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1. Introduction

Let G be a countably generated discrete group. A right-invariant mean μ on

G is a bounded linear functional of the space L°°(G) of bounded functions on G

having the property:

(1) infxeG φ(x) < μ(φ) < swpx(ΞG φ(x) for φ e L°°(G),

(2) for every g e G, μig-φ) = μ(φ), where g'ψix) — ψ{xg).

We say that G is amenable if it is equipped with a right-invariant mean. Finite

groups, abelian groups, in fact, groups of subexponential growth are amenable.

Solvable group are also amenable. Subgroups and quotients of amenable groups

are amenable. On the other hand, free groups having two generators and over are

non-amenable.

In his paper [4], Folner gives the following combinatorial characterization.

THEOREM (Folner). A countably generated discrete group G is amenable if and

only if, for every positive ε and arbitrary finite subset A of G, there exists a non-empty

finite subset E of G such that

#(E-a\E) <ε # E for every a e A,

where # F denotes the cardinality of a set F.

Roughly speaking, we can choose a finite subset in an amenable group having

small boundary compared with its cardinality (see §1). This property is quite

useful in the study of the spectral theory of complete Riemannian manifolds admit-

ting an amenable group action with compact orbit space ([1], [3]). In this note we

refine this characterization from a geometric point of view, precisely, a viewpoint
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of the isoperimetric inequality for associated graphs, so that we can apply it in the

study [2] of the heat kernel of such manifolds. In Section 2 we show that a group

is amenable if and only if its isoperimetric constant is zero. In Section 3 we

construct approximations realizing the isoperimetric constant for amenable groups.

For more information on amenability see [6].

2. Isoperimetric constant

In order to state our result we introduce graph theoretic terminology. Every

subset A of G induces a graph (G, 8A) which consists of the set of vertices G and

the set of edges 8A = {(x, y) e G x G \x~ι y e A U A'1}. An A-path is an

element of the form

C \^Qj %\i 1<Eyn' G x x G,

A U A'1 ίor i =

In case one need to make clear the length and both ends of c, call it an m-step

i4-path joining x0 and xm. We say c belongs to a subset E of G if xt €= E,

i = 0, . . . ,nt, and call E is A-connected if every two elements g, h £ E can be

joined by an Λ-path belonging to E. The notion of ^-connectedness is equivalent

to the topological connectedess in the one dimensional CW-complex (G, $A). An

A-connected subset F of E is called an A-connected component of E if it is a

maximal i4-connected subset of E i.e. if Fr is A-connected subset of E containing

F then F' = F. Given two subsets E and F of G we denote by E - F the set

feA e G I # €= £ , A e F), and by Em the set ^ 2 gm e G | ^ e £ } .

(Z2, (Z2,
where A= (e = (0, 0), (1, 0), (0, 1), ( - 1, 0), (0, - 1)}

Figure 1
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It is clear that the FΘlner condition is equivalent to the condition that there is

a finite subset E with # (E - A\E) < ε # E for every positive ε and a finite

subset A. We first show that in the case that G is finitely generated this condition

does not depend on the choice of A.

PROPOSITION 1. Let G be a finitely generated group, A be a finite set of generators

of G, and B be a finte subset of G. If there is a non-empty finite subset E of G with

# (E A\E) ^ ε # E for every positive ε, then so is for B, i.e. there exists a

non-empty finite subset F with # (F'B\F) < ε # F for every ε.

Proof Choose positive m so that Am contains B. Let F be a finite subset

satisfying # (FΆ\F) < ε{(#A)m - 1}'1{#A~ 1} # F. Since we have

F B\Fa F Am\F

c (F'Am\F'Am~1) + (FΆm~ι\FΆm~2) + ••• +(F A\F)

and

(FΆ'+ι\FΆJ)= U (F A g\F AJ)
g&Aj

c U (F A g\F'g)= U (FΆ\F)'g,
g&A1 g^Aj

we get

#(F-B\F) < #(F-Άn\F) <mΣ #(FΆJ+1\FΆJ)
; = 0

<nΣ # ( U (FΆ\F)'g) <nΣ #(Ά)#(F A\F)

< Λ Σ (#AYε{(#A)m - IΓ1{#A- l}#F<ε#F.

