,1) i s c o n s i d e r e d th is J acob ian has va lue 

n X-l 
(1 .4) \ n FI y 

i=l 

as is eas i ly v e r i f i e d . F rom, this point we sha l l follow the twin pa ths 
of l ikelihood and B a y e s , to obta in an e s t i m a t e for X, as did Box and 
Cox (1964). 

2# Likelihood a p p r o a c h . Taking the l o g a r i t h m to the b a s e e of 
both s ides of equat ion (1 .3) with the quant i ty (1 .4) i n s e r t e d g ives the 
log l ikelihood 

n 
(2 .1) L(X,9) = n i n X + (X- 1) 2 i n y. - m n i n 0 

i = l X 

n n 
- n i n r ( m ) + \ ( m - l ) 2 i n y. - S y . 7 9 

i=l * i=l ]" 

= n l n X + ( X m - l ) 2 i n y. - m n i n 6 
i=l 1 

n 
- n i n r ( m ) - S v.X / 9 . 

i = l '* 

A 

The m a x i m u m likelihood e s t i m a t e 9 of 9 for a g iven X is given by 
se t t ing 9 L / 8 9 = 0, whence 

n 
(2 .2) 9 = 2 y X / m n . 

i = l 1 

Thus we can w r i t e 

4 7 6 
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( 2 . 3 ) L(X, 0) = n(m in mn - m) + n in X 

+ (\ m - 1 ) S in y. ~ mn i n S y - n | n T (m) 

i = l i = l 

The function (2.3) can now be plotted against X and the maximizing 
value X estimated from the plot (see Figure 1). This value would be 

used in subsequent analyses to transform the data. 

Figure 1. Plot of L(X ,6) 

L ( \ , 6 ) 

A confidence interval for X can be obtained from the equation 

(2 .4 ) L ( X , J 9 ) - L(X,G) < | x
 2 (i .a) 

exactly as in Box and Cox (1964). Note that (2.4) is conditional on 

3. Bayesian approach. We shall assume that the prior 
distribution for 9 is unaffected by the value of X; in other words, 
prior feelings about probable values of 6 are insensitive to possible 
transformations which might be indicated. (Situations might occur in 
which this would not hold, however.) The parameter 6 has a range 
0 to oo and the character of a variance. Thus it seems reasonable to 
assume that log 0 is locally uniform. If we write p (X) for the 

prior distribution of X? then the joint prior of X and 0 is 

• 1 
( 3 . 1 ) 0 p (X) d0dX 

Multiplying this by the likelihood (1.3) provides the posterior 
distribution of X and 0 as 
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(3.2) 
n n 

p(X,0 | * m ) < c { X n n y . ^ " 1 } G ' ^ ' ^ r M l ^ e x p l - S y X / 6 } p (X). 
i=l x i=l 1 ° 

Integrating out for 9 gives the marginal posterior for X 

n 
n mX-1 

X n y. 
(3.3) p( X |y,m) oc i = l 1 . p Q (X) . 

n m n 

{^ yh 
i=l 

Whatever prior ideas about X are available can be inserted in (3.3). 

The distribution function (3.3) can then be plotted and X can be selected 
as the mode (which we prefer), or the mean of the distribution (preferred 

by others). This value of X can then be used to transform the data 

for subsequent analysis. 

The Bayesian approach is identical to the likelihood approach 

when p (X) = constant, and the mode estimate is used. When p (X) 
o o 

is not constant, however, a different estimate of X is obtained. 

Since X> 0, a constant prior does not appear to be reasonable, but in 

any case it is clear that the Bayesian approach provides a much more 

flexible solution into which whatever prior ideas are available can be 
incorporated. 

What sort of form should p (X) take? The most sensible prior 
appears to be 

(3.4) po(\) = i/X. 

