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CARTAN SUBALGEBRAS OF ZASSENHAUS 
ALGEBRAS 

GORDON BROWN 

1. I n t r o d u c t i o n . Car tan subalgebras play a very important role in the 
classification of the finite-dimensional simple Lie algebras over an algebraically 
closed field of characteristic zero. I t is well-known [5, 273] t ha t any two Car tan 
subalgebras of such an algebra are conjugate, i.e. images of one another under 
some automorphism of the algebra. On the other hand, there exist finite-
dimensional simple Lie algebras over fields of finite characteristic p possessing 
non-conjugate Car tan subalgebras [2; 3; 4]. The simple Lie algebras discovered 
by Zassenhaus [6] also possess non-conjugate Car tan subalgebras, and we shall 
give a complete classification of Car tan subalgebras of these algebras in this 
paper. 

2. Z a s s e n h a u s a lgebras . Let F be an algebraically closed field of character
istic p > 2. Any non-trivial finite subgroup T of the addit ive group of F can be 
used to index the basis elements Dy of a simple Lie algebra L over F known as a 
Zassenhaus algebra. Multiplication in L is determined by DaD$ = (a — f3)Da+p. 
The dimension of L is pn where n is the dimension of V as a vector space over P, 
the prime field of F. 

For the purposes of this paper it will be advantageous to use a different basis 
for L. First, we define 

7 Dy 

for k = —l,0,...,pn — 2. The elements wk form a basis for L since the 
matrix of transition from the given basis is nonsingular Vandermonde. Inasmuch 
as it will later be shown tha t all Zassenhaus algebras of dimension pn are iso
morphic, we shall without loss of generality assume tha t T is a field, thus 
facilitating our computat ions. For such V we have tha t X ^ r yk is — 1 if k is any 
positive integral multiple of pn — 1 and is 0 for all other non-negative integers 
k. Using these relations, one readily computes tha t 

wkwl = ( - 1 ) k+i fr+Y'M"-»2-'): Wk+l 

+ 2[<5fc,_lÔzO — Ôk0Ôit-l]wpn_2 
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( : ) 
if I I and wm are defined to be zero when s < 0 or s > r and m — —2 or 

m > pn — 2 respectively. 
The basis B which we shall employ consists of the elements vk for 

— 1 ^ k ^ pn — 2, where vk = wk — 2ôk-iWpn_2. Multiplication of these ele
ments is given by vkvt = Nklvk+i where 

Nkl= ( - 1 ) A H - l CY+VM'-r')] 
for k + / > —2 and vk is defined to be zero for k < — 1 and for k > pn — 2. 
One readily computes that N-u = 1 for / è 0, iVoz = /, and 

Nkl - ( - 1 ) (k + 1} , 

X (pw - / + *) for k > 0. 

It will be helpful to observe some important instances in which Nki is zero. 
Noting that any integer k such that —1 S k ^ pn — 2 can be expressed 
uniquely in the form k = Y^=o kip1 where 0 g kt ^ p — 1 for i > 0 and 
- 1 ^ *o ^ /> - 2, we let & = S J o 1 *,/>' and / = J^1 ljPj. Then iV*, = 0 if 
there exists an integer r such that 0 ^ r < n and YA=O (kt + /*)£* è pr+1 — 1 
or if Z ï - o * ^ = TA-* ItP* * -1. 

We shall denote the space spanned by all vk for k ^ 5 by J^7,. and note that 

~£ — \ _ ) -2T 0 Z) ° ^ 1 _ ) • • • _ ) JZpn—2 

is a filtration of L. 
Although L has infinitely many non-conjugate Cartan subalgebras if n > 1, 

we shall show that they all fall into two categories: 
(1) those of dimension one, of which the algebra spanned by D0 is an example, 

and 
(2) those of dimension pn~1

J of which the algebra spanned by all vk for 
k = 0(mod p) is an example. 

3. Automorphisms. For / £ L, let 

exp (ad/) = £ -- (ad/)'. 
; = o JI 

It is well-known that if (ad / ) ^ + D / 2 = 0, then exp (ad /) is an automorphism 
of L. For Zassenhaus algebras, this result can be sharpened to establish that 
if (ad vr)

p = 0, then exp(y ad vr) is an automorphism of L for every y £ F. In 
particular, we have 

THEOREM 1. exp(y ad vT) is an automorphism of L for every y Ç F and every 
positive integer r ^ pn — 2 except pl — 1 for 1 ^ i S n — 1. 
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Proof. Let D = y ad vr. Since exp D — 1L is nilpotent on L, exp D is clearly 
nonsingular on L. 