We now consider a geometric meaning of # (E ' A\E) < ε # E. The set

{g} ' {A U A ) is the nearest neighbourhood of g <Ξ G, that is the set of points

which can be joined by a 1-step A-path. We therefore call the set E' (A U A )\E

the exterior A-boundary of E. (See Figure 2.) In the case that A is finite and sym-

metric, i.e. A —A, the inequality # (EΆ\E) < ε # E states a relationship be-

tween the volume of E and the volume of its exterior A-boundary, which we may

call isoperimetric inequality. In geometry it is natural to restrict E to be "con-

nected". It should be noted that there exists a subset of G which is not

A-connected but whose exterior A-boundary is connected.
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Figure 2

THEOREM 2. A countably generated discrete group G is amenable if and only if,

for every positive ε and every finite subset A of G, there exists a non-empty

A-connected finite subset E of G such that

#(E-a\E) < ε#E for every a e A.

In other words, G is amenable if and only if the isoperimetήc constant

cA{G) — infj ΰηp I E is an A-connected finite subset\

is equal to zero for every finite subset A.

Proof. If the condition holds then G is amenable by the Fθlner's theorem.

Conversely, suppose G is amenable. Since (A U A'1 U {1G})-connectedness is

equivalent to A-connectedness it is enough to look for a connected set for symmet-

ric A which contains the unit element 1G. By the FΘlner condition there is a finite

subset F satisfying # (FΆ\F) < ε( # A)'1 # F. Let F = F1 + F2 + + Fι be

the decomposition into A -connected components. Because Ft A Π Fv = φ and

FtA Π FtrΆ = φ for i Φ ϊ, we have

FΆ\F = = Σ(Fi-A\F,),

hence # (FioΆ\Fio) < e{#A)~l#FlQ for some i0.

Put E = FiQ A. We see that

EΆ\E= U(FtoΆ a\FtoΆ)cz u (FioΆ\Fto)-a,

and
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#(E A\E)<Σ #({Fi-A\Fi)-a) <ε#Ft <ε#E.
aeA o o o

We now show that E is A-connected. Choose arbitrary points fa and fa! in

E, w h e r e / , / 7 €= FtQ and a> ar €= A There is an A -path c joining / a n d / 7 :

c = Cr0, ^ i , . . . ,xm), x0 = f, xm= f , x} <Ξ Fio, and X~\XJ e A2. Put 2/0 = #o

For j = 1, . . . , m — 1, we set

#2,-1 = Vzi = ^ i f ^ - Λ ^ ^>

%_! = ̂ _ 1 β y and y2j = ̂ . ^ = *,,

if J ^ " 1 ! ^ = α ; α; ^ A2\A (aj9 a] e A).

Finally we put y ^ ^ = xm. Then

(/«, %» ^ . . . » yzm-l'f'a')

is an i4-path belonging to E, hence E is A-connected .

By using Proposition 1, we have the following important remark.

Remark In the case that G is finitely generated, if cA(G) = 0 for some

generator set A then cB(G) = 0 for every finite subset B. Hence in order to show

that G is amenable we may only check this isoperimetric condition for some gener-

ator set.

3. Connected summing sequences

In this section we show that the set E in Theorem 2 can be chosen arbitrary

large. Let A be a finite subset of G. A sequence {E)°°=1 of non-empty A-connected

finite subsets of G is called an m-thick A-summing sequence for G if the following

conditions hold:

(1) Ej c EJ+ι and G = U Ev

(2) #(Ej Am\Ej)/#E}^Oasj->oo.

If such a sequence exists for m = 1, G is finitely generated and amenable by

Theorem 2. One of the aim of this section is to show the converse. Before do that

we consider a geometric meaning of the condition (2) when A is symmetric and

contains the unit element. We have a natural distance function on G the distance

dA{x, y) between x and y Or, y e G) is given by the infimum of length of
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i4-paths joining these elements. Using this distance we can express the set EAm

as {x e G \ dA (x, E) < rn}. So # (E * Am\E) means the volume of the "thick"

boundary of E. The second aim of this section is to show that a finitely generated

group G is amenable if and only if the isoperimetric constants corresponding to

thick boundaries are 0.