This prior is reasonable in situations where X = 1 is regarded as 

a central value and where values X = X and X = 1/X appear equally 
o o r n 

possible a priori. This implies for example that 

P(l/X < X < 1) = P(l < X < X ). 
o — — — — o 

To construct the posterior distribution in normalised form, the 
constant of proportionality in (3.3) is needed. In some practical cases, 

for example when n and/or the y. are large, computing difficulties 

arise from (3.3) because numbers too small, or too large, for the 
computer are obtained. To help avoid this, we can rewrite (3.3) in 
alternative forms. One example of this is 
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mX-1 n n w. 
(3 .5) p (x | ;£ ,m) < i= l ' PQ(X) 

n X 
. m n 

{ S w. } 
1 = 1 

w h e r e w. = n y . / ( y +y + . . . +y ) = y . / y . Other t r a n s f o r m a t i o n s migh t 

be m o r e useful on occas ion , depending on the da t a . 

4 . Specia l c a s e : v a r i a n c e e s t i m a t e s . Suppose we have n 
independent , equa l - s i zed s a m p l e s each of (2m + 1) o b s e r v a t i o n s f r o m 
what a r e thought to be N o r m a l popula t ions with c o m m o n v a r i a n c e 

2 
or = 6 and we wish to m a k e i n f e r e n c e s about G. On the a s s u m p t i o n 

2 
of Normal i ty , the n v a r i a n c e e s t i m a t e s y. = s. , i = 1, 2, . . . , n each 

2 2 , x 1 

follow a (cr v ) / 2 m d i s t r i bu t i on . This m e a n s that the v a r i a b l e s 
2m 

m y . / 6 each follow a G a m m a d i s t r ibu t ion of o r d e r m . 

Thus , if the o r ig ina l a s s u m p t i o n that the n s a m p l e s (each of 
2m +1 o b s e r v a t i o n s ) a r e n o r m a l i s not sa t is f ied , we can a t t empt to 

X 2 \ 
adjus t for this by working with t r a n s f o r m e d v a r i a b l e s y. = s. which 
do sa t i s fy the a s s u m p t i o n s , where X is se lec ted by the p r o c e d u r e of 
s ec t ions 2 and 3 . Note that in this c a se the t r a n s f o r m a t i o n i s m a d e on 
the v a r i a n c e e s t i m a t e s . An a l t e r n a t i v e p r o c e d u r e , which involves m o r e 
computa t ion , i s to t r a n s f o r m the individual s a m p l e o b s e r v a t i o n s using 
the m e t h o d s and t r a n s f o r m a t i o n given by Box and Cox (1964). 

5 . Specia l c a s e : exponent ia l life t e s t i ng . Suppose m = 1. Then 
the dens i ty (1 .2) r e d u c e s to the exponent ia l dens i ty 

(5 .1) f(z.) = e"1 exp ( -Z. /6) , z. > 0 . 

The a s s u m p t i o n that a v a r i a b l e follows the dens i ty (5 .1) is f requent ly 
m a d e in life data work . F o r example , M a g u i r e , P e a r s o n , and Wynn 
(1952) examined m i n e acc iden t s and concluded that the t ime i n t e r v a l s 
be tween acc iden t s appea red to follow an exponent ia l d i s t r i bu t i on . 
( C o m p r e h e n s i v e b ib l iog raph ie s of life tes t ing and re la ted topics a r e 
given by Mendenha l l (1958) and Govindara ju lu (1964), i nc iden t a l l y . ) 

One way in which the exponent ia l d i s t r i bu t i on a r i s e s in g e n e r a l 
i s when an event i s r a r e , and the o c c u r r e n c e of events follows a P o i s s o n 
d i s t r i b u t i o n . Then the d i s t r ibu t ion of i n t e r v a l s be tween events i s 
exponent ia l exac t ly . If the m e a n number of even ts , the p a r a m e t e r in 
the under ly ing P o i s s o n d i s t r ibu t ion , i s not cons tan t in t ime however , 
the d i s t r i bu t i on of i n t e r v a l s will not have an exact exponent ia l f o r m and 
the u s u a l e s t i m a t i o n of the p a r a m e t e r 6 of an a s sumed exponent ia l 
d i s t r ibu t ion , and a s soc i a t ed ca l cu la t ions , wil l be d i s tu rbed p e r h a p s 