(x(exp Z>)) (s(exp 5 ) ) - (**) (exp Z>) = £ ^ 
*=p „=Jb+l-p ?! (& — V) 

From the list of instances in which Nki = 0 it is clear that if r > 1, then 
xDvzDk-v = 0 for all k ^ £. If r = 1, then also xDvzDk~v = 0 for all jfe > £, and 
vsD

vvtD
v~v = 0 unless 5 = / = — l(mod p). Even then vsD

vvtD
v~v = 0 if p > 3 

since z/sZ>3 = 0 if 5 = — l(mod p). If p = 3 and 5 = / = — l(mod p), then 

Thus in every case (xs)(expi)) = (x(exp D)) (;y(exp D)), and exp D is an 
automorphism of L. 

4. Some one-dimensional Cartan subalgebras. Barnes [1] has shown 
that every Cartan subalgebra if is a minimal Engel subalgebra, i.e. there exists 
an element a £ L such that H = EL{a) = {x £ L\x(ada)r = 0 for some 
integer r] and EL(b) Q EL{a) only if EL(b) = EL(a). 

If a £ i f i, then since ad a is nilpotent, EL(a) is the entire algebra L, which, 
of course, is not a Cartan subalgebra. The elements lying outside of i f i are of 
two types, namely, those which are members of i f 0 and those which are not. 
The elements not in i f 0 will be considered in this section. 

LEMMA 1. Let I = X!r=-i ^rVr, where X_i 9e 0. Then there exists an element 

n 

and an automorphism <$ such that lip = V. 

Proof. Suppose that no such conjugate exists. Then among all conjugates 
]C?=-i ^r'vr with X_/ = X_i, choose one for which the least integer s such that 
X/ T̂  0 and s + 2 is not a power of p is maximal. Since iV_iiS+i ^ 0, there 
exists y (z F such that exp(y ad vs+i) maps y^lZ\\r'vT into an element 
S?=-i W with X/ = 0 and X/' = X/ for all r < s, thus contradicting the 
maximality of s. 

Since for k 5e 0 (z F, EL(ka) = EL(a), the lemma implies that if a d <ifo, 
EL(a) is conjugate to EL(b), where b is of the form V-i + S = i M&V-2- In order 
to determine whether these Engel subalgebras are Cartan subalgebras we shall 
first deduce some information concerning ad(y_i + ^ H ^ M ) - We shall 
denote this mapping by A. 

LEMMA 2. There exist polynomials 

fki(xi, . . . , xi) G F[xh . . . , xi] - F[xu . . . , xi-i] 
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1014 GORDON BROWN 

for I = 1, 2, . . . , k such that 

fc 

Vpn_2A
P = ] T /*j(/Xl, • • • , ldl)vvn_2_vk-l 

1=0 

for k = 0, 1, 2, . . . , n, where fk0 = — 1 for 0 ^ k ^ n — 1. 

Proof. (Note: We shall usually wr i te / f c i ra ther than/ f c i(pii, . . . , MZ)> and we 
shall u n d e r s t a n d / ^ to mean zero if / is negative.) T h e proof is by induction on 
k. vpn_2A = —Vpn_z, verifying the assertion for k = 0. In order to facilitate the 
proof, it will be useful to establish the formulas given in the following two 
sub lemmas. 

Subletnma 1. If Lemma 2 holds for all k ^ q, if io, i\, . • • , in
 a r e non-negative 

integers such tha t 0 < Xl"=o iv ^ p — 1, and if m is the least integer such t ha t 
im 7^ 0, then 