By a slight modification of the proof of Theorem 2, we have

PROPOSITION 3. A countably generated discrete group G is amenable if and only

if for every positive ε, every positive integer rn, and arbitrary finite subset A, there ex-

ists a non-empty A-connected finite subset E of G satisfying # (EΆm \E) ^ ε # E.

Using this inductively, we get

THEOREM 4. A group G with a finite set A of generators is amenable if and only

if for every positive integer rn, there exists an m- thick A-summing sequence.

Proof If there exist summing sequences then G is amenable by Folner's

theorem. Conversely, suppose G is amenable. We may suppose that A containing

the unit element. Let Ex be a finite A-connected subset such that 1G ^ Ex and

# (E1Ά
m\E1) < # Ev If we have a finite A-connected subset EJ_1 satisfying

1G e EHl and # (EJ_1Ά
m\EJ_1) < j ^ y # EHι,

we choose an Λ-connected finite set E- so that

l G e £ ; a n d #{Eί

rA
m\Er) <j #E'j{#Ej_1+ (#A)

Put

Y\

L,j

Since Ej_1 is Λ-connected and 1G ^ Ej_1 Π A3, the set Ej_1 U A3 is A-connected.

Hence E} is A-connected, as in the above definition g runs over Ej_1 U A and

g e g-Ej_v Moreover we have £ y _! c EJf and

£ / ^ m \ £ ; . = U (g-E'j Am\EJ)c: U £ CE; i4
£ U 4 ί £ U l J

SO
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# {ErA
m\E) < # (£;_i U Ά) # (E;-Am\E^ < ~ # E; < ~ # Er

Since A generates G, we have U ^ ^ D U^XA — G, therefore {Ej}J=1 is an

m-thick A-summing sequence of G.

We should point out that, by a diagonal argument, a finitely generated group

G is amenable if and only if, for arbitrary finite set A there is a sequence

{Ej}™=ι of finite subsets which is an m-thick A-summing sequence for every m.

When G is of subexponential growth, we have a canonical connected summing

sequence which consists of metric balls.

EXAMPLE. Suppose G = Z , a free abelian group with generators aλ,...,an.

Putting A = {1G, av a[ι,... ,an, a'1}, we put Ej — AJ — {x e G | dA(x, 1G)

< 7 }. Then {ϋ^}^ is an m-thick A-summing sequence for every m.

PROPOSITION 5. Let G be a finitely generated group of subexponential growth and

A be a symmetric finite set of generators containing the unit element. Then there exists

a sequence {^IJLi of positive integers such that the metric balls A' = {x ^ G\ dA(x, 1G)

^ Tj) make up an m-thick A-summing sequence for every M.

Proof. We first show that, for every positive δ and every positive integers

k and r, there is a positive integer M satisfying M > r and # (A ) < e # (A ),

here e denotes the base of natural logarithm. If it is not true, we have δ, k and r

such that e # (AM) < # (AM+k) for every M > r. Let N = N(M) be the integer

with r + Nk < M < r + (N + l)k. We have

/ 5 # C 4 r ) < ^ # ( A M ~ N k ) < e ( N - m # ( A M - i N - 1 ) k ) < • • • < # ( A M ) .

Since Λ̂  > (M — r) /k — 1, we get

~^ - l)δ + log # (A) < log # {A), for M > r,

and G is of exponential growth; limM_oo M " 1 log # (A ) > δ/k> 0, which is a

contradiction.

Let {δj}™=1 be a sequence of positive numbers satisfying lim <5; = 0. By the

above argument we have a positive integer rι with # (A f l+ ) < e ι # (AYι). Induc-

tively we can choose positive integers r3 so that r} > r^ and # (Ar' ) < ^ ;

# (A^) Since A contains the unit element, A C A if Λf < N, therefore we have

for j > m
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#(Ar' Am\Ari) = # (Arj+m) - # (ArQ < # (A*+j) ~ # (ArQ

#(Ar0 #(Ar0 #(Ar0

Hence {Ari}°°=ι is an m-thick A-summing sequence.
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