479 

https://doi.org/10.4153/CMB-1968-057-3 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1968-057-3


seriously. To check on such possibilities, an approach through tests 

of goodness of fit has been suggested by several authors including 

Bortkiewicz (1915), Morant (1920), Neyman and Pearson (1928) and 

Sukhat me (1936). An assumption of exponentiality can also be 

misplaced when the distribution under study arises from a source not 

exponentially based. 

In such cases we might be interested in finding a transformation 
of form (1. 1) which can be applied to the life-test observations and which 
will allow the transformed data to be validly treated as exponential 
observations. The availability of such a procedure would also provide 
an additional safeguard for the analysis of data usually assumed to be 
exponential. 

If, in a given problem, the transformation z = y' is used to 
transform observations on y to a form in which they can be treated as 
exponential observations, and so analysed, it will be necessary to 
translate conclusions in terms of the original distribution, whatever 
it may be. Suppose we wish to make an inference about y - E(y). 

This parameter can be related to the parameter G of (5.1) as follows. 

X X-1 
Since z = y has the distribution (5.1) and since dz/dy = \ y ", then 

- 1 X - 1 X 
( 5 . 2 ) y ~ g ( y ) E X9 y e x p ( - y / 6 ) . 

It c a n b e s h o w n t h a t 

(5.3) .v = E(y) = / yg(y) dy = 91/X r d + x " 1 ) . 

Thus estimates and confidence limits for 0 can be converted into 
estimates and confidence limits for y through the formula (5.3). 

^ • Examples using ha If-normal data. To show how the method 
can be applied to life test data we shall subject, to our analysis, two 
samples from the half-normal distribution which has a bulk shape 
something like the exponential distribution. By using data from a 
specified distribution, we can check the results of our transformed 
analysis against those obtained from an appropriate analysis of the 
original data. (In general we would not, of course, know the parent 
distribution; if we did, transformation would not be necessary. ) 

The half-normal distribution is obtained by folding over an 

N(0, (T ) distribution and has probability density function 

1 

(6. 1) f(y, a-) = — — exP { ~ — ? } ' 0 < y < °°. 
2 2 o ' 

0" IT 
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It can e a s i l y be ver i f ied that 
_1 

(6 .2) E(y) - O-(2/TT)2 = y, say; V(y) = CF2(TT-2)/TT . 

If y > y 9 , • • • , y i s a s ample f rom the h a l f - n o r m a l d i s t r ibu t ion , y 

- 2 2 
e s t i m a t e s v and V(y ) = cr (TT-2)/ITTL = y"(Tr-2)/2n. F o r r e a s o n a b l e 
n(>10 say) we can a s s u m e that, app rox ima te ly , 

(6 .3) y ^ N ( y , y2(-ry-2)/2n) 

and so obtain an app rox ima te 100 (1-a) % confidence i n t e r v a l for y of 

(6 .4) y = y / ( l + T ) < y < y / ( l - T ) = y ? 

1 '" 

A 
2 1 

w h e r e T = z {(iT-2)/2n} and z , is the l-~a point of the 

N(0, 1) d i s t r i bu t i on . 