( 1 ) ^7 ._2_2 i p ^ 2 7 = Z ^ / f f z V - 2 - 2 ivv
v-v(i-l + 2àio,p-2fqqVlVPn-2-2v>nivp

v 

1=0 

Proof, li q f^ rn the computa t ion of z y ^ - s ^ ^ ^ parallels t h a t of zv_2^4p(Z, 
thus establishing (1) for this case. If when X"=o ^ = 0> w e in terpret ôim>p_i to 
be zero, (1) holds by hypothesis for Yl ivpv = 0, and we may proceed by 
induction. Suppose tha t q > m and t ha t (1) holds for vpn_2-sjvP

vApQ whenever 
Yjvpv < ^ivpv (and ^jv ^ p — 1) and also for vpn^2-^jvP

iAv whenever 
k < q (and J2jv S P — 1). Since 

m 

Vpn_2-^il/p
v-\-pmA = 2^ imftvn-t--^ivV

V+Vm-Vm~l 2Of0 , p _ l / Z l ^ p n _ 2 , 
1=0 

it follows tha t 

m 
A V A V A Pm I X "* f A P 

Vpn__2_vivpvA = —Vpn_2_-£ivpv+J)mA A ~T 2^ Jml^pn-2-^ivPv+pm_pm-lA 
1=1 

— 28i0,p-Hdivpn^2A
F . 

This expression can be evaluated using (1) since it requires the use of only 
those cases for which (1) has been assumed valid in the induction hypothesis. 
T h e computat ion completes the proof of the sublemma by induction. 

Suhlemma 2. If k is an integer for which the formula of Lemma 2 holds, then 

(2) v_*4"* = z rrh-i &°]'° • • • tM V - * - ^ *> 
J0+... + jk=rJ0- • • >Jk> 

+ 2br>p^l[fkk]
P~ HlVpn_2. 

Proof. T h e proof is by induction on r. If r = 1, (2) is the formula of Lemma 2 
and holds by hypothesis. Suppose tha t it holds for r where r is a positive 
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integer less than p — 1. Applying Ap to both sides of the formula and com
put ing by means of (1) shows tha t (2) holds for r + 1 and thus for 
r = 1,2, . . . , p - 1. 

Continuing the proof of Lemma 2, we assume its validity as a formula for 
zV_2^4p(Z f ° r a ^ non-negative integers q ^ k. Then, by Sublemma 2, 

J(P- I )P* _ v (ft ~ 1)! \r -po rr i^P, 

+ 2[/**]p"ViV--2. 

By Sublemma 1, vlp maps this element onto 

2-J fkl Vpn_2-pk+i-l + 2fXifk]c — 2 ^ fkl Vk+l-l pn-3-
1=0 1=0 

T h u s 

^ n _ 2 ^ 4 P = 2 ^ fk+itiVpn^2~pk+l-lj 
1=0 

where fk+1>l = fkl
p for 0 ^ / ^ & and 

/*+l,fc+l = 2/ii/ifefc ~~ ^ fklVk+1-l-
1=0 

By induction these functions/*+I,J fit the description given in the lemma. 

LEMMA 3. There exist polynomials 

gi(xu . . . , xt) 6 F[*i, . . . , xi\ - F[xi, . . . , Xi_i] 

for i = 1, . . . , m such that ApU + g^nJA*^1 + g2(/ilf fx2)A
pn~2 + . . . + 

gn(/*l, • • , MnM = 0. 

Proof. I t is a consequence of Lemma 2 tha t the elements vpn_2A
pS (s = 0 , 1 , . . . ,n) 

are linearly dependent by a dependence relation of the form vpn_2f(A) = 0 
where 

/ ( 4 ) = Apn + gMA*"~l + g2(Ml, ^)AP^ + . . . + gn(/X!, . . . , Hn)A 

with ^^(xi, . . . , Xt) £ ^[xi, . . . , xi] — F[xi, . . . , #*_i]. Since vpn_2 is in the 
null space of f(A), so are the elements vpn-2A

T(r = 0, 1, . . . , pn — 1). Since 
these elements span L, it follows t h a t / ( / I ) = 0. 

Several observations concerning properties of A as a linear transformation 
are easily made. For example, its eigenspaces are one-dimensional. For, 
suppose tha t p Ç F is an eigenvalue of A and tha t 2 ? = - i a*vv *s a non-zero 
element such tha t 
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Let q be the least integer such tha t aq ^ 0. Comparing coefficients of vq-\ on 
both sides of the equation yields a contradict ion if q > — 1 . Consequently 
(i-\ 7e 0. If there existed as many as two linearly independent solutions, there 
would be a non-trivial linear combination of them in which the coefficient of V-i 
would be zero, a contradiction. T h u s the eigenspace corresponding to p is one-
dimensional. 