F o r a su i tab le value of X, se lec ted as d e sc r i b ed in Sect ions 

2 or 3, the t r a n s f o r m e d o b s e r v a t i o n s z. = y. , i = 1, 2, . . . , n. follow 
i l 

the exponent ia l d i s t r i bu t ion (5 .4) , whose m e a n 0 is e s t ima ted by z . 
- 2 

Since z ~ 6Y /(2n) s we can obtain a ( !-#) confidence i n t e r v a l for 
0 f rom 

(6 .5) 6 - 2 n z / v 2 1 < G < 2 n z / x
2 1 = 60 

1 2 n , l -~ f t 2n , ~a 2 

2 2 
whe re v i s the (1-a) point of the v^ d i s t r i bu t ion . We now 

2n, 1-a 2n 
have to find a b a s i s for compar ing the r e s u l t s of (6 .4) and (6 .5 ) . To 
do this we can apply the fo rmu la (5.3) to 9 z , and 8^ of (6 .5) and 

1, 2 
c o m p a r e these to y , y , and v of (6 .4) whe re the a g r e e m e n t , 
hopefully, wil l be good. (In a p r o b l e m w h e r e the p a r e n t d i s t r i b u t i o n 
i s not known, (6 .4) would not, of c o u r s e , be known and the r e s u l t s of 
(6 .5) conver ted by (5 .3) would be used in i t s s t e a d . ) Since the p a r e n t 
d i s t r i bu t ion JLS known in the p r e s e n t c a s e , and is (6 .1) , we can obtain 

(6.6) 6 =.E(z) = E(yX) = J y X f ( y ^ ) d y 

±\ -
2 \ ~7 1 

= 2 a TT * r { - ( X + l)} 
\ 

4 8 1 
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so that 

(6.7) y = e1 / X /[n2 r{ |(X +1)} ] 1 / X 

= e 1 / x / [ ^ { i r " 2 r ( i ( X + i » }
1 / x ] 

= o ^ V ' t / ' r t ^ x H - i ) ) ] - 1 ^ } . 

F o r our method to be s e n s i b l e , the c o n v e r s i o n s (5 .3) and (6 .7) should 
be effect ively the s a m e when the u n t r a n s f o r m e d data c o m e s f r o m a 
h a l f - n o r m a l p a r e n t . 

We sha l l now p e r f o r m the ca l cu la t ions d e s c r i b e d above on two 
s e t s of h a l f - n o r m a l da ta given (with o r i g i n a l s o u r c e s ) in a pape r by-
Danie l (1959) and r e p r o d u c e d in Table 1. In us ing the h a l f - n o r m a l 
s a m p l e s we r e m o v e those c o n t r a s t o b s e r v a t i o n s , o r ig ina l ly r e c o r d e d , 
which fal l off the h a l f - n o r m a l plot and thus do not appea r to belong to the 
under ly ing h a l f - n o r m a l d i s t r i b u t i o n . 

Table I: H a l f - N o r m a l Samples 

Sample 
R e f e r e n c e 
No. 

O b s e r v a t i o n s 
Source (in 
Danie l , 1959) 

2, 9, 14, 14, 32 

43 , 66, 66, 66, 82 

100, 105, 123, 146 

9, 17, 19, 23, 38 

53, 55, 116, 116, 127 

62 

5 7 . 3 

14 

10 

Table 4, page 328 

Column a t i m e s 100 

Table 4, page 328 

Column f t i m e s 10 0 

F o r c o m p a r i s o n we sha l l t r e a t t hese data by both the l ikel ihood 
method and the B a y e s i a n method with the p r i o r ( 3 . 4 ) . 

F i g u r e 2 shows four p o s t e r i o r d i s t r i b u t i o n s . Two of t hese (one 
for eachof s a m p l e s 1 and 2) a r i s e f r o m the use of a cons t an t p r i o r . This 
i s equiva lent to us ing the l ikelihood method which we do not u s e b e c a u s e 
the p o s t e r i o r d i s t r i bu t i on p r o v i d e s a b e t t e r a p p r e c i a t i o n than does the 
l ikelihood function, of o ther va lues of \ , a p a r t f rom the m a x i m i s i n g 
va lue , which the da ta r e g a r d as p l a u s i b l e . The r e m a i n i n g 
two p o s t e r i o r d i s t r i b u t i o n s of F i g u r e 2 a r e those which a r i s e f r o m 
s a m p l e s 1 and 2 when the p r i o r d i s t r i b u t i o n for X is p r o p o r t i o n a l to 
l /X . 
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. 1 . 5 