If gn 7* 0> then h(x) = xp?l + S?=i gP^w _ î does not have repeated roots, and 
consequently the minimum polynomial of A does not have repeated roots. 
Thus if gn(/xi, . . . , (jLn) 3^ 0, then A is diagonable and has one-dimensional 
eigenspaces, h(x) is both the minimum and the characterist ic polynomial 
of A, and the roots of h(x) are an addit ive subgroup of F. Also, since 
EL(v-i + Yli=i MiV-2) = H is one-dimensional, it is a minimal Engel sub-
algebra, hence a Car tan subalgebra. 

Conversely, one can show tha t for any addi t ive subgroup r of F of order pn, 
there exist i>i, . . . , vn £ F such t ha t T is the spectrum of 

ad 0 - 1 + £ ^ 

For, r i 7 € r (x — 7) is a ^-polynominal , i.e., one in which the coefficient of xr is 
zero unless r is a power of p. This follows by induction since J J U € P (X — iyo) = 

To" 
lx, and if r i 7 € r 0 (x — 7) == &(x) is a ^-polynomial , then 

P I (x — n o — 7) = I ! k(x — iy0) = k(x)p — k(joY lk(x), 

which is again a ^-polynomial. Since F is algebraically closed and 
gi(xu . . . , xt) (J: F[xu . . . , Xi_i], the equations gi(xu . . . , x f) = c* 
(i = 1, . . . , n) where ct £ F have a solution. T h u s for any ^-polynomial 
q(x) Y^i=\ £ixV l there exist i>i, vn 6 F such tha t q(x) = xp?l 

Continuing to assume tha t g„(/xi, . . . , M«) ^ 0, we shall determine the 
product of elements of the root spaces relative to H. Let T be the set of 
characteristic roots of A. If 7 £ T, let zi7 = ]£?=-i «„z;„ be tha t characterist ic 
vector of A corresponding to the root 7 for which «_i = 1. T h u s 
ity = v-i — yv{) + . . . . Since upux must be a multiple of up+x and since 
ItDlly (p ~" x)^- i + . • . , we have upux = (p — x ) ^ p+x-

For one-dimensional Car tan subalgebras 

V-l + Yl ViVpi-l EL(l) and EL V-i + £ /x/» = £*(H 

to be conjugate, it is necessary t ha t there exist X 9^ 0 Ç T7 such tha t the set r ' 
of characterist ic roots of ad V is {X7I7 (E T} where T is the set of characterist ic 
roots of ad /. This condition is also sufficient since if vXy = Xuy, then 
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We summarize the foregoing discussion in the following theorem. 

THEOREM 1. For each additive subgroup Y of F containing pn elements, there 
exists a one-dimensional Cartan subalgebra H of L such that L has a basis 
{uy\y £ r} where upux = (p — X)UP+X

 an^ uo spans H. Two such subalgebras Hi 
and H2 associated with groups T1 and T2, respectively, are conjugate if and only if 
there exists X Ç F such that T2 = {ATIY £ Ti}. 

COROLLARY. All Zassenhaus algebras of dimension pn are isomorphic. 

We must still consider the algebra EL(v-i + Y^i=\ M*V-2) when 
gn(lJLi, . . . , nn) = 0 . We shall show that it is not a Cartan subalgebra, The 
characteristic polynomial of A is a ^-polynomial. For, the characteristic 
polynomial 

\xl — ad I ÎL.1 + ]E AKV-2 ) 

is of the form 

pn—1 

where /^(pi, . . . , pn) £ F[ni, . . . , /xj. We have previously shown that if j is not 
a power of p, then /^(pi, . . . , pn) is zero whenever gw(pi, . . . , pn) ^ 0. Thus 
hj(n1,...,nn)gn(m,. . . , p j is zero for all choices of/xi, . . . , pw. Since F[pi, . . . , p j 
is an integral domain, and since gn(v>i, • • • , AO is n ° t identically 
zero, it must be that /z;(pi, . . . , nn) is identically zero. Similarly, 
[hpj(m, . . . , /in) - g,(pi, . . . , Py)]gw(pi, . . . , Un) is identically zero, and 
hpj(ni, . . . , pn) must be identical with g;(pi, . . . , p ;). Thus /&(#) = x^ + 
Y^l=\ gi(v*ij • • • > V<i)xpn~l is the characteristic polynomial of A. Thus if 
gn(lJLi, . . . , pn) = 0, the Fitting null component of A is more than one-
dimensional, although, as shown previously, the nullity of A is one. Therefore 
there must exist b Ç L such that bA2 = 0 but bA 7e 0. Thus 6/ must be a non
zero multiple of / = v-i + S?=i M*V-2, a n d so 6 is not nilpotent on /. Hence the 
Fitting null component of A is not a nilpotent algebra, hence not a Cartan 
subalgebra. 