Sample 1 
n=l4 

Sample 2 
n=10 

X > 

F i g u r e 2 . P o s t e r i o r D i s t r i bu t ions , E x a m p l e s 1 and 2 . 
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Results using the Bayesian method with constant pr ior . The 
modal values of the posterior distributions occur at X = 1. 24 (sample 
No, 1) and X. = 1.33 (sample No. 2). (Note however that because of the 
s m a l l s ize of the s a m p l e s , the va lue X - 1 is not an " u n r e a s o n a b l e " 
value when cons ide red in. r e l a t i o n to the p o s t e r i o r d i s t r i bu t ion , though 
it does not p rov ide the m a x i m u m p o s t e r i o r va lue « ) We can i m m e d i a t e l y 
c o m p a r e the two c o n v e r s i o n f a c t o r s which appear in (5.3) and (6 .7) as 
follows 

A i 

r d + x"1) rr 2 {Tr Zr(j(\ + i ) ) } " 1 / x 

Sample No. 1. 0 .933 0. 938 
Sample No. 2 . 0 .920 0. 912 

We see that t h e r e is exce l l en t a g r e e m e n t and will use the f igu res 0 .933 
and 0 .920 f rom (5 .3) for c o n v e r s i o n in Samples 1 and 2 r e s p e c t i v e l y 
on the b a s i s that the f a c t o r s in (6 .7) would not n o r m a l l y be ava i l ab le to 
us when the p a r e n t i s unknown. 

\ 
We now t r a n s f o r m the original, o b s e r v a t i o n s by z - y and 

p e r f o r m the ca l cu la t ions of equat ions (6.4) and (6 .5) conver ted by ( 5 . 3 ) . 
The r e s u l t s appea r in Table 2. 

Table 2; C o m p a r i s o n of t r a n s f o r m e d and u n t r a n s f o r m e d a n a l y s e s . 

Sample T r a n s f o r m e d Es t ima te s . E s t i m a t e s f r o m 
No. X o b s e r v a t i o n s f rom (6 .4) (6.5) conver ted 

X by (5 .3) 

1.24 2 . 3 6 , 1 5 . 3 , 2 6 . 4 , 4 4 . 4 , 6 2 . 0 , 102 .6 4 2 . 3 , 6 1 . 5 , 100.2 
2 6 . 4 , 7 3 . 5 , 106 .0 , 
180 .4 , 180 .4 , 180 .4 , 
2 3 6 . 1 , 3 0 2 . 0 , 3 2 0 . 8 , 
390 .4 , 482 ,9 

1.33 1 8 . 6 , 4 3 . 3 , 5 0 . 2 , 3 9 . 0 , 5 7 . 3 , 107 .8 3 8 . 4 , 5 7 . 4 , 9 9 . 9 
6 4 . 7 , 1 2 6 . 2 , 1 9 6 , 4 , 
2 0 6 . 4 , 5 5 6 . 9 , 5 5 6 . 9 , 
628, 2 

R e s u l t s using the B a y e s i a n method with p (X) -~ 1/X. The m a x i m u m 

va lue s of the p o s t e r i o r d i s t r i b u t i o n s occur at \ = 1-18 (Sample No. 1) 
and X = 1.24 (Sample No. 2) as shown in F i g u r e 2. (Note however that 
b e c a u s e of the s m a l l s ize of the s a m p l e s the va lue X - 1 is not an 
" u n r e a s o n a b l e " value when cons ide red in r e l a t i o n to the p o s t e r i o r 
d i s t r i bu t i on though i t does not p rov ide the m a x i m u m p o s t e r i o r v a l u e . ) 
Compar i son of the two c o n v e r s i o n f a c t o r s f rom (5 .3) and (6 .7) g ives 
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1 1 