5. The remaining Cartan subalgebras. If / is an element of i f 0 not in i f 1, 
then / is conjugate to an element of the form h + X K 1 M**V'-i> wnei*e h £ Ho, 
the algebra spanned by all ^s for 5 = 0(mod £), and fe ? i f 1. (The automor
phism accomplishing this is constructed by analogy with the proof of Lemma 1.) 
Thus the remaining Cartan subalgebras are to be found among subalgebras 
conjugate to algebras of the form EL(h + ]C?=Ti p^V-i)- It will be shown that 
all subalgebras of this form are Cartan. 

If pi = p2 = . . . = pn_i = 0, EL(h) = Ho, which is a Cartan subalgebra. 
The space Vu spanned by all vs with 5 = u(mod p) is a root space relative to Ho. 
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We shall be able to make profitable use of the mappings exp(/ ad vpi-i) for 
/ ê F even though they are not automorphisms. (If they were automorphisms, 
the resul tant sharpening of Lemma 1 would have diminished the list of charac
teristic polynomials of ad / for / g J^Q.) Let us denote exp(/ ad V - i ) by ypi(t). 

If h = S^ocmod p) bsvs, and h (? «if i, i.e., b0 ^ 0, then 

is an element Y^Pi=^2 c%vi where c0 = b0 and cPi-i = /x*. By applying the au to
morphism mentioned in the first paragraph of this section, one sees t h a t this 
element is conjugate to one of the form 

s=0(mod p) 

where <2o = b0 and as G F[bo, bp, . . . , bs] — F[b0, bv, . . . , bs-p]. Therefore, since 
F is algebraically closed, given any element 

n - l 

I = X a ^ 5 + YJ ViVpi-i 
5=0(mod p) i=l 

for which a0 9e 0, there exist elements t\,h, . . . , tn-\ 6 ^ and an element h £ H0 

(and é ^ i ) such t ha t h\j/ is conjugate to /, where ^ = \pi(ti)\p2(h) . • . ^n_i(£w_i). 
I t is apparen t from its action on the basis \v-i, v0, . . . , vpn_2} t h a t ^ is a non-
singular linear transformation on L. 

For the proof of the next theorem it will be convenient to introduce a 
function which may be viewed as measuring how near a mapping comes to 
being an endomorphism. In particular, let (p be a mapping of L into itself, and 
define <p from L X L to L by (x, y)ip = (x<p)(y<p) — (xy)ç>. T h u s ip is identically 
zero if and only if <p is an endomorphism of L. I t is readily established by induc
tion on r t ha t 

( 3 ) (Xifi . . . Ç>r)(y<Pl • • • <fr) 

T 

= (Xy)ifi . . . <pr + J2 (X(Pl • • • ^ i - l . ^ l • • • <Pi-l)<Pi<Pi+l • • > <fr 
1=1 

where <̂ i . . . <^_i = 1 if i = 1. In the case where <p = i/^(/), we have 
(cf. [5, p . 9]) 

2 p - 2 

(*, j0<̂  = X 
n=p 

T h u s (z;„, z/M)<̂  = 0 whenever v (or /x) is not congruent to — 1, 0, . . . , 
p — 1 (mod pj+1) and also whenever v + \x is not congruent to — 1, 0, . . . , 
p — 2 ( m o d p ; + 1 ) . Also (vv,Vy)ip = 0 whenever v = fx = 0(mod pj+l) since 
z;„(ad V - i ) 2 = 0- If (v>» vv)& ^ 0> then ^ i s a scalar multiple of vv+fl+pj+i-p. 

L 7 = 1-4-77—-i 

x(ad % 

if 
- i f y ( a d y - i ) n 

(w — i ) ! 

https://doi.org/10.4153/CJM-1975-105-4 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1975-105-4


CARTAN SUBALGEBRAS 1019 

T H E O R E M 2. Ho\f/ is a Car tan subalgebra of L, where 

$ = ^1(^1)^2(^2) . . . ^ n _ i ( ^ _ i ) 

for tx e F. 

Proof. We shall show tha t H^p is abelian by showing t ha t the terms 
(x<pi . . . <pz_i, y?! . . . (pi-i)ëi(pi+1 . . . <pn_i of (3) are zero if <Pi = i/^(/*) for 
i = 1, . . . , n — 1, and x = vv, y = v^ for v = /x = 0(mod £ ) . From the list in 
§ 2 of instances in which iV/n = 0 it is apparent t ha t xipi . . . <p*_i and 3^1 . . . <£>*_i 
cannot contain non-zero terms in vx where X = — 1, 0, . . . , p — l ( m o d pl+1) 
when expressed in terms of the basis B except for X = 0, p — 1 (mod pl+l). Bu t 
even then, according to the discussion preceding the s ta tement of the theorem 

(x<pi . . . (Pi-i, y<pi . . . <Pi-i)<pi(Pi+i . . . <pn-i 

is zero. T h u s Ho\p is abelian. T o show tha t Hox// is its own 
normalizer we consider products (vv\j/) (y$) where p = 0(mod p). If 
(vv<pi . . . <Pi-i, v^ipi . . . (pt_i)<p&i+i . . . (fn-i is not zero, then it is a scalar 
multiple of vv+li+pi+i-p<pi+\ . . . (pn-i, except t ha t if v = — l ( m o d pi+1) and 
H = 0(mod pi+l) for i > 1, it is a linear combination of vp+^+vi+i^p(pi+i . . . <pn_1 

and vv+ti+pi+i-i<pi+i . . . <pn-i- For those values of v and /x such t ha t 
(vv<pi . . . (pi-i, Vpipi . . . (pi-i)(pi ?£ 0, the space spanned by vv+fl+Pi+i-p (or by 
vv+li+pi+i-p and z;„+M+pi+i_i if v = —1 and /JL = 0(mod pl+l)) is invariant under 
<pi . . . <p*_i. Thus , in any case, (vv\f/) (v^xp) is equal to vp+fX\f/ plus a linear combina
tion of elements of the form v„+ll+pi+ i_p\[/ and vv+fl+pi+ i_i^ for i = 1,2, . . . ,n — 1, 
and, in particular, ad Vo\p is a nonsingular linear transformation of the space 
spanned by {vv\j/\v ^ 0(mod p)) onto itself. Hence H{)\p is its own normalizer, 
and, since it is abelian, a Car tan subalgebra of L. 

W h a t Theorem 2 shows us is tha t EL(h + X) /z^pi_i) is a Car tan subalgebra. 
For, we previously showed tha t there exist h' Ç HQ (and QJ^i) and ^ such tha t 
^ + 12 M Z V - I = ^V> a n d since ad h'\p is 0 on H^ and nonsingular on the space 
spanned by {vv\[/\v ^ 0(mod p)\ (since fe' (? i f 0 , EL(h'\p) = H{)yp. 

Having examined all the Engel subalgebras of L and having determined 
which are Car tan subalgebras, we now have a complete list of the Car tan 
subalgebras of L. I t would also be of interest to have some information con
cerning the conjugacy of Car tan subalgebras of the form Ho\j/. T O this end we 
establish the following theorem. 

T H E O R E M 3. If n > 2, then L has infinitely many non-conjugate Cartan 
subalgebras of dimension pn~l. If n = 2, L has exactly two non-conjugate Cartan 
subalgebras of dimension p. 

Proof. Let V^ be the root space relative to HQX//, where \p = \pi (/1) . . . ^n_i (tn-i), 
consisting of those elements of L annihilated by some power of (ad v$p — 1). 
With the aid of some remarks made in the proof of Theorem 2 it is easily shown 
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tha t there exist Nf G F, i = 1, . . . , n — 1 such t ha t 

n—1 

fl_i^(ad0O^ - l ) 2 = î E Nttfvpi+i-2\l/. 
»=i 

Therefore zty = z;_i^ — /i ]T)£Ti Nitfvpi+i-2'*l' £ F^. I t is readily seen t ha t the 
nullity of ad z^ is one, and we shall show tha t every element v' of V+ such tha t 
ad z/ has nullity one is a conjugate of a scalar multiple of zty. T o see this, we 
note t ha t 