l 2 

A ~ 2 ~ 2 ^ - 1 / x 
r ( i + x ) * ( ^ - r ( - r ( x + i ) )} 

Sample No. 1 0 .945 0 .953 
Sample No. 2 0 .933 0 .938 

Again the a g r e e m e n t i s exce l len t and we use the f igures 0 .945 and 
0.933 f rom (5.3) for conve r s ion in Samples 1 and 2 r e s p e c t i v e l y . We 

now t r a n s f o r m the original, ob se rva t i ons by z = y and p e r f o r m the 
ca lcu la t ions of equat ions (6 .4) and (6.5) conver ted by ( 5 . 3 ) . The 
r e s u l t s appear in Table 3 . 

Table 3: C o m p a r i s o n of t r a n s f o r m e d and un t r ans fo rmed ana lyse s 

Sample T r a n s f o r m e d E s t i m a t e s E s t i m a t e s f rom 
No. o b s e r v a t i o n s f rom (6.4) (6.5) conver ted 

X by (5.3) 

1.18 2 . 2 7 , 13 .4 , 2 2 . 5 , 4 4 . 4 , 6 2 . 0 , 102 .6 4 1 . 5 , 6 1 . 5 , 102 .4 
2 2 . 5 , 5 9 . 7 , 8 4 . 6 , 
1 4 0 . 3 , 1 4 0 . 3 , 1 4 0 . 3 , 
181 .2 , 2 2 9 . 1 , 242 .7 , 
2 9 2 . 5 , 358 .1 

1.24 1 5 . 3 , 3 3 . 6 , 3 8 . 5 , 3 9 . 0 , 5 7 . 3 , 107 .8 3 7 . 0 , 5 7 . 0 , 103 .1 
4 8 . 8 , 9 1 . 0 , 137 .4 , 
143 .9 , 3 6 3 . 1 , 3 6 3 . 1 , 
406. 4 

Examina t ion of Tab les 2 and 3 shows that, as far as these example s 
a r e conce rned , the likelihood (or B a y e s i a n cons tan t p r i o r ) a p p r o a c h 
p r o v i d e s c l o s e r a g r e e m e n t at the lower end of the confidence range and 
the B a y e s i a n a p p r o a c h with p (X) = 1/X p rov ides c l o s e r a g r e e m e n t at 

the upper end of the confidence r a n g e . In e i the r c a se a g r e e m e n t is 
exce l l en t . 

7 • A fur ther e x a m p l e . We now subject to the s a m e ana lys i s a se t 
of data taken f rom a pape r by Mendenhal l and Hader (1958). P a g e 509 of 
that pape r shows, in Table 3, 107 obse rva t i ons f rom an unknown 
d i s t r i bu t ion about whose m e a n we wish to m a k e i n f e r e n c e s . The data 
a r e r e p r o d u c e d in Table 4 . 

B e c a u s e the s ample is so l a rge the p o s t e r i o r d i s t r i bu t ion (see 
F i g u r e 3) i s a l m o s t comple te ly i n sens i t i ve to whether the p r i o r 
d i s t r i bu t ion for 9 i s taken to be p r o p o r t i o n a l to a cons tan t (which is 
equivalent to using the likelihood method) or to 1/0. In both c a s e s the 
m a x i m u m of the p o s t e r i o r is at X = 1 . 3 5 . Note (F igu re 3) that in this 
example the va lue X = 1 l ies well in the lower ta i l of the p o s t e r i o r 
d i s t r i bu t i on and is thus r e g a r d e d by the data as highly i m p l a u s i b l e . 
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4 . 0 -

>(*Lz) 
3 .0 

2 .0 

1 .0 

0 .0 

F i g u r e 3. P o s t e r i o r D i s t r i bu t ion , E x a m p l e 3. 
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Table 4 . Unconfi rmed f a i l u r e s . 

Hours to f a i lu re for ARC-1 VHF rad io t r a n s m i t t e r r e c e i v e r 

368 

344 

560 

32 

200 

144 

64 

104 

120 

304 

152 

136 

246 

168 

112 

72 

208 

112 

272 

256 

88 

184 

512 

72 

120 

56 

168 

114 

96 

320 

104 

200 

400 

136 

80 

616 

184 

288 

480 

64 

8 

104 

392 

424 

472 

312 

24 

40 

112 

114 

360 

440 

8 

168 

88 

96 

24 

176 

256 

80 

392 

136 

224 

304 

72 

152 

144 

128 

16 

160 

584 

120 

168 

280 

240 

40 

184 

112 

3 04 

24 

456 

368 

48 

176 

8 

88 

88 

_ 

104 

16 

32 

48 

272 

104 

256 

56 

248 

176 

_ 

104 

320 

232 

24 

208 

272 

112 

216 

47 2 

216 

_ 

* Data supplied to the o r ig ina l au tho r s through the c o u r t e s y of 
D r . G . R . Herd , Ae ronau t i c a l Radio, I n c o r p o r a t e d . 

1. 35 
The t r a n s f o r m e d o b s e r v a t i o n s z. = y a r e shown in Table 5. The 

l l 

m e a n and 95 % c o n f i d e n c e l i m i t s f r o m t h e s e t r a n s f o r m e d o b s e r v a t i o n s 
a r e ( 1 1 3 5 . 07 , 1 3 5 0 . 1 4 , 1 6 6 5 . 7 7 ) u s i n g ( 6 . 5 ) . A f t e r c o n v e r s i o n by 

( 5 . 3 ) we o b t a i n a n e s t i m a t e of t h e m e a n of 191 w i t h 95 c/0 c o n f i d e n c e 
l i m i t s of ( 1 6 8 . 2 2 3 ) . 

1 3 5 T a b l e 5 : 107 O b s e r v a t i o n s a f t e r t r a n s f o r m a t i o n by y ' ~ 

16.57 
73.00 
186.1 
321.7 
474.3 
528.4 
598.1 
759.0 
1009 
1141 
1418 
1782 
2249 
2825 
3704 
5428 

16.57 
73.00 

229.2 
370,9 
474.3 

583.9 
641.0 
820.0 

1009 
1141 
1489 
1782 
2249 
2916 
3888 
5834 

16.57 
107.6 
229.2 
370.9 
528.4 
583.9 
641.0 
820.0 
1009 
1277 
1561 
1935 
2249 
2916 
4071 
-

42.22 
107.6 
274.5 
421.8 
528.4 
583.9 
641.0 
881.8 
1075 
1.27 7 

1634 

1935 

2329 

31V0 

4071 

-

42.22 

145.5 

274.5 

421.8 

528.4 

583.9 
699.3 

881.8 

1075 

1347 

1708 

1935 

2409 
3170 

4165 

-

73.00 

145.5 
321.7 

421.8 

528.4 

583.9 
759*0 

945.2 

1075 

1347 

1708 

2012 

2409 
3257 

4535 

-

73. 00 

186. 1 
321.7 

421.8 

528.4 

598. 1 
759.0 

1009 
1141 

1418 

1782 

2090 

2657 

3524 

5130 

-
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8. A c k n o w l e d g e m e n t s . We a r e g ra te fu l to Jacobo Sredni who 
p e r f o r m e d the ca l cu la t ions and helped with the f i g u r e s . 

This r e s e a r c h was suppor ted by the United Sta tes Navy th rough 
the Office of Naval R e s e a r c h , under Con t r ac t Nonr -1202 , P r o j e c t 
NR 042 222 , and the Wiscons in A l u m n i R e s e a r c h Fund (WARF). 
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