{ity, (fl^)fy, ( ^ H > . . . , ( V - ^ ) ^ } 

is a basis for V+ for K/, since V^ is / / ^ -d imens iona l and (Ho\p) V+ C K ,̂ and t ha t 
by a proof almost identical to t ha t of Theorem 1 exp(^ ad vs\f/) is an automor
phism, where y Ç F and 5 is a positive multiple of p. Any element of V+ of 
nullity one is expressible as a linear combination of these basis elements with 
the coefficient of v^ being non-zero. Since ad v^ maps H0\p onto Vft application of 
the appropr ia te composition of automorphisms of the form exp(^ ad vs\p) yields 
a scalar multiple of zty. Now suppose tha t HQ\p and Hoxp* are conjugate, where 
\[/* = \p\(ti*) . . . \pn-i(tn-i*). Then v+ mus t be a conjugate of an element u where 
u is in a root space relative to H0\l/* and ad u has nullity one. T h u s v mus t be a 
conjugate of some scalar multiple of 

n - i 

As in Lemma 1, v^ is conjugate to an element of the form v-i + Y^l=\ ^kVpk-2-
For & = 1, . . . , n — 1, nk is tk plus a polynomial in t\, /2, . . . , /*-i . T h u s 
/i, /2, . . . , /w_i (and consequently ^) can be chosen so as to make /xi, /x2, . . . , /xn_i 
take on any prescribed (n — 1)-tuple of values in F, and as in § 4 to make the 
coefficients gi, g2, . • • , gn-i of the characteristic polynomial h(x) assume any 
(n — l ) - tup le of values in F. If h(x) = xpn + ^ " = i gixP?l~l is the characterist ic 
polynomial of ad z^, then the characteristic polynomial of ad cv^, where c £ F, 
is 

xpn + Z c^-'g^71-* = cpnh( - ) . 
i = l \ C / 

Let us define two ^-polynomials h\(x) and h2{x) of degree p ; i to be equivalent if 
there exists c £ F such tha t h2(x) = cpnhi(x/c). This gives us an equivalence 
relation defined on the set of ^-polynomials of degree pn. If Ho\[/ and Hoxp* are 
conjugate, then the characterist ic polynomials of ad v^ and ad v^* mus t be in the 
same equivalence class. For n > 2 the characteristic polynomials of ad v^ for 
all \p = \pi(ti) . . . \pn-i(tn-i) lie in infinitely many equivalence classes since gi 
and g2 may assume any values in F. T h u s there are infinitely many non-
conjugate Car tan subalgebras of the form H^yp when n > 2. If n = 2, on the 
other hand, then H$\(t) and H^\{u) are conjugate if £w ^ 0 via the au to
morphism which maps v$\(t) onto àv^xiit) where cv~ll = it. HQ and H0\p(t), 
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where / 7^ 0, are not conjugate since ad v is nilpotent for every v G V-i, which 
is not true of the elements of the corresponding root space relative to H^{t). 
(This can be seen from the fact that gi(/*i) = — 2/xip and £2(AH, M2) = M2, com
putations derived from the proof of Lemma 2.) This completes the proof of the 
theorem. 

Our results are summarized in the following theorem: 

THEOREM 4. If Y is an additive subgroup of F of order pn, then there exists a 
basis {uy\y £ T\ of L such that upux = (p — x)up+x, and u0 spans a Car tan 
subalgebra HT of L. If H0 is the algebra spanned by the elements vs for all 
s = 0(mod p), and 

n - l 

^ = I l exP (^ad V-i) 

with tt 6 F for i = 1, . . . , n — 1, /̂ 6W ifo'/' is & Cartan subalgebra of L. Every 
Car tan subalgebra of L is conjugate either to a subalgebra Hr or to a subalgebra 
H$\p. For n > 1, there exist infinitely many non-conjugate Cartan subalgebras HT. 
For n > 2, there exist infinitely many non-congugate Cartan subalgebras Hoxp. 
For n = 2, there exist two non-conjugate Cartan subalgebras HQ\//. For n = 1, 
(and p > 3), there exist two non-conjugate Cartan subalgebras, H0 and HP. 